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Abstract

In this paper, we consider the vibrations of an inhomogeneous damped string under a distributed
disturbing force which is clamped at both ends. The well-possedness of the system is studied. We
prove that the amplitude of such vibrations is bounded under some restriction of the disturbing
force. Finally, we establish the uniform exponential stabilization of the system when the disturbing
force is insignificant. The results are established directly by means of an exponential energy decay
estimate.
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1. Introduction

The mathematical theory of stabilization of a distributed parameter system is currently a topic of
interest in application of vibrating control of various structures like strings, beams, plates, etc.
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The study of the stabilization for these problems is significant in the sense that it is intended to
suppress the vibrations to assure a good performance of the overall system. The vibrations of
flexible structures are usually non-linear in practice. As the non-linear study of such structures
is rather cumbersome for analytical treatment, linearized mathematical models are chosen for
simplicity and concise result. The linearized vibrations of flexible structures are usually governed
by a different type of partial differential equations. The question of energy decay estimates in
the context of boundary stabilization of a wave equation has earlier been studied by several
authors (see (Chen, 1979), (Gorain, 1997), (Lagnese, 1988), (Komornik and Zuazua, 1990)
and the reference therein). There are several papers on the problem for the solution of wave
equation in a bounded domain (see (Chen, 1979), (Chen, 1981), (Lagnese, 1988), (Lagnese,
1983), (Komornik and Zuazua, 1990) and the reference therein). (Chen, 1979) first established
explicitly the exponential energy decay rate for the solution of wave equation by considering
certain geometries of the domain. The theory of boundary stabilization of wave equation has
been improved in (Lagnese, 1983), (Komornik, 1991), obtained faster energy decay rate for such
problem by constructing a special type of feedback. There are different type of stability for the
vibrations of flexible structures and the most important of all these is uniform stability. The
question of uniform stabilization or point-wise stabilization of Euler-Bernoulli beams or serially
connected beams has been studied by a number of authors (Lions, 1988). Recently, (Gorain, 2013)
has established the uniform stabilization of longitudinal vibrations of inhomogeneous clamped
beam.

2. Mathematical Formulation of the Problemn

In this paper, we consider a clamped inhomogeneous string of length L. The vibrations of the
string can be described by the following partial differential equation
2 2

m(x)g—tg + 2a(x)% = % +f on (0,L) x R, (2.1)
where RT := (0, 00). The variable parameters m(x) and «(x) respectively denote mass per unit
length and coefficient of damping at the point  which are assumed to be continuous up to second
order partial derivatives over [0, L]. In fact, for a general inhomogeneous string they belong to
C?[0, L]. The distributed force f : (0,L) x Rt — R is the uncertain disturbance appearing in
the model.

For a clamped string, the boundary conditions are

uw(0,t) =0, wu(L,t)=0 on RT. (2.2)

Let initially the string is set to vibrate with

u(x,0) = up(x), %(x,()) =wuy(z) on (0,L). (2.3)

The function ug(x) and u;(x) are assumed to be continuous up to second order partial derivatives
over [0, L] so that the solution is continuously differentiable on (0, L) x R™.
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Our aim in this work is to study the stability results of different types for the solutions of the
mathematical problem (2.1) subject to the boundary and initial conditions (2.2) and (2.3). To
achieve the results, we adopt a direct method by constructing a suitable Layapunov functional
associated with the energy functional of the system.

3. Existence and Uniqueness of Solutions

In this section, we study the setting of the semigroup as in (Pazy, 1983) and we establish the
well-possedness for the problem (2.1)-(2.3). We will use the following standard L*(0, L) space
in which the scaler product and norm are denoted by

I L
<u, U>L2(0,L) /0 uvar, || ||L2(0,L) /0 | |

We have the Poincaré inequality
2
I 720y < Co ll e 20,y for all w € Hy(0, L)
where C),, is the Poincaré constant.

Taking u; = v, the initial boundary problem (2.1)-(2.3) can be reduced to the following abstract
initial value problem
d
dt
with U(t) = (u,v)? and Uy = (ug,vo)?, where the linear operator A : D(A) C H — H is given

by
A( Z ) - ( ﬁ(umim@:)v) ) = ( f(xo,t) ) (3.2)

Now, we introduce the energy space H = H} (0, L) x L*(0, L) equipped with inner product given
by

Ult) = AU(t) + F(z,t), U0)=U, forall >0, 3.1)

L L
<(u,v),(u',v')> :/ m(x)v?dx%—/ Uy, d, (3.3)
H 0 0
and norm by

L L
[, 0)] e = / m()| v [2dz + / | u [2de (3.4)
0 0

we can show that norm ||.||,, is equivalent to the usual norm in . Instead of dealing with the
system of equation (2.1)-(2.3) we conceder (3.1) in the Hilbert space H with domain D(A) of
the operator 4 given by

D(A) = [(u,v) eH: we HY0,L)N H%@,L)}

We now show that the operator space A generates a Cy-semigroup of contractions on the space
H.
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Theorem 1. The operator A generates a Cy-semigroup S(t) of contractions on the space H.
Proof: We will show that A is a dissipative operator and 0 belong to resolvent set of .4, denoted

by p(A). Then our conclusion will follow using the well known Lumer-Phillips theorem (see
(Pazy, 1983)). We observe that if U = (u,v) € D(A), then

<AU, U>H = /OL m(x) Ef) (Upe — 2a(x)v)VdT 4+ /OL VU dT

m
L L
= / um@dx—Q/ alz)|v |2dx+/ VplUpdx
0 0 0
L L
= QiIm/ VU dr — 2/ a(z)| v [de. (3.5)
0 0
Hence, .
R6<AU, U> = —2/ afz)| v [Pdz < 0. (3.6)
H 0

Thus A is a dissipative operator. Now, we show that 0 € p(.A). In fact, given F = (f1,¢1) € H,
we must show that there exits a unique U = (u,v) € D(A) such that AU = F, that is,

v = f17 (37)
Uge — 20(x)v = m(x)g1. (3.8)
Replacing (3.7) in (3.8), we have

It is known that there is a unique v € H?(0, L) satisfying (3.9). It is easy to show that ||U]],, <
C||F||; for a positive constant C. Therefore, we conclude that 0 € p(A).
Now from theorem 1 and theorem 2.4 in (Pazy, 1983), we can state the following result.

Theorem 2. For any Uy, € H, there exists a unique solution U(t) = (u,u;) of the system
(2.1)-(2.3) satisfying

u € C([0,00[: Hy(0, L)) N CH([0, 00[: L*(0, L)).
However, if Uy € D(A) then
u € C([0, L[: Hy(0, L)) N H*(0, L)) N C'([0, 00[: L*(0, L)).

4. Energy of the System

Now we proceed as in (Gorain, 2007), (Komornik, 1991), (Shahruz, 1996) by defining energy
functional for every solution u(z,t) of the system (2.1)-(2.3). We define energy of u at any
instant ¢ by the functional

B =y [ [m@ (%) + (32) e roran 20 @)
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Differentiate (4.1) with respect to ¢ to obtain

05 _ [ e 0
a — J, "ot 0 T orozor

} de. (4.2)

Using (2.1) in (4.2) and applying the conditions in (2.2), we get

dE L ou\ 2 L ou
i —2/0 a(x)(a) dx + i afdz. (4.3)

Since & # 0, it follows from (4.3) that the system is not energy conserving. Now, when the
uncertain disturbing force is not present that is f(x,t) = 0 for all (x,t) € (0, L) x (0, 00), the
system (2.1)-(2.3) is energy dissipating and hence on integration (4.3) with respect to ¢ over [0, ¢],
the solution w satisfy energy estimate

E(u(t)) — E(u(0)) = —2 /0 t /0 " [a(g;)<%(x,f))2} dedr for t>0,  (44)
where ;
E(u(0) = 3 /0 [m(x)(ul)z + (uofﬂ dz. (4.5)
In view of (4.4) and (4.5), we may conclude that ug € H}(0,L) and wu; € L*(0, L), where
HY(0,L) = [¢: o € H'(0,1) and (0) = 4(L) = 0|

is the subspace of the classical Sobolev space

d
HY0,L) = [gp e 0,0), Pe L?(o,L)}
x
of real valued function of order one. Then obviously
E(u(t)) < BE(u(0)) < oo for t>0. (4.6)

Now, we have to study bounded-input and bounded-output stability of the system in presence
of uncertain input disturbance f(x,t). We introduce two function spaces as specified in (Gorain,
2007)

L 1
X = [gp(a?,t) :(0,L) x Rt - R : sup [/ gozdx} F < OO}, 4.7)
teR+ 0
V= [plet): 0.0) x B = R : sup sup o] < o), “8)
teR+ z€(0,L)

L 1
with |||l x = sup [/ gpzda:} ‘<oo and |¢|? =sup sup |¢| < co.From (4.7) and (4.8),
teR+ 0 teR+ z€(0,L)

it follows that Y C X as L>(0,L) C L*(0, L).

5. Stability Results
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On account of uncertain disturbance force f(z,t) as an input disturbance, the system evolves

from its initial state (ug, u;) to <u, —) at any instant t. The result of the bounded-output solution
for the restriction of f(x,t) is in the following theorems.

Theorem 3. If u(x,t) be the solution of the system (2.1)-(2.3) with f € X then u € Y for every
set of initial values (ug,u1) € Hy(0, L) x L*(0,L).

Theorem 4. Let u(x,t) be the solution of the system (2.1)-(2.3) corresponding to the initial
value (ug,u1) € Hy(0, L) x L*(0, L) then for every T > 0

T T
| B < kB@o) +o [ 1 5.1)
0 0
where Kk and o are positive constant given by (5.38).

In an ideal case, when the uncertain disturbance force is not present in the system (2.1)-(2.3),
then the energy function given by (4.1) is a dissipative function of time. So naturally a question
arises as to whether this decay is exponentially or not, and the affirmative answer of this question
is found in the following theorem.

Theorem 5. If u(z,t) be the solution of the system (2.1)-(2.3) with f(z,t) = 0 and (up,uy) €
H}(0,L) x L*(0, L) then the solution — 0 exponentially as time t — ~+oo, that is, the energy
function given by (4.1) satisfy

E(u(t)) < Ae™"*E(u(0)) forall tecRT (5.2)

for some reals v >0 and A > 1.
To prove the above theorems, we need the following inequalities and few lemmas.

I. For any real number v > 0, we have Young’s Inequality (see (Mitrinovi¢ et al., 1991))

9] < %(amz + %) (5.3)

II. Poincaré type Scheeffer’s inequality (see (Mitrinovi¢ et al., 1991))

L 2 L 2
/ wide < L— <@) dx, 5.4)
0

w2 Jo \Ox

as u(x,t) satisfy boundary condition (2.2).

III. CauchySchwartz inequality for integral calculus (see (Mitrinovi¢ et al., 1991))

L L L 1
‘/0 f.gdx‘g [/0 f%lx/O gzdxr. (5.5)
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Thus by Mean value theorem of integral calculus, there are reals &1, &, 71,72, ¢ € [0, L] satisfying

L L
/ m(r)uldr = (51)/ u? da, (5.6)
0 0
L ou 2 L oun2?
/0 m(x)(a) de = m(gg)/o <E) dx, (5.7)
L L
/ al(z)u?dr = a(m)/ u? dx, (5.8)
0 0
L ou\ 2 L oun2?
/0 a(x)(a) der = a(ng)/o <a) dx. (5.9)
Now we define I Iz (1)
aln
po = — m(&1), = 2a(771)§, Ho = m(;z)' (5.10)

It is obvious that m(&;), m(&2), a(m ), a(ne) are all positive and they are bounded above by their
corresponding upper bound over [0, L].

Now, we need the following lemmas.

Lemma 1. For every solution uw = u(x,t) of the system (2.1)-(2.3), the time derivative of the
functional G defined by

L
Glu(t)) == / [ @2+ oz )uﬂ dz, (5.11)
0 ot
satisfies . 5
dG Ju
= = 2/0 m(x )<8t> dx +/0 u fdr —2E(u(t)). (5.12)
Proof: Differentiate (5.11) with respect to ¢, we get
dG L 0%u ou 2 ou
— = — — — | dx. 1
dt /0 [ (@)uge +ml )<8t) +2O‘(x)u8t}d‘r .13)
Using (2.1) in (5.13) and applying condition (2.2), we get
dG L L ou\ 2 L 9%
— = — —dz. 14
o /0 ufdx—l—/o m(x)<8t> dx + i uaxzdx (5.14)
Using energy equation (4.1) we get from (5.14)
dG L Ju L
= _2/0 m(z )<8t) da:+/0 ufdr — 2E((u(t)). (5.15)

Hence the lemma is proved.

Lemma 2. The functional G(u(t)) given by (5.11) satisfies the inequality
—poE(u(t)) < G(u(t)) < (uo + p1)E(u(t)) for t>0. (5.16)
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Proof: By using (5.4), (5.8) and (5.9), we get

L L
/a(x)uzda? = a(m)/ u?dx
0 0

L [t ou\?
a5 [ (52)

2

2a(m) 2 E(u(t)
= mE(t)) for t>0. (5.17)

IN

IN

By using (5.3), (5.4) and (5.6), we get

‘/ m(x u—dx = ‘ OLWU m(x)%dz‘

< %[L ;(m) OLm(x)u2(x)dg;
L/l j 0)(52) ]
< g[Bmimd [ Guyr B [ (2]
= ) [ e (B2’ +<2f;> }dx
= @E(u(t))
= poBE(u(t)). (5.18)

Now by (5.11), (5.17) and (5.18), we get

—poE(u(t)) < G(u(t)) < (po + pa)E(u(t)) for ¢=0.

Hence the lemma is proved.

To prove the above theorems, we proceed like (Komornik, 1994), (Gorain, 2007), (Gorain, 1997).
Let us introduce an energy like Layapunov functional V' defined by

V(u(t)) := B(u(t)) +Gu(t)) for t>0, (5.19)

where ¢ is a small positive real number given by (5.25). The lemma 2 yields for V' (u(t)) that
estimates

(1 — poe) E(u(t)) < V(u®) < [+ (o + u)el B(u(t)) for >0, (5.20)

1
where we choose ¢ < —, so that V(u(t)) >0 for t>0.
Ho
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Also by (5.3) and (5.4), we can estimate
L L
/ ufde < / 22” / f%lx}
0 2pm
<[2/()d+L2/f2d}
= 2|7 0 oz) T2 ’
L
0

and also by (5.3) and (5.4), we can estimate
L ou 1 L ouy2 1 L
— < =2 — — 2
g Ot fdr < 2[ psm(ng)/o (8t> d + 2pem(n2) /0 / dx}

L ou\2 1 L
= — | d _ 2d 5.22
pe/o m(x)<8t> T 4dpem(ns) /0 Jrde, ( )

where p is a real number satisfying 0 < p < 1.

(5.21)

Now taking time derivative of (5.19) and applying the results (4.3), (5.15), (5.21) and (5.22), we
get

W dE G
dt dt dt

L ou\ 2 Ju
= —2/0 a(x)(a) dx + Efdx

0

+e /OL ufdr + 2¢ /OL m(x)(%)zdx — 2eE(u(t))

9 /0 () (%)20&7 2B (u(t))

+25/0Lm(x)<%)2dx+p6/;m( )(g?) dx
+p€/0 <%)2dx+74p€7711(?72)/0 frdx
= —2cE(u(t)) +p€/0 [m(x)(%)z + <%)2} dx

2y —e) /0 Lm(x)(%)zdﬂ ( 4p€7711(772) + 5;) /0 " P

—2¢(1 — p)E(u(t)) — 2(pz — €) /0 " m(z) (E)zdx

IN

IN

L
+C / fAdz, (5.23)
0

where

1 1 L%
=4 <€m(€2) + ?) (5.24)
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Since ¢ i1s small, we assume that

1
€< gy = min{—,,ug}. (5.25)
Ho
Hence from (5.23), we get the differential inequality
av
o S 20 =peB@®) + Ol f liao.n

—2(1 —p)e
[T+ (po + p11)e]

in view of (5.20). Thus we have

V(u(®)) +C Il f 0.0

A%

7 TV <O oy, (5.26)
where o1

(U ) CRY (5.27)

[1+ (po + p1)e]

Multiplying (5.26) by e* and integrating over [0,t] for any ¢t > 0 we get

MV (u(t)) — V(u(0)) S/O C Il f iz €dr

Thus we have .
Viut) <e ™ {V(u(O)) + / C Il f 1z e”df]. (5.28)
0

By using (5.20) in (5.28), we get
1
(1~ noe)
where E(u(0)) is given by (4.5).

Bu(t)) < [(1 4‘(AMJ4-Lh)5)lfﬁu(0))€_At‘+'C7J/ | f H%Q«LL)ef-“-*°AdT], (5.29)
0

Proof of theorem 3: Let f € X such that ||f||x = sup ||f||r2(,z) < oo. Putting t — 7 = ¢ in
teRt
(5.29), we get

Eu(t)) < ;) [(1 + (po + 1)) E(u(0))e ™ + C/O I £ 1% 6_’\9d9}

(1 — Ho€
< g [0+ G+ D E@O) 4O I [ o)
B (1 - ,Uo€) ;
1
Y 20 =p)E(©) +C || f Ik | for teR" (5.30)
Hence,
sup B(u(t)) < o0 (5.31)
teRt

for every set of initial value (ug,u1) € H}(0,L) x L*(0,L) and for every f € X. Thus the
energy of the system (2.1)-(2.3) is uniformly bounded function of time.
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Again from (2.2), we have u(0,t) = 0 so we can write

xt‘—‘/—dx (/01de) (/0 gz )5
< L (/0 (%)zd:pf (5.32)

using the inequality (5.5), for all (x,t) € (0, L) x R™.

IN

[Nl

Thus, in view of (4.1),
2 L 2
‘u(x,t) < L/ <@) dr < 2LE(u(t)) < oo (5.33)
0 (9$

for every (z,t) € (0,L) x RT.

Hence,
ueyY (5.34)

for every set of initial values (ug,u;) € Hy(0, L) x L*(0, L) and for every f € X.
Hence the theorem is proved.

Remark 1. This result shows that the output solution u is Y -bounded for every X-bounded input
disturbance f. Thus the system is bounded-input bounded-output stable.

Proof of Theorem 4: Integrating (5.29) over [0, 7] for 7" > 0, we get

/OTE(u(t))dt < _ {(1 + (o + ,ul)g)E'(u(O)) /OT oMy

(1 = poe)
T
+C / e—”F(t)dt], (5.35)
0
where .
Ft) = / | £ 1By €dr (5.36)
0

Integrating (5.35) by parts, we have

[ B < [P By - o)

+§ [F(O) — e ME(t) + /0 ' 6_M02l_fdtH
= £E(u(0))(1—e™)

T
+0[F(0)—6‘ATF(t)+ / e‘”i—fdt}
0

IN

T
KE(u(O))+a/ 1£11Z2 0,1 (5.37)
0
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where 21 ) C
k= " and o= 5.38)
A2(1 = poe) AL = pog) (
‘ dF
since F'(0) =0 and pri 6’M||f||%2(o,L)-

Hence, the theorem is proved.

Remark 2. Thus the above result shows that if u(z,t) is a solution of the system (2.1)-(2.3) with
f € L*0,T,H*(0, L)) then the solution u € L*(0,T, Hy(0, L)). The factor o in (5.37) may be
defined as the tolerance factor of this disturbing force f on the total energy over [0,T].

Proof of Theorem 5: When the disturbing force f(x,t) is not taking into our account in the
equation (2.1), the result (4.3) shows that the energy E(u(t)) of the system (2.1)-(2.3) is a
non-increasing function of time. Consequently, the terms in (5.21) and (5.22) are insignificant
following (4.3) and (5.15). Thus we can get rid off the terms involving p in (5.23) and hence
differential inequality (5.26) becomes

d
d_‘t/ +vV <0 for t2>0, (5.39)
where
2 (5.40)
V= . .
1+ (o + e
Multiplying (5.39) by e”* and integrating over [0, ¢] for any ¢t € R, we get
V(u(t)) < e "V (u(0)). (5.41)
Applying (5.20) in (5.41), we get
1
Blu(t)) < W0 F1E o).
1-— Ho€
Thus
E(u(t)) < Ae™ E(u(0)),
where 1
A= oty (5.42)

1— Ho&
Hence the theorem is proved.

Remark 3. Thus the above result shows that the solution of the system (2.1)-(2.3) decay
exponentially with time and u(z,t) — 0 as t — +oo for every (ug,u1) € H(0, L) x L*(0, L).

Remark 4. The exponential stability result (5.2) can be obtain directly by setting f = 0 in
(5.29). In that case, the exponential decay rate of energy would be \ which is less than v. Thus
the exponential energy decay rate v given by (5.40) is a stronger one. Since
2e
L+ (po + e’

UV =
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we have
dv 2

— = > 0.
de 1+ (po+)e

The exponential decay rate v of energy as a function of € will be maximum for the largest value
g0 of € given by (5.25). In view of (5.25), an upper bound of which is given by €, that depends
explicitly on py and s, as defined by (5.10). It signifies that the decay of energy will be slower
for a longer string.

6. Conclusion

In this study, we deal with the mathematical stability results of a vibrating clamped string modeled
by linear differential equation (2.1) and well-possedness of the system. We have established the
boundedness of output solution under boundedness of input disturbances. We also estimate the
total energy of the system over any time interval with a tolerance level of the input disturbance.
Finally, we prove that the energy of the system decay exponentially with time whenever the input
disturbance is not so significant or important.
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