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Abstract

The aim of this research paper is to obtain two extension formulas for the first and second
kind of Lauricella’s functions of three variables with the help of generalized Dixon’s
summation theorem, which was obtained by Lavoie et al. In addition to this, two extension
formulas for the second and third kind of Appell’s functions are obtained as a consequence
of the above mentioned results . Furthermore, some transformation formulas involving
Exton’s double hypergeometric series are obtained as an applications of our main results.
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1. Introduction

In the usual notation, let  F, denote generalized hypergeometric function of one variable

with p numerator parameters and q denominator parameters, defined by (see Srivastava and
Manocha (1984, p.42) and Srivastava and Karlsson (1985, p.19))

qu{bl,..., bq;X}nZ_; CYNSCANETE (1.1)

where (@), denotes the Pochhammer’s symbol defined by

(a), = {1, if n=0,

a(@a+(a+2)...(a+n-1),if n=1,2,3,---. (12)
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The series (1.1) is convergent for |x|< o if p<qgand for X <1if p=qg+1, while it is
divergent for all x, x=0 if p>q+1.

Furthermore, if we set

it is known that the series (1.1), with p=q+1, is
(i) absolutely convergent for |X <1 if Re(w) >0,

(ii) conditionally convergent for [x|=1, x =1if —1<Re(w) <0 and
(iii) divergent for x| =1 if Re(w) <-1.

The Lauricella’s functions F" and F{" are defined and represented as follows (Srivastava
and Manocha (1984, p.60))

(n)(abl ’n' G Xy )

0 a .--(b m m,
_ Z ( )m1+...+mn (bl)m1 ( n)mn X, X, , (13)
My, My =0 (), (o), m! m,!
% [+-+]%,| < 1;
FB(n)(aii""an1b1""1bn;C;X11""Xn)
) Z () BB XX e
-,m,=0 (C) my -+ my, ml l mn !

max{| X, [, | %, [} < 1.
Clearly, we have
F?=F,and F? =F,

where F, and F, are Appell double hypergeometric functions (Srivastava and Manocha
(1984, p.53))

(0, b gy < 3 D@l Xy

m,n=0 (Cl)m (CZ)n m! n! ’
(L5)

X [+ %, | < 15
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(o bubciy) = 3 @e@LELEL X Y

m,n=0 (C)m+n m! n!

max{| x, |, | %, [} < 1.

In 1982, Exton (1982, p.137) defined the following double hypergeometric series :

AB: B[(a):(b);(b'); . y} _ 3 @ @ @)Xy

C: D;D’[(c):(d);(d"); o ((€))zmsn () (@), m!nt’

which is the generalization and unification of Horn’s non-confluent double hypergeometric
function H,(Srivastava and Manocha (1984, p.57)) and Horn’s confluent double

hypergeometric function H., (Srivastava and Manocha (1984, p.57)). For the sake of

A
convenience the symbol ((a)),, denotes the product _Hl(aj)m .
=

In the theory of hypergeometric and generalized hypergeometric series, Dixon’s summation
theorem for the sum of a ,F, (1) play an important role. Applications of the above mentioned

theorem are now well known ( see, for example Bailey (1932), Lavoie et al. (1994), Kim et
al. (2010 ), Lee and Kim (2010), Shekhawat (2012) and Shekhawat and Thakore (2013)).
The aim of this paper is to obtain two extension formulas for the Lauricella’s functions

F® and F{® with the help of the following generalized Dixon’s theorem Lavoie et al.
(1994):

a,b,c ;
3F2 . . . 1
L+a—b+|,1+a—c+|+j; }

2" I T(l+a-b+i)T(l+a—c+i+ j)l“(b—%|i|—%i)l“(c—%(i + ] +|i + j|)
r)yric)yr@d+a—-2c+i+ jr+a—-b—c+i+ j)

Ly TGa-ct 3+ [ ra-b-c+1+i+[})
Aj IFGa+3)lr Ga-b+1+[3])

(1.8)

B Ita-c+1+[YNr¢a-b-c+3+i+[])
" rGa)r Ga-b+1+[]) ’

(R(@a—2b—2c)>—2-2i—j;i=-3-2-1012;j=0,123),

where [x] denotes the greatest integer less than or equal to x and |x| denotes the usual
absolute value of x. The coefficients A ; and B, ;are given respectively in (Lavoie et al.,

1994) . When i=j=0, (1.11) reduces immediately to the classical Dixon’s summation
theorem Rainville (1960, p.92); (see also Bailey (1932, p.13))
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{ ab.c ;1}: I'(+la)F(l+a-b)rl+a—c)rl+ta—b—c) (1.9)

l1+a-b,1+a-c; | T(l+al+ia-b)I({l+ia-c)r(l+a-b-c)
((R(@a—2b—-2c) >-2).
We also require the following well-known identities Srivastava and Karlsson (1985, p.16-17)

I'(a+n)

(@), = , a=#0,-1-2,--,
I'(a) (1.10)
IF({)r(l+a)=2°r(t+%a)r(l+a), (1.11)
(a')Zn = 22” (% a‘)n (%a—'_%)n (112)
F@-n _ (1" (113)

@ (-a), |

(2n)1=22"(%) n! (1.14)
@2n+1)!=2*"(%) n (1.15)

2. Main Extension Formulas

In this section, the following extension formulas will be established :

Formula 1.

Ff)(a,a',b—i,b d,c,c+i+ ;X ,y,—Y)

— i i (a)m+2n (al)m (b_ i)2n X" (_y2 /4)n

m=0 n=0 (d)m(C)2n min!

QDT (b i - 20) T(e+i + ) T(b - i| - 1)T(-2n—c—3(i+ j+fi+
C()r@-c—2nT(2c—1+i+ j+2n)C(C—b+i+ j)

“C T (n+c—1+["MPr(n—b+c+i+[51)
L ()r @-b-n+[])

ayi i (a+1)m+2n (al)m (b_i)2n+1xm(_y2/4)n

?m:O n=0 (d)m (C)2n+1 min!
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22CVHHIT (f—b—2n) T(c+i+ j) T(b-4]i|- )T (=2n—c—L(i+ j+]i + j|)
C(b)[(-2n—c)T (2c+i+ j+2n)I(c—b+i+ j)

X

xD. . FE+n+c+[H DI Q+n-b+c+i+[1])
N L3I (-n—b+[}) ’

(2.1)

for i=—3-2-101,2 and J=0123

The coefficients C, ;,D, ;can be obtained from the coefficients A ;,B, ; by replacing a,c by

—2n,1-c-2n and —2n-1,—c—2n respectively .

Formula 2.
FP(a,b-i,b,c,d—i—j,d;e;x,y,—y)

:i i @)y (©) (D—1)y, (d =i = [ X" (=y* /4)"

m=0 n=0 (€)son MIN!

22T (1—b+i-2n) T(L—d —2n+i+ j) T(b—L[i|-1)I(d -1 (i+ j+]i+
T(b)T(d)C(L—2d +i+ j—2n)C (L—b—d +i+ j—2n)

X

o DE—d-n+[" )T @a-n-b-d+i+[}}])
" rGrd-b-n+[3])

l i i (a)m (C)m (b_i)2n+l(d —i- j)2n+lxm (_y2 /4)n

2e 1% o (e+1),,.,, mIn!

D

27 i—b—2n) D+ j—d —2n) D(b— 4i |- 3)T(d 3G+ j+fi+ i)
T(b)T(d)T i+ j—2d —2n)C(i+ j—b—d —2n)

o, LG=n=d+[DrA-n-b-d+i+[}])
: F(G)T (-n-b+[]) !

2.2)

for i=—3-2-101,2 and J=0L123

The coefficients G, ;,H, ;can be obtained from the coefficients A ;,B;; by replacing a by
—2n and —2n-1, respectively .
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Proof of Formula 1. : Denoting the left hand side of (2.1) by S, expanding F{® in a power
series and using the results Srivastava and Karlsson (1985, p.17)

(a)mm: (a)m (a+m)n (23)
i iA(mm):i > A(n,m-n), (2.9)

we get
RO L e o @
Next, using the identities Srivastava and Karlsson (1985, p.17)
(a)mnzé__lz—fam)r;n,osnsm and (m—n)!=((__1)—r:])rr!,0§n§m , (2.6)

we get

m=0 n=0 (d)m(C)nm!n! 1—b—n+i,c+i+j ;

SZi i(a)mm (@), (b—0),x"y" 3,:{ -n,bl-c-n ;1} 27)

By the application of generalized Dixon’s theorem (1.8), (2.7) becomes

S:i i (a)m+n (a')m (b_i)nxmyn

0 n=o (d),,(c), min!

220D (i —n) T(c+i+ j) T(b— |~ 1i)FA—n—c—L(i+ j+fi+ ]|
COIr@-c—nr(2c—1+i+j+n)l(c—b+i+ j)

X

X{A( JA(b,c.n)+ B/ ;B(b,c,n)}, (2.8)
where

FEn+c— 2+ NrEn-b+c+i+[1)

FE—inl(@-b-in+[)

A(b,c,n) =

(2.9)

T (En+c+[5)r Gn—b+c+i+i+[i])
T(—3n)T (-3n—b+1+[i]) '

B(b,c,n) = (2.10)
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The coefficients A';,B/;can be obtained from the coefficients A ;,B;; by replacing a,c by

—n,1-c—n, respectively .

Now, separating (2.8) into even and odd powers, we get

_ . S (a)m+2n (al)m (b_i)Znmezn
=2 2T (@)@ min)

22D (14— 2n) (e +i+ ) T(o—2i|~ 2T A-2n—c— (i + j+]i + |
X
r()rd-c-2nT(2c—-1+i+ j+2n)I(c—b+i+ j)

x{C..;A(b,c,2n) + F, ;B(b,c,2n) |

N (a)m+2n+l (al)m (b_i)2n+l me2n+l
+(n;) nZ:(:) (d)m(c)2n+1m!(2n+l)!

22T (b~ 2n) T(C+i + ) T(b— 1fi|~ 2)T(-2n—c — L (i + j+[i + j])
r()r(-2n—-c)r'(2c+i+ j+2n)Lc—b+i+ j)

x{E;; A(b,c,2n+1)+ D, | B(b,C,2n +1)}). (2.11)

1 —
r(-n)

Since 0, (n=0,12,-),

where T'() denotes the Gamma function, Srivastava and Karlsson (1985, p.16). We have
seen from (2.11) that

B(b,c,2n)= A(b,c,2n+1) =0.

Therefore, (2.11) becomes

_ c ~ (a)m+2n (al)m (b_i)Znmezn
ST 2 (@), min)!

22Cre T (L—b+i—2n) T(C+i+ j) T(b—3fi[ - 3)C@-2n—c—1(G+ j+]i + j|
C(b)FL-c—2nT(2c—1+i+ j+2n)I(C—b+i+ j)

C C(n+c—1+[" "D (n—b+c+i+[1)
] FG-nmr@-b-n+[i)
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2n+l

< < (a)m+2n+1 (al)m (b_i)2n+1 me
2 2 (@) mi(20 4D

2220 (j—p—2n) T(c +i+ j) T(b— Lfi|— 2i)I(-2n—c— 1 (i + j +[i+ j|)
CO)r(-2n—c)r(2c+i+ j+2n)rc—b+i+ j)

D Ce+n+3+[Nr@+n-b+c+i+[2])

; . (2.12)
! IL(-5-n)I (-n—b+[14])

Finally, in (2.12) if we use the results (1.13)-(1.15), then after some simplification we arrive
at the right hand side of (2.1). This completes the proof of formula 1. In exactly the same
manner, formula 2 can also be proved.

Remark 1.

Taking x—0in (2.1) and (2.2), we deduce, respectively, the following extension formulas
for Appell’s functions F, and F;:

Formula 3.

F,(a,b—i,b;c,c+i+j;y,~y)

i (a)Zn (b_i)Zn(_y2/4)n

n=0 (C)Zn n!

. 2°Cre T (L —p+i—2n) T(C+i+ j) T(b—3]i|-3)T@A-2n—c—1(i+ j+[i+ j|
C(b)FA-c—2nT(2c—1+i+ j+2n)I(c—b+i+ j)

L (n+c—1+["Pr(n—b+c+i+[51)
. LG Q-b-n+[3])

_ ﬂi (a+1)2n (b_i)2n+1(_y2/4)n
2 n=0 (C)2n+1 n!

ZHIID (i~ 2n) Do +i+ ) T(0 - 3|~ 2T(-2n—c— 3+ j +]i+ ]
C()I(-2n—c)T(2c+i+ j+2n)I(c—b+i+ j)

«D. . FE+n+c+[SNDr@+n—b+c+i+[2])
" F@GT (n-b+[}]) '

(2.13)

Formula 4.
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Fy(b-ib,d=i-j d;e;y,-y)

_x (b—i)y (=i ), (-y°/4)"
E @

. 272 (L-b+i-2n) TA—d -2n+i+ j) T —L|i|-2i)0(d -1 (i + j+]i + j|
C)C(d)rd—2d +i+j-2nT(1-b-d+i+j—2n)

o TG-d-n+["F*)ra-n-b—d+i+[}]
i rGra-b-—n+[i])

_l i (b_i)2n+1(d —i- j)2n+1(_y2 /4)n
2e 1o (e+1),, n!

27T (i =b—2n) DG+ j—d —2n) T(b— 3|~ $)I(d =3+ j+[i+ i)
T(0)T(d)T (i + j—2d —2n)[(i + j —b—d —2n)

py TG=n=d+[5Dra-n-b—d+i+[)
C)T (—n—b+[5]) -

(2.14)

The coefficients C, ;,D, ;can be obtained from the coefficients A ;,B; ; by replacing a,c by

—-2n,1-c-2n and -2n-1,-c-2n respectively and the coefficients G, ;,H; can be
obtained from the coefficients A ;,B, ; by replacing a by —2n and —2n-1, respectively .

Remark 2.

It is interesting to mention here that, the results (2.13) and (2.14) are a generalization of the
following well-known transformations due to Bailey (1953, p.239) :

Fla,b,bc,c;y,~y] =,F[a,2a+ib, c—b;c,ic,ic+i;y?] (2.15)
and

L(b+d), 4 (b+d +1); } (2.16)

Flb b.d.d ey —y]=F O
3[My Uy 1 2 ) 473 %e,%e+%,b+d ;

3. Applications
Taking i= j=0 in(2.1) and (2.2) and using the results (1.10)-(1.13), we get

FO(a,a,b,b;d, c, c;x,y,y)



Ahmad Ali Atash1016

1:2;1a : b,c-b ;a; y?
_ I x (3.1)
0:3;1) - :c,3Cc,3c+3 ;d; 4
FP(a,b,b,c,d,de;x,y,-y)
0:4;2| - :b,d,i(b+d),i(b+d+1);a,c;
- s(b+d)z(b+d+)ac 4y® x|, (3.2)
1:1;0| e : b+d ;=
respectively .
Further, taking ¢ =2b in (3.1), we get
FO(a,a',b,b;d, 2b, 2b; x,y,~Y)
S JlLilta b oAl y? y (3.3)
0:2;1| — :2b,b+1:d; 4| '

Taking i=1,j=0 in(2.1) and (2.2) and using the results (1.10)-(1.15), we get

FA(3) (a'a',b_l,b ,d, c,Cc+1; X uy!_y)

1:2;1{a: b,c—b+1 ;a; y? }
- X
4

0:3;1 — :c,3c+3,3¢+1;d;

- 1:2:1a+1 : b,c—-b+2 ra’; y?
Lab-Dy DA (3.4)
2C 0:3;1 - :wc+1l,ic+1l,ic+3;d; 4

F9(a,b-1b,cd-1d;e;x,y,y)

0:4;2| - :b,d,i(b+d),i(b+d-1);a,c; Av2 x
1:1;0| e : b+d-1 ;= &

—b- 0:4;2
+(1 b d)yX

e 1:1:0

— :b,d,i(b+d),2(b+d+1);a,c;
e+1: b+d-1 D=

respectively.
Further, taking c=2b—1 in (3.4), we get
FO(a,a',b-1,b;d, 2b-1, 2b; x,y,-Y)

JLLila b ;al y? N
0:2;1] — :2b-1,b+1 ;d; 4°
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- 1:1:1ja+1 : b caln y?
Lab-ly, [ " y?’x}' (3.6)

2(2b-1) 0:2;1] - :2b,b+3;d;

Similarly, other results can also be obtained.

4. Conclusion

We conclude our present investigation by remarking that the main results established in this
paper can be applied to obtain a large number of transformation formulas for the Lauricella’s

functions F¥ and F{¥ of three variables and Appell’s functions F, and F, in terms of
Exton’s double hypergeometric series and generalized hypergeometric function. Further, in
the extension formulas (1) and (3), if we take c=2b, then we can obtain a new extension
formula for Lauricella’s function F{? (a,a’,b—i,b;d, 2b, 2b+i+j; x,y,~y) and Appell’s
function F,(a,b—i,b;2b, 2b+i+ j; y,—y). Also, many special cases of these extension

formulas can be obtained in terms of Exton’s double hypergeometric series and generalized
hypergeometric function.
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