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Abstract  
 

The aim of this research paper is to obtain two extension formulas for the first and second 

kind of Lauricella’s functions of three variables with the help of generalized Dixon’s 

summation theorem, which was obtained by Lavoie et al. In addition to this, two extension   

formulas for the second and third kind of Appell’s functions are obtained as a consequence 
of the above mentioned results . Furthermore, some transformation formulas involving 

Exton’s double hypergeometric series are obtained as an applications of our main results.  
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1.   Introduction 
 

In the usual notation, let qp F  denote generalized hypergeometric function of one variable 

with p numerator parameters and q denominator parameters, defined by (see Srivastava and 

Manocha (1984, p.42) and Srivastava and Karlsson (1985, p.19)) 
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where na)(  denotes the Pochhammer’s symbol defined by  
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The series (1.1) is convergent for x if qp  and for 1x if  1 qp , while it is 

divergent for all x , 0x
 
if 1 qp . 

Furthermore, if we set  
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it is known that the series (1.1),
 
with 1 qp , is  

(i) absolutely convergent  for 1x if 0)Re( w , 

(ii) conditionally  convergent  for 1,1  xx if 0)Re(1  w  and 

(iii) divergent for 1x if 1)Re( w .  

 

The Lauricella’s functions )(n

AF  and )(n

BF  are defined and represented as follows (Srivastava 

and Manocha (1984, p.60))  
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1},,max{ 1 nxx  . 

Clearly, we have  

2

)2( FFA   and (2)

3,BF F  

 where 2F  and 3F  are  Appell  double hypergeometric functions (Srivastava and Manocha 

(1984, p.53))  
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1},,max{ 1 nxx  . 

 

In 1982, Exton (1982, p.137)  defined the following  double hypergeometric series : 
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which is the generalization and unification of Horn’s non-confluent double hypergeometric 

function 4H (Srivastava and Manocha (1984, p.57)) and Horn’s confluent double 

hypergeometric function 7H  (Srivastava and Manocha (1984, p.57)). For the sake of 

convenience the symbol ma))(( denotes the product mj

A

j
a )(

1
 .

 
 

 
In the theory of hypergeometric and generalized hypergeometric series, Dixon’s summation 

theorem for the sum of a )1(23 F  play an important role. Applications of  the above mentioned 

theorem are now well known ( see, for example Bailey (1932), Lavoie et al. (1994), Kim et 

al. (2010 ), Lee and Kim  (2010), Shekhawat (2012)   and Shekhawat and Thakore (2013)).  

The aim  of this  paper is to obtain two  extension   formulas for the Lauricella’s functions 
)3(

AF  and )3(

BF  with the help of the  following generalized Dixon’s theorem Lavoie et al. 

(1994): 
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)3,2,1,0;2,1,0,1,2,3;22)22((  jijicbaR , 

where ][x
 
denotes the greatest integer less than or equal to x

 
and x denotes the usual 

absolute value of x . The coefficients jiji BandA ,, are given respectively in (Lavoie et al., 

1994) . When  0 ji , (1.11) reduces immediately to the classical Dixon’s summation 

theorem Rainville (1960, p.92); (see also Bailey (1932, p.13)) 
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( )2)22((  cbaR . 

We also require the following well-known identities Srivastava and Karlsson (1985, p.16-17) 
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2.    Main Extension Formulas   
 

In this section, the following extension formulas will be established :  

 

Formula 1. 
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for  2,1,0,1,2,3 i  and 3,2,1,0j .  

The coefficients 
jiji DC ,, , can be obtained from the coefficients 

jiji BA ,, ,  by replacing ca , by 

ncn 21,2   and ncn 2,12   respectively . 

 

Formula 2. 

 

 

 yyxedjidcbibaFB  ,,;;,,,,,)3(
 




 








0 2

2

22

0 !!)(

)4/()()()()(

n nm

nm

nnmm

m nme

yxjidibca
 

 njidbnjiddb

jijidiibjindnibjid

21)221()()(

(()()21()21(2
2
1

2
1

2
12








 

])[1()(

])[1(])[(

22
1

2

1

2

1

2
1

, i

jji

ji
nb

idbnnd
G








 




 




 




0 2

2

1212

0 !!)1(

)4/()()()()(

2 n nm

nm

nnmm

m nme

yxjidibca

e

y

 

  )2(22)()(

)(()()2()2(2
2
1

2
1

2
12

ndbjindjidb

jijidiibndjinbijid








 

                                    

1
2 2 2

, 11
2 2

( [ ]) (1 [ ])
,

( ) ( [ ])

i j j

i j i

n d n b d i
H

n b





         


    
                        (2.2) 

for  2,1,0,1,2,3 i  and 3,2,1,0j .  

The coefficients jiji HG ,, , can be obtained from the coefficients jiji BA ,, ,  by replacing a by 

n2  and 12  n , respectively . 
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Proof of Formula 1. :  Denoting the left hand side of (2.1) by S, expanding )3(

AF  in a power 

series  and  using the results  Srivastava and Karlsson (1985, p.17) 
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Next, using the identities  Srivastava and Karlsson (1985, p.17)  
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By the application of generalized Dixon’s theorem (1.8), (2.7) becomes  
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The coefficients jiji BA ,, ,  can be obtained from the coefficients jiji BA ,, ,  by replacing ca , by 

ncn  1, , respectively . 

 

 Now, separating (2.8) into even and odd powers, we get 














0 2

2

22

0 !)2(!)()(

)()'()(

n nm

nm

nmnm

m nmcd

yxibaa
S  

  )(212)21()(

(21()()()21(2
2
1

2
1

2
1)12(2

jibcnjicncb

jijicniibjicnibjicn








 

 )2,,()2,,( ,, ncbBFncbAC jiji   









 



 






 0 12

12

1212

0 !)12(!)()(

)()'()(

n nm

nm

nmnm

m nmcd

yxibaa
 

  )(22)2()(

)(2()()()2(2
2
1

2
1

2
1)2(2

jibcnjiccnb

jijicniibjicnbijinc





 

     
                                          , ,( , ,2 1) ( , ,2 1) .i j i jE A b c n D B b c n                              (2.11)  

Since                                           
1

0, ( 0,1,2, ),
( )

n
n

 
 

 

where )(

 

denotes the Gamma function,  Srivastava and Karlsson (1985, p.16). We have 
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Finally, in (2.12) if we use the results (1.13)-(1.15), then after some simplification we arrive 

at the right hand side of (2.1). This completes the proof of formula 1.  In exactly the same 

manner, formula 2 can also be proved. 

Remark 1.  
 

Taking  0x in (2.1) and (2.2), we deduce, respectively, the following extension  formulas 

for Appell’s  functions  2F  and 3F : 

 

Formula 3. 
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Formula 4. 
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The coefficients jiji DC ,, , can be obtained from the coefficients jiji BA ,, ,  by replacing ca , by 

ncn 21,2   and ncn 2,12   respectively and the coefficients jiji HG ,, , can be 

obtained from the coefficients jiji BA ,, ,  by replacing a by n2  and 12  n , respectively . 

 

Remark 2.  
 

It is interesting to mention here that, the results (2.13) and (2.14) are a generalization of the 

following well-known transformations due to Bailey (1953, p.239) : 
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3.   Applications  

Taking  0 ji  in (2.1) and (2.2) and using the results (1.10)-(1.13), we get  
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Further, taking  bc 2  in (3.1), we get 
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Taking  0,1  ji  in (2.1) and (2.2) and using the results (1.10)-(1.15), we get 
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Further, taking  12  bc  in (3.4), we get 

 

                                 yyxbbdbbaaFA  ,,;2,12,;,1,',)3(

 

                                      







 


 x

y

d

a

bb

ba
X ,

4;

;

;

;

,12:

:

1

1

;

;

2

1

:

:

0

1 2

2
1

      



1017AAM: Intern. J, Vol. 10, Issue 2 (December 2015)                                                                                         

 
 

                            
2

1
2

1:1;1 1 : ; ;( 1)
, .

2 ,0:2;1 : ; ;2(2 1) 4

ba aa b y y
X x

b b db

 
    

                (3.6) 

 

Similarly, other results can also be obtained. 

4.   Conclusion  
 

We conclude our present investigation by remarking that the main results established in this 

paper can be applied to obtain a large number of transformation formulas for the Lauricella’s 

functions )3(

AF  and )3(

BF  of three variables and Appell’s  functions  2F  and 3F  in terms of 

Exton’s double hypergeometric series and generalized hypergeometric function. Further, in 

the extension formulas (1) and (3), if we take bc 2 , then we can obtain a new extension 

formula for Lauricella’s function  yyxjibbdbibaaFA  ,,;2,2,;,,',)3(
 and Appell’s  

function   yyjibbbibaF  ,;2,2;,,2 . Also, many special cases of these extension 

formulas can be obtained in terms of Exton’s double hypergeometric series and generalized 

hypergeometric function. 
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