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Abstract

This paper presents an existence and nonexistence of positive solutions for the nonlinear
boundary value problems. We prove that the nth order nonlinear differential equation has at least
one positive solution by using appropriate fixed point theorems.
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1. Introduction

We are concerned, in this paper, with the existence of positive solutions for the following
boundary value problem for nth order differential equations
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u™E)=f (t,u(t)), O<t<1, (1.1)
u(0) =u’(0)=u"(0)=---=u"?(0)=u" (@) =0, (1.2)
au')+pu"() =0, where B,aa>0, a+>0 (1.3)

Problems of the above type occur frequently in science, engineering, mathematical physics,
economics and biology [Zhang (2006)].

The nonlinear nth order differential equations studied in this paper are an existence and
nonexistence of positive solutions by using object of mathematical investigations [El-shahed
(2009), EI-Shahed and Hassan (2010), Guo and Lakshmikantham (1988), Sun and Wen (2006),
Agarwal and O'Regan (1999) and Agarwal et al. (1999)]. However, there are few papers
investigating the existence of positive solutions of nth impulsive differential equations by using
the fixed point theorem of cone expansion and compression. The objective of the present paper is

to fill this gap and the results presented are new and original. Also, several results obtained in
Agarwal et al. (1999) are generalized.

2. Notation, Definition and Auxiliary Results

Theorem 2.1 [Agarwal et al. (2001), Agarwal and O'Regan (1999)]:

Assume that U is a relatively open subset of convex set K in Banach spaceE . Let
N :U — K be a compact map withO e U . Then, either
(i) N has a fixed pointin U ; or

(i) Thereis u eU and 1 € (0,1)suchthat u=ANu.

At first, we find the solution u (t), for the problem

uM) =y (t), o<t<l, (2.1)
u(0)=u’(0) =u"(0) =---=u"?0)=u" (1) =0, (2.2)
au' )+ Au"() =0, where B,a>0, a+£>0 . (2.3)

Applying Laplace transforms to equation (2.1), we have:

s"T(s) —s"'u(0) —s"?u'(0) - s"*u"(0) —--—s u"?(0) —u"(0) = y(s), (2.4)
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where U (s) and y(s) is the Laplace transform of u(t) and y(t) respectively. So,

s"'u(0) , s"(0) , s"(0) L su™P(0)  uT"(0) |, ¥(s)
S s" s" " s" s"

u(s) =

n

Therefore, by the inverse Laplace transform and using the boundary condition (2.2) and (2.3), we
obtain the final form of u (t) as:

__a+(n-2)p | a L42(1-g)"2 )
‘O L —2)'I % NIy R T

ﬂ 1 tz(l_s)n—3 1 tn 1 (
[a+ﬂ](n—3)!£ T l( s I 1), Cy(s)ds. (2.5)

Definition 2.1.

An operator is called completely continuous if it is continuous and maps bounded sets into
precompacts.

Definition 2.2.

Let E be a real Banach space. A nonempty closed convex set K — E is called cone of E if it
satisfies the following conditions:

(i) xe K,o>0implieso xe K ; and

(i) x e K ,—x e Kimplies x=0.

3. Main Result

Consider the family of problems:

u™(t) = f(t,u(t)), O<t<1, (3.1)
u(@) =u'(0) =u"(0) =---=u™?(0) =u"? (1) =0, (3.2)
au’'()+pu"(1)=0, where S,a>0, a+/[>0. (3.3)

Hence, (3.1), (3.2) and (3.3) are equivalent to the integral equation
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a+(n=2)p a fP-s)?
—_— N = —f _ f
1) kz+ﬁkn—2ﬂ!2!(&u®»ds U%+ﬁkn—2yj I (s.u(s)ds
ﬁ 1t2(1_s)n—3 1 n-1
- f(s,u(s))ds- f (s,u(s))ds
[a+,6’](n—3)!J; 21 (s,u(s)) I( =Y (s,u(s)) g
t (t S)n -1 ( . )
j pr FEuEs
Defining T : X — X as:
_a+(n-2)p i ~ a Lz g)n?
Tu(t)_[a+ﬂ](n 1) f(s,u(s)ds » +ﬂ](n_2)!£ ST (s.u(s)ds
B SO Lo (t
_[a+ﬂ](n—3)!£ oy (su(s)ds— l( 1),f(S U(S))d5+j f(s,u(s))ds, (3.5)

where X=CJ0,1] is the Banach space endowed with the supper norm.

We have the following result for operator T.

Lemma 3.1:

Assume that f :[0,1]xR — R is continuous function, then T is completely continuous operator.

Proof:

It is easy to see that T is continuous. For ue M = {ue X : Ju]|<1,1> 0}, we obtain,

a+(n-2)f j— (s,u(s))ds — e _1ft2(1_s)Hf(S,U(S))ds

Tu(y <| ¢ T A2 2 [a+fln-2)1) 2!
ﬂ tz(l— S)n -3 t" (t )n—l
_[a+ﬂ](n_3)!£ o (s,u(s))ds - j( 1)|f(s u(s))ds+j i f (s,u(s))ds
+(n-2) L1 g)"?
[Z+ Bl(n— 2)|I (s))\ds+ ﬂin o j T | (s,u(s))|ds
b 3).It s, u(s»\ds+[ \f(s u(s))\ds+j‘t DG
< a+(n-2)p8 L+ a L Y L L L

“lat A2 2 [a+ Aln-1) 2 [a+Bln-2)! 21 (-1 nt'
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where L= max
0<t<1,|uf<1

T(M),YueM , Ve>0t, <t, €[0,1].

f(t,u(t))| +1, so T(M) is bounded. Next we shall show the equi-continuity of

Let

n< 5[a+,6’](n 2)! 25[0(—1—ﬂ](n—1)! 2|g[a+,3](n—2)!
5L[a+(n 2)4] 5La o 5.4 ’

G<{g(n—1)!}
5L )

n!
y<{aaf,@-ﬁ<n,gkq4<atg+Q<y.

Then, we have

a+(-2)f 1’ -t e i -)a-s)?
e pln-t) 2 OV [T s

L’ - UGSV3 -t
j( f (s, u(s))ds — j =T f (s,u(s))ds

Tu(t,)-Tu(t)| = oo ﬁ] o=

j ”“f@mmm ﬂ“swuau@ms

Lat-2B LE-) o  LE-t)
[a+Bl(n-2)! 2! [a+ﬂ](n—1)! 21
. p o LE-t) LET-t) W Ly
[+ pBl(n-2)! 2! (n=1)! n! n!

& E & E €&
S—+—+—+—-+—.
5 5 5 5 5
Thus, T(M) is equicontinuous. The Arzela-Ascoli theorem implies that the operator T is
completely continuous.
Theorem 3.1:

Assume that f :[0,1]xR — R is continuous function, and there exist constants

(2|(a+,8)(n 1)' n!

0<c, <
na+(n-1)°4 " n+l

), c, >0,
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such that | f (t,u(t))| < ¢|u|+c,, forall t € [0,1]. Then, the boundary value problem (3.1)-(3.3)
has a solution.

Proof:

Following [Yang (2005), Zhang (2006) and Odda (2010)], we will apply the nonlinear
alternative theorem to prove that T has one fixed point. Let Q= {u e X :|u[| < R}, be open subset

of X, where
R >(4{ na+(n-17°4 |u|cl,(n +1)C1|u|, na+(n-1°4 |u|c2,(n +1)c, |U|H
210 —) Y + ) n 210 —) Y + B) n!

We suppose that there is a point ueoQand A e (0,) suchthat u=Tu. For u e dQ, we have:
1.2 n-2
0(+(I’l 2)p J- u(s))ds — a J‘t 1-59) f (s,u(s))ds

Tugp = |[* FAIN =2 2 at B2 2l
p t2(1- S)n 3 Lot (t—
_[a+ﬁ](n—3)!£ o f(s,u(s))ds - I f(s u(S))ds+J' f(s u(s))ds

ca+(=2)p (t° p L2 (1—s)"?2
“lar Al 2>'I 16 S ] TR G QL
B P9t (t-
" e+ Al 3>'I o1 TEUE) 3+I \f<3 u(s)) S+J \f(s u(s))|ds
a+(n Z)ﬁ v a t(l S)nz
“la+ Al 2)II (Cl‘”(s)‘“)d“[ gl 2 @leles
t?(1—s)" -
[a+ﬁﬁn 3)'j (2.5) ‘Cl‘“‘s)‘”)d“f <°1\U<S)\+C>d3+f( Y = (@) +e)ds
a+(n-2)p
<W(1‘ ()‘ m(q\ (S)\+c)
I 1
+ 2![a+ﬂ](n_2)!(Cl\u(s)\+c2)+( 1)|(c1\ ()| +c (n)!(cl\u(s)\mz)
oo+ A2 GO+ ﬂ]( i)
p
+ W(Q‘ (S)‘) l)l(Cl‘U(S)‘) T )l(cl‘u(s)‘)
a+(n-2)p5 a 8 1 1
2+ Aln-21  2ar l0-1  2a pln—2p D o & oy )
<B+ E-|-7_|_B =R
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which implies that |[T|| = R =u, that is a contradiction. Then, the nonlinear alternative theorem

implies that T has a fixed point u Q, that is, problem (3.1)-(3.3), has a solution u Q.
Finally, we give an example to illustrate the results obtained in this paper.

Example.

From the equation (3.1) —(3.3) we solve the boundary value problem

u+l

5) (1) _
uv’(t) = .
® u?+7

(3.6)

1(2)41 5l
2(2)4! E), So, we conclude that the

Theorem 3.1 with o =1and =1, we find 0 < ¢, <min( >
5+(4)° 6

problem (3.6) has a solution.
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