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Abstract

The stability of some size-structured population dynamics models are investigated. We determine
the steady states and study their stability. We also give examples that illustrate the stability results.
The results in this paper generalize previous results, for example, see Calsina, et al. (2003) and
El-Doma (2006).
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1. Introduction

In this paper, we study the following size-structured population dynamics model:

[ oplet) | ﬁ(V(a P()pla, 1))+ pla, P()pla, 1) = 0, a € [0,1),1 < +o0, ¢ >0,

ot da
/ﬁaP p(a,t)da, t >0,
p(a, ) ), a € [0,1),
P(t):/p(a,t)da, t>0,
0

€]

where p(a,t) is the density of the population with respect to size a € [0,[) at time ¢ > 0;
I

[ < 400, is the maximum size an individual in the population can attain; P(t) = [ p(a,t)da
0
is the total population size at time t; (3(a, P(t)), u(a, P(t)) are, respectively, the birth rate i.e.
the average number of offspring, per unit time, produced by an individual of size a when the
population size is P(t), and the mortality rate, i.e., the death rate at size a, per unit population,
when the population size is P(t); 0 < V(a, P) is the individual growth rate at the population size
l

P; p(0,t) = / B(a, P(t))p(a,t)da is the number of births, per unit time, when the population
0
size is P(t).

We study problem (1) under the following general assumptions:

« 0 <po(a) € L'([0,1)) N Loo[0, 1), R = [0, 00);

e Via,P(t)),B(a, P(t)) and p(a, P(t)) € C([0,1) x RT), and are nonnegative functions;
e Vp(a, P),Vpu(a, P),Bp(a, P), up(a, P) exist Ya > 0, P > 0; and

« Ve(,, P), Vpa(., P), B(, P), Be(., P), u(., P), (., P) € C([0,1) : Loo(RT)).

Models of size-structured populations were first derived by Sinko et al. (1967), where the
population density and the vital rates depend on age, size and time. Due to its complication,
this type of model has been ignored by mathematicians, for example, see Metz, et al. (1986).
Problem (1) is special case of the classical model given by Sinko, et al. (1967). However problem
(1) generalizes those given in Calsina, et al. (2003) and El-Doma (2006), where the vital rates
are taken to depend on the population size only.

Mimura, et al. (1988), studied a model that is similar to problem (1) but the dependence on
the population size P(t) is changed to a dependence on a weighted population size r(t) i.e.,
I

r(t) = / w(a)p(a,t)da,w > 0, and the growth rate V' is of separable form that is special case

of problf(:]m (1); and they proved the global existence and uniqueness of non-negative solutions,
and obtained some stability results when the death rate ;» depends on the weighted population
size r(t) only. Calsina, et al. (1995), studied problem (1) with the additional assumption that
there is an inflow of newborns (of zero-size), like seeds in plants, and proved the existence and
uniqueness of solution; and the existence of a global attractor when the inflow is a constant.
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Further generalization of size-structured population dynamics models involved the additional
assumption of subdividing the population into subgroups based on growth rates, these growth
rates can be finite in number leading to a finite number of subgroups, for example, see Ackleh, et
al. (2005) or infinitely many different growth rates, for example, see Huyer (1994). These studies
proved existence and uniqueness results; and provided numerical results as in Huyer (1994), and
numerical and statistical results as in Ackleh, et al. (2005).

In this paper, we study problem (1) and determine its steady states and examine their stability. We
prove that the trivial steady state is always a steady state and that there are as many nontrivial
steady states P., as the positive solutions of the equation, R(P,) = 1, see section 2 for the
definition of R(P). Then we study the stability of the trivial steady state and show that if,
R(0) < 1, then the trivial steady state is locally asymptotically stable and if, R(0) > 1, then the
trivial steady state is unstable. We also determine sufficient conditions for the local asymptotic
stability of a nontrivial steady state P.,, and show that if, R'(P.) > 0, then a nontrivial steady
state is unstable.

The organization of this paper as follows: in section 2 we determine the steady states; in section 3
we study the stability of the steady states and give several examples that illustrate our theorems;
in section 4 we conclude our results.

2. The Steady States

In this section, we determine the steady states of problem (1). A steady state of problem (1)
satisfies the following:

'dda[V(aP) )+ pula, Po)pac(a) = 0, a € [0,1),
V (0, Py) /ﬁaP )P (a)da (2)
kPoo /OPOO()

From (2), by solving the differential equation, we obtain that

7(a, Py)

pela) = P (O)V (0, Pr) {75

3)
where 7(a, Ps) is defined as

w(a,P)=¢e" I§ Hepydr
Also, from (2) and (3), we obtain that p.,(0) satisfies the following:

Poc(0) = p (0 /ﬁ 7(a, Poo)da. @)
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Accordingly, from (4), we conclude that either p.,(0) = 0 or P, satisfies the following:
!
Bla, Px)
l= | —/——= Py)da. 5

In order to facilitate our writing, we define a threshold parameter R(P) by

R(P) = /O 6((2 i))ﬂ(a, P)da, (6)

which when V' = 1 and a is age (the age-structured case) is interpreted as the number of children
expected to be born to an individual, in a life time, when the population size is P.

We note that from equation (3),

Pw

Poo(0) = I
m(a, Px)

V (0, P ————=d

0.2 [ 5

and accordingly, either p,(a) = 0 or p(a) is completely determined by a solution P, > 0 of
equation (5).

Y

In the following theorem, we describe the steady states of problem (1), the proof of the theorem
is straightforward and therefore, is omitted.

Theorem 2.1

(1) Problem (1) has the trivial steady state, Py, = 0, as a steady state.
(2) All positive solutions of, R(Px) = 1, are nontrivial steady states of problem (1).

3. Stability of the Steady States

In this section, we study the stability of the steady states for problem (1) as given by Theorem
2.1.

To study the stability of a steady state p..(a), which is a solution of (2) and is given by equation
(3), we linearize problem (1) at p..(a) in order to obtain a characteristic equation, which in turn
will determine conditions for the stability. To that end, we consider a perturbation w(a, t) defined
by w(a,t) = p(a,t) — ps(a), where p(a,t) is a solution of problem (1). Accordingly, we obtain
that w(a,t) satisfies the following:

( Ow(a,t) O

S+ %<V(a,Poo)w(a,t)) + [% (Vp(a,Poo)poo(a)) + Poc(a)pp(a, Poo) |W (1)

+u(a, Px)w(a,t) =0, a €[0,1), t >0,
!

w(0,t)V (0, Px) = /0 B(a, Px)w(a,t)da + W(t)/o Bp(a, Px)pso(a)da
_pOO(O)VP(Oa POO)W(t)a t 2 07
w(a,0) = sz(a) — ps(a), a€0,1),

W (t) :/ w(a,t)da, t>0.

\ 0

(7
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By substituting w(a,t) = f(a)e®® in (7), where ¢ is a complex number, and straightforward
calculations, we obtain the following characteristic equation:

1

l
1= — - — [ E(r)dr Poo d
v(o,Poo)/o e e

!
/ e f(;l E(T)dea
0
l a
V(o,Poo) 1+ / / e lo E“)dfg(a)dada}
/ﬁpaP)poo( Yda — pso(0)Vp (0, Psy) //efE(TdTﬁaP)()dada,
where g(o) and E(o) are, respectively, given by

2 (Vi(0, Pr)poc(0)) + poc(@) 1200 Pr)
glo) = Vo, Px) ’
§+ Vo0, Poo) + pi(o, POO)‘

V (o, Px)

_l_

®)

In the following theorem, we describe the stability of the trivial steady state, p.(a) = 0.

Theorem 3.1 The trivial steady state, p.(a) = 0, is locally asymptotically stable if, R(0) < 1,
and is unstable if, R(0) > 1

Proof. We note that for the trivial steady state, ps(a) = 0, Py, = 0, and therefore, from the
characteristic equation (8), we obtain the following characteristic equation:

— € J V(0 ﬁ(a,O)
1 —/0 ‘ >V(a’0)7r(a,0)da. 9)

To prove the local asymptotic stability of the trivial steady state, we note that if, R(0) < 1, then
equation (9) can not be satisfied for any £ with, Re§ > 0, since

fovm ) l e\fOVTO Mwa a
}/ £ Jo vy 2N ) ( 0 (a,O)da} < /0 —hReg [y vt )V(a,O) (a,0)d
< R(0) < 1.

Accordingly, the trivial steady state is locally asymptotically stable if, R(0) < 1.

To prove the instability of the trivial steady state when, R(0) > 1, we note that if we define a
function h(§) by

l
— §f0 VTO L(G,O)
h(g) _/0 ( )V(G,O)W(G’O)da’

and suppose that £ is real, then we can easily see that h(§) is a decreasing function if £ > 0,
h(§) — 0 as & — 400, and h(0) = R(0). Therefore, if, R(0) > 1, then there exists £* > 0
such that h(£*) = 1, and hence the trivial steady state is unstable. This completes the proof of
the theorem.
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In the next theorem, we give a condition for the instability of a nontrivial steady state.
Theorem 3.2 A nontrivial steady state is unstable if, R'(Px) > 0.

Proof. We note that the characteristic equation (8) can be rewritten as

1 = ;)/ —Is B0 3, Py da 1+// — s BEMdry (o )dada)
// e~ o Brdr g )dada—l—v(o P )/ e~ Jo BT gy (10)
/ﬁPaP)poo( )da — pss(0)Vp (0, Py) //efE(TdTﬁaP)()dada}
= G(9)

Now, suppose that, R'(P,,) > 0, then from the characteristic equation (10), we obtain that
G0) =14+ R(Px)Px > 1, and G(§) — 0 as £ — +oo. Accordingly, 3¢* > 0 such that
G(&*) = 1, and hence a nontrivial steady state is unstable. This completes the proof of the
theorem.

In the next theorem, we prove that, & = 0, is a root of the characteristic equation (10) iff,
R(Py)=0.

Theorem 3.3 £ = 0, is a root of the characteristic equation (10) iff, R'(Px) = 0.

Proof. We note that if, ¢ = 0, then using equation (5), the characteristic equation (10) becomes,
R'(Py) = 0. This completes the proof of the theorem.

To obtain further stability results, we note that by suitable changes of the variables of the
integrations, we can rewrite the characteristic equation (10) in the following form:

1 l l
- W / - Jy EMT{ﬁ(a,POOH /0 Bp(b,Poo)poo(b)db—poo(O)Vp(O,POO)]da
T OP / / / e B ST g 0 [3(0, Prc) — Ba, Pr) | dodads
- //e_f;E(T)dTg(U)dada. (11)
0 JO

In the next theorem, we give a sufficient condition for the local asymptotic stability of a nontrivial
steady state. We note that this result is for the general problem(1), and in the sequel we give
other conditions which are for special cases of problem (1).

Theorem 3.4 Suppose that the following holds:

/l%} {ﬁ(a P.) /Olﬁp(b, Poo)poo(b)db—Poo(OWP(QPw)} da

o I -
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l a
a wr.Ps) V (0, Pao)
e Jo V(rPs) 7‘ o ‘dada < 1. 12
I ol (1)
Then a nontrivial steady state is locally asymptotically stable.

Proof. We note that if we assume that, Re§ > 0, then from the characteristic equation (11), we
obtain

1< /l —Reé [§ virpy %} {ﬁ(a, Py) + /l Bp (b, Poo)poo(b)db — poc (0)V (0, POO)} }da

/// Rt [} el g~ Rek [ ity o o ke ar V((g’,Poo))wEb,Poo)) "
V (b, Px)V(a, Py

‘g () [ (b P.) — A, oo)} dodadb

Re&fo’ V(TPoo)e f; \‘;((:'I;’ZZ))u‘g ‘do’da]
V(a

</ %Hﬁ(a P.) /Olﬁp(b,Poo)poo(b)db—poo(O)Vp(O,Poo)}‘da

N T T

//‘—mﬁngiﬂﬂﬂMM<L
V(a, Px)

Accordingly, the characteristic equation (11) is not satisfied for any & with, Re > 0, and hence
a nontrivial steady state is locally asymptotically stable. This completes the proof of the theorem.

In the next result, we give a corollary to Theorem 3.4, and the proof of this corollary is
straightforward, and therefore, is omitted.

Corollary 3.5 Suppose that the following hold:
1. B(a,P)=p(P),Va >0,

2K/Ji%ﬂﬁ<>+m )P = V(0. P

_ (e pnP) V(0o, Py
/ / O'\‘;(Tpoo)(o’i}g }do’da< 1
Then a nontrlvzal steady state is locally asymptotically stable.

In the next result, we obtain stability result for the special case when, V(a, P) = V(a), and
also, pu(a, P) = u(P). We note that this result is a generalization of that given in Gurney, et al.
(1980) and Weinstock, et al. (1987) for the classical age-structured population dynamics model
of Gurtin, et al. (1974), which corresponds to problem (1) when V' = 1. We also note that if
(As) = 0, then from (3), we obtain that P,, = +00. Therefore, we assume that j(A) > 0.

Theorem 3.6 Suppose that, | = +o0,V (a, P) = V(a), u(a, P) = u(P), and,

d
1(Ps) / v (T) = 4o00. Then a nontrivial steady state is locally asymptotically stable if,
0 T

W (Px) >0, and, / Bp(a, Py )pso(a)da < 0, with both not equal to zero.
0
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Proof. We note that by straightforward calculations in the characteristic equation (10), we obtain

1 poo(O)u’(Poo)V(O) 1 > —JeB(rydr g

/ Bp(a, Pu )poo( )da (13)

[€+u

Now, we note that the characteristic equation (13) is studied in Gurney, et al. (1980) and
Weinstock, et al. (1987), and the theorem follows from the results therein. This completes the
proof of the theorem.

We note that concerning the assumptions in Theorem 3.6, and in particular the assumption that

/ Bp(a, Py)ps(a)da < 0, if we assume that p(a, P) = u(a) and therefore, up = 0, and that

V(a,P) = V(a), then R(P) = ‘/(07/ Bp(a, Px)pso(a)da, and according to Theorem
3.2 and Theorem 3.3 a nontrivial steady state P, can be locally asymptotically stable only
if R'(Py) < 0, and this implies that / Bp(a, Px)pso(a)da < 0, and so in such cases the
assumption of Theorem 3.6 is necessary.

In the next result, we obtain stability result for the special case when, V' (a, P) = V(a), and,
w(a, P) = p(a). We note in this case the form of the characteristic equation resembles that

of cannibalism, for example, see lannelli (1995), Bekkal-Brikci, et al. (2007) and El-Doma (to
appear).

Theorem 3.7 Suppose that, | = 400,V (a, P) = V(a),u(a, P) = p(a), and, / "l;((:_))dT =
0

+oo. Then a nontrivial steady state is locally asymptotically stable if, R'(Pyx) < 0, and,
V(a)i'(a) < pi?(a).

Proof. We note that if we set £ = x + 7y in the characteristic equation (10), we obtain

1 24V (1) +p(7)] ¢ dr
1 = - Jy R Plar P / d 14
V(O)/O B(a, Px) cos <y i V(T)) a + (14)
1 o o pa [V () tum)] 4o ¢ dr
P.)ps(a)d 0 4G) dr |da,
7(0) / Bp(a, Px)pso(a) a)/o e cos <y/0 ) 7‘) a
1 o Mch ) /“ dr
0 = — 0 P da + label3.9 15
v<o>/0 8o Pysin (y [ )da + Labe (15)

1 o o pa V()] g “dr
) ™
7(0) </0 ﬁp(a,Poo)poo(a)da)/O e v sin <y/0 V(T)dT)da.

Now, suppose that x > 0 and y = 0, then from equations (5) and (14), we obtain

1 /°° _ fo eV ] g
= — e Jo v(r) B(a, Px)da +
V(0) Jo

OO © 1 el
0 (7)
</0 ﬁP(aa Poo)poo (a)da> /0 V(a) (& \4 da
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1 / —f Mdr

S — 0 V() ﬁ(a,Poo)da "

V(0) Jo

o0 o0 1 _ra [ZJF‘L(T)]dT
ﬁ aypoo Poll da) / e do TV da

</o p(@ Pulpolalda) | o
= 1+ </ ﬁp(a,Poo)poo(a)da)/ 1 gl
’ o Vi(a)

< 1.

We note that the last inequality is obtained by using, R'(P,,) < 0. Accordingly, the characteristic
equation (10) is not satisfied for any > 0 and y = 0.

Now, suppose that z > 0 and y # 0, and observe that equation (14) can be rewritten in the
following form:

1 = ﬁ/o e Jo WCITW@,P{X,)COS <y/0a Vd(:_))da—l—
%(/OOO ﬁp(a,Poo)poo(a)da) X
/OOO Vga)e_ Iy B [(x + p(a))? — V(a),u’(a)} (1 — cos <y /Oa Vd(:_)df))da
= /000 e_ofj Son dTL(‘i’(;m) Ccos <y /Oa Vd(:_))da +
%(/0 ﬁp(a,Poo)poo(a)da) X

/000 Vga)e_ Sy Bt [(x + p(a))? — V(a),u'(a)} (1 — cos <y /Oa Vd(T)d7'>>d

We note that the right-hand side of the above equation is strictly less than one because, R/ (Ps,) <
0, and therefore, by Theorem 3.3, (0,0) is not a root of the characteristic equation (10), and

accordingly,
/OO e lo T )T)]dTL(a’ Feo) coS <y /a —dT )da <1
0 V(a) o VI(7)

by equation (5), also, R'(P) < 0, and, V(a)y/(a) < p?(a), and therefore, the second term in
the right-hand side is nonpositive. Accordingly, the characteristic equation (10) is not satisfied
for any ¢ with, Re§ > 0. Therefore, a nontrivial steady state is locally asymptotically stable.
This completes the proof of the theorem.

We note that if we only assume that V(a, Pyx) = V(a), pu(a, Px) = p(a), then from Theorem
3.4, we obtain the following condition for the local asymptotic stability of a nontrivial steady
state when [ < +00 :

/Ol %‘ [ﬁ(a,Poo) - /Ol Bp(b, Poo)poo(b)db]

Example 1: We consider the special case given in Calsina, et al. (2003) and El-Doma (2006),
where p(a, P) = p(P),B(a, P) = B(P),V(a,P) = V(P). Then we have the following two

da < 1.
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cases:
Case: | = +o0.
P 0o (0)V (Pao
In this case we have, R(P) = ﬁEPi’ and therefore, §(FP) = 1(Px), and, Poo = %
m

Now, as in El-Doma (2006) and Calsina, et al. (2003), straightforward calculations in th?:o char-
acteristic equation (10) yield, £ = Py (3'(Px) — 1/ (Px) ). Accordingly, a nontrivial steady state
is locally asymptotically stable if, 5'(Py,) < /(Px), and unstable if, §'(Py) > 1/ (Ps).

Case: | < +o0.

P u(P) P, _ 5(Poo)
In this case, R(P) = & [1 — e_V<I;>l}, and therefore, PP) = [1 —e V(’;m)l} and, Py, =
I 1(P) B(Px)
%. Now, we can use Corollary 3.5 to obtain the following condition for the local

asymptotic stability of a nontrivial steady state:

ﬁ/(POO) V/(POO) :“/(POO) V/(POO) [
‘1 +P°°<6(Poo) a V(Poo))‘ Fec 1(Ps)  V(Py) Hl CV(Py) <6(P°°) _“(P‘X’)ﬂ <1
Now, if we assume that, 'Z/ ((PP:)) — “///((PP:)) = 0, then we obtain
ViPs) 2 _ F(Ps) _ V'(Px)

V(Px)  Po = B(Px) = V(Px)’
which is exactly the result obtained in El-Doma (2006).
B(Px)  V'(Px)
B(Px)  V(Px)

) V1 ot )] <1

which is also exactly the result obtained in El-Doma (2006).

Also, if we assume that, 1 + Poo< ) = 0, then we obviously obtain

Pw

Example 2: In this example, we consider the case when ((a, P) = 3(P)e **, where o > 0 is a
constant, u(a, P) = pu(P),V(a, P) = V(P),l = +00. We note that the form of ((a, P) allows
the concentration of reproduction in the smallest sizes, for example, see Gurtin, et al. (1974).

Now, using equation (5), we obtain

V(POO)Q‘I':“(POO) :ﬁ(Poo)' (16)
If we also assume that 3(P), u(P),V(P) are defined as follows
BP) = oo m=12.. (17)
wP) = cP™ m=0,1,2 .., (18)
V(P) = ¢, (19)

where ¢y, co, c3 are positive constants, then from equation (16), we obtain

c
csa+ P = é (20)
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So, it is clear that if we take m = 0 and n arbitrary in (20), then we obtain that P, satisfies

P (L)?
Cc3 + Co

Therefore, by Theorem 2.1, P, given as above is a nontrivial steady state of problem (1), and
is locally asymptotically stable via Theorem 3.6.

Also, if we take n = 1, m = 1, then we obtain

1
P, = E[\/401 + Ba? — c;;a]

As before this is a steady state of problem (1), and is locally asymptotically stable via Theorem
3.6.

In fact, we obtain the following general result.

Theorem 3.8 Suppose that 3(P), (P),V (P) are given, respectively, by (17)-(19), and | = +oc.
Then problem (1) has a unique nontrivial steady state which is locally asymptotically stable.
Proof. From equation (20), we obtain

P [c3a + cQng} _ 1)

Now, if we denote the left-hand side of equation (21) by f(Ps), then f(0) =0, and f'(Ps) > 0
for P, > 0, and accordingly equation (21) has a unique solution P, > 0 since ¢; > 0. This
unique solution is a steady state of problem (1) by Theorem 2.1, and is locally asymptotically
stable by Theorem 3.6. This completes the proof of the theorem.

Example 3: In this example, we consider Example: 2, and only change V(P) to V(a), and
therefore, using equation (5) and integration by parts, we obtain

ﬁ(Poo) aﬁ(Poo) /OO —aa—p(Ps) [ AT
1 = _ 0 Vv da. 22
p(Pe)  (Pe) Jo © ’ 22

c ..
—ln,n = 1,2,..., and pu(P) = coP, where ¢,y are positive

Now, we assume that F(P) =
constants, and hence using equation (22), we obtain

C1 [678]

n+1 —aa—caPs [ d—:_
P = e ° Vi da. (23)

C2 C2 Jo
If we define f(P,) as the right-hand side of equation (23), then f(0) = 0, and f'(Ps) > 0.
Also, if we let g(Py) = P*™, then g(0) = 0, ¢'(Px) > 0 for P, > 0, and ¢'(0) = 0.
Since f'(0) > ¢'(0) = 0, and f(Py) — D as Py — +00, whereas g(P) — +00 as
P, — +o0, this implies that equation (23)6121as a unique positive solution, which corresponds
to a unique nontrivial steady state of problem (1) via Theorem 2.1. Furthermore, this steady state
is locally asymptotically stable by Theorem 3.6.

Example 4: In this example, we consider the case given in Calsina, et al. (1995), where 3(a, P) =
B(P) [1 — e_a“}, a > 0 is a constant, which corresponds to the case when reproduction is
concentrated at large-sizes, pu(a, P) = u(P),V(a, P) = V(P),l = +oc.
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By using equation (5), we obtain

b — OBPOV(Py)

V(P + pu(Po)|

(24)

Now, if we assume that 3(P), u(P),V(P), are given, respectively, by equations (17)-(19), then
from equation (24), we obtain

co P [0304 + C2P£:| = acscy. (25)

As for equation (21), it is easy to see that equation (25) has a unique positive solution, which
corresponds to a unique nontrivial steady state of problem (1), and is locally asymptotically stable
by Theorem 3.6.

Example 5: In this example, we consider Example 4, but we change V(P) to V(a), then from
equation (5), we obtain

| _ oB(Px) /°° o i(Peo) [ 855 0 (26)
,U(POO) 0

Now, if we assume that G(P), u(P), satisfy, respectively, equations (17)-(18), then from (26),
we obtain
[6786]

prn = —L / e " i V5 da @7)
0

C2
From equation (27), if we assume that m = 0, then it is easy to see that P, satisfies

0o L
acy v a _dr_ n
POO _ |:—/ e aa CQ[O V(T)da:| , n = 1’2’
0

C2

And if m # 0, we let f(Py) to be the right-hand side of equation (27), then f(0) = %,

F/(Po) < 0 for P, > 0, and f(Pa) — 0 as Pa, — +00. Also, the function g(P) = P77
in an increasing function that satisfies g(P) — 400 as Py, — +00. Accordingly equation
(27) has a unique positive solution, which by Theorem 2.1 corresponds to a unique nontrivial
steady state for problem (1), and is also locally asymptotically stable by Theorem (12).

Example 6: In this example, we look at the case when | = +oo and ((a, P), u(a, P),V(a, P)
are given as follows, for example, see Weinstock, et al. (1987).
B(a,P) = cla"e_CQPka, n=12.. k=12
wla, P) = c3P™, m=12, ..,
V(a,P) = ¢4,

g eeey

where ¢y, o, c3, ¢4 are positive constants.

From equation (5), we obtain

n+1
[Cngo + Spm]" = A, (28)
Cy Cy
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From equation (28), it is easy to see that there exists a unique nontrivial steady state, and is
locally asymptotically stable by Theorem 3.6.

Example 7: In this example, we consider the case when [ = 400 and ((a, P), u(a, P),V(a, P)
are given as follows

Bla,P) = ceP(1+a), c>0isa constant,
pla) = (I+a)2+a+td),
V(a) = 1+a.

From equation (5), we obtain
P o0 9q_a?_a®
e =c e "7 27 3 da.
0

e}

a‘2 a‘3 . . ., .
So, if we choose, ¢ > 0, such that ¢ / e 2T % da > 1, then we obtain a unique positive

solution, P, which corresponds to a ur?ique nontrivial steady state, and is locally asymptotically
stable by Theorem 3.7.

Finally, if we change (3(a, P) to 3(a, P) = %,n = 1,2,..., then we obtain

3=

o0 2 o3
Py = <c/ e‘za_T_Tda) , n=12 .., (29)
0

as the unique nontrivial steady state, and is locally asymptotically stable by Theorem 3.7.

Example 8: In this example, we consider the case when (3(a, P), u(a, P),V (a, P) are given as

follows
B(a,P) = %, ¢ >0 1is a constant,
pla) = pla),
Vie) = V(a)

By using equation(5), we obtain
o I e
Py=c| ———da.
0

And hence by Corollary 3.5, this steady state is locally asymptotically stable. Of course, we must

a p(r)
l 6_ fO “;(T)dq—

have c/ Wda < +o0, for example, p(a) = (14 a)(2+a +a*),V(a) = 1 + a. Note
a
that in tﬁis case the result holds for [ < +o0.

4. Conclusion

In this paper, we studied a size-structured population dynamics model where the maximum size
is either finite or infinite. We determined the steady states of the model and examined their
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stability. We proved that the trivial steady state is always a steady state and that there are as
many nontrivial steady states as the positive solutions of the equation, R(P,,) = 1, where R(P)
is given by equation (6). Then we studied the stability of the trivial steady state and showed that
if, R(0) < 1, then the trivial steady state is locally asymptotically stable and if, R(0) > 1, then
the trivial steady state is unstable.

Furthermore, we studied the stability of a nontrivial steady state and we proved a theorem
that provided a sufficient condition for the local asymptotic stability of a nontrivial steady
state of the general model, and then we proved a corollary to that theorem for the special
case when, ((a, P) = [(P). We also studied two other special cases, the first was when,
V(a,P) = V(a), and, p(a,P) = p(P), and the second was when, V(a, P) = V(a), and,
w(a, P) = u(a). We note that the first special case linked our study of the stability of our
size-structured population dynamics model to the study of the classical Gurtin-MaCcamy’s age-
structured population dynamics model given in Gurtin, et al. (1974), specifically, the studies for
the stability given in Gurney, et al. (1980) and Weinstock, et al. (1987), in fact, the characteristic
equation for this special case has the same qualitative properties as the characteristic equation
of the Gurtin-MaCcamy’s age-structured population dynamics model. Also similarly, the second
special case linked our study to studies related to cannibalism, for example, see Iannelli (1995),
Bekkal-Brikci, et al. (2007) and El-Doma (to appear). We also showed that if, R'(P,) > 0,
then a nontrivial steady state is unstable. Finally, we illustrated our stability results by several
examples.
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