— Available at Applications and Applied

) http://pvamu.edu/aam . atiese
)‘\ Appl. Appl. Math. Mathematics:

fd d ) ISSN: 1932-9466 An International Journal

- ,f (AAM)
\m..» Vol. 7, Issue 2 (December 2012), pp. 585 — 594

Further Results on Fractional Calculus of Saigo Operators

Praveen Agarwal
Department of Mathematics
Anand International College of Engineering
Jaipur-303012, India
goyal_praveen2000@yahoo.co.in

Received: January 2, 2012; Accepted: August 20, 2012

Abstract

A significantly large number of earlier works on the subject of fractional calculus give interesting account of the theory and
applications of fractional calculus operators in many different areas of mathematical analysis (such as ordinary and partial differential
equations, integral equations, special functions, summation of series, et cetera). The main object of the present paper is to study and
develop the Saigo operators. First, we establish two results that give the image of the product of multivariable H-function and a
general class of polynomials in Saigo operators. On account of the general nature of the Saigo operators, multivariable H-function and
a general class of polynomials a large number of new and Known Images involving Riemann-Liouville and Erde’lyi-Kober fractional
integral operators and several special functions notably generalized Wright hypergeometric function, Mittag-Leffler function,
Whittaker function follow as special cases of our main findings. Results given by Kilbas, Kilbas and Sebastian, Saxena et al. and
Gupta et al., follow as special cases of our findings.
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1. Introduction

The fractional integral operator involving various special functions, have found significant importance and applications in various sub-
field of applicable mathematical analysis. Since last four decades, a number of workers like Love(1967), McBride (1982), Kalla
(1969, 1969), Kalla and Saxena (1969, 1974), Saxena et al. (2009), Saigo (1978, 1979, 1980), Kilbas (2005), Kilbas and Sebastian
(2008) and Kiryakova (1994, 2008), etc. have studied in depth, the properties, applications and different extensions of various
hypergeometric operators of fractional integration. A detailed account of such operators along with their properties and applications
can be found in the research monographs by Smako, Kilbas and Marichev (1993), Miller and Ross (1993), Kiryakova (1994, 2008),
Kilbas, Srivastava and Trujillo (2006) and Debnath and Bhatta (2006).

A useful generalization of the hypergeometric fractional integrals, including the Saigo operators (1978, 1979, 1980), has been
introduced by Marichev (1974) [see details in Samko et al. (1993) and also see Kilbas and Saigo (2004, p.258)] as follows:

Let a, #,n be complex numbers and x > 0, than the generalized fractional integral operators [the Saigo operators (1978)] involving
Gaussian hypergeometric function are defined by the following equations:

_a_ﬁ X
]g‘;ﬂ’”f x)=2 x—t)" 2E(a+ﬂ,—n;a;l—£)f t)dt, (R(a) >0),
(1577 = F gy S0 L) .
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where , F{(.)is the Gaussian hypergeometric function defined by:
2E(aab20;x):i%£ 3)

n=0 (c)n n !

When S =-a, the above equations (1) and (2) reduce to the following classical Riemann-Liouville fractional integral operator [see
Samko et al. (1993, p. 94), equations (5.1), (5.3)]:

a,—an x)=(7¢ x:;x x—1t ot t)dat x>
(272 ) ()= (451 ) () F(a)'([( ) s (de x>0 0
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and

a-an £)(y) = (] x=;w ) x>0).
(I, f)() (I,f)() F(a)l(t ) x>0 (5)

Again, if f =0, the equations (1) and (2) reduce to the following Erde’lyi-Kober fractional integral operator [see Samko et al. (1993,
p. 322), equations (18.5), (18.6)]:

—-a-n X

(1607 1) (x) = (150 ) (x) == [ (x=2)"" £ (£)dt, (x> 0)

=

d [(a)y, (6)
(122 )x) = (K ) =g [ =) s (x>0 ™

Recently, Gupta et al. (2010) have obtained the images of the product of two H-functions in the Saigo operator given by (1) and (2)
thereby generalizing several important results obtained earlier by Kilbas, Kilbas and Sebastian, Saxena et al., as mentioned in the
papers cited above. It has recently become a subject of interest for many researchers in the field of fractional calculus and its
applications. Motivated by these avenues of applications, a number of workers have made use of the fractional calculus operators to
obtain the image formulas. The aim of the present paper is to obtain two results that give the images of the product of multivariable H-
function and a general class of polynomials in Saigo operators.

The H-function of several variables is defined and represented as follows; Srivastava et al. [1982, pp. 251-252, equations (C.1)-
(C3):

ON:M,, Nyios M, N, | 2| @530 @)), (€57 5 (€74,

Hlz,..,z ]=H :
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It is assumed that the various H-functions of several variables occurring in the paper always satisty the appropriate existence and
convergence conditions corresponding appropriately to those recorded in the book by Srivastava et al. [(1982), pp. 251-253, equations
(C.4)-(C.6)]. In case r = 2, equation (8) reduces to the H-function of two variables; Srivastava et al. [(1982), p. 82, equation (6.1.1)].

Also, S [x] occurring in the sequel denotes the general class of polynomials introduced by Srivastava [1972, p. 1, equation (1)]:

/
S”[x]= nzm}—(_n)mk A x =012, (11)
n k:0 k! n’k b bRt b b

where m is an arbitrary positive integer and the coefficients An k(n,kZO) are arbitrary constants, real or complex. On suitably

specializing the coefficients An o S Z’[x] yields a number of known polynomials as its special cases. These include, among others, the

Hermite polynomials, the Jacobi polynomials, the Laguerre polynomials, the Bessel polynomials, the Gould—Hopper polynomials, the
Brafman polynomials and several others [see Srivastava and Singh (1983), pp. 158-161].

2. Preliminary Lemmas

The following lemmas will be required to establish our main results.
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Lemma 1. Kilbas and Sebastain [(2008), p. 871, equations (15) to (18)].

Let a, 8, € Cbe such that[Re > O] and [Re( ) > max {0, Re(f- 77)}} , then there holds the following relation:

wpapur )y LT+ =F) oy
(75 )() T(u+a+n)l(u-p) '

(12)

In particular, if f=-aand f=0in (11), we have:

1 r pu+o—1
(Igiﬂ" )(x):%x , Re(a)>0,Re(,u)>0, (13)

(I;,at“*l)(x) = 1_(11511—;2)77)%1, Re(a)>0,Re(u)>—Re(n). (14)

Lemma 2. Kilbas and Sebastain [(2008), p. 872, equations (21) to (24)].

Let a, B, € Cbe such that Re(oc) >0and [Re(,u) <1+ min {Re(ﬂ) , Re(n)}] , then there holds the following relation:

a,fn u-l _ F(,B—,Lt+l)r(77—/1+l) u—p-1
(1 )“j_FU—yﬂxa+ﬂ+n—y+Ux ‘

(15)

In particular, if f#=-aand £ =0in (14), author has

(lazﬂl)(x)zr(rl(_l—’:)”)xﬂ*“, 1-Re(u)>Re(a)>0. (16)

(o Ny

., Re(u)<1+Re(n). (17)

3. Main Results

Image (1):

m. A.
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The sufficient conditions of validity of (18) are

(@) a,ﬂ,n,u,vﬁj,a)i,a,b,c,zl. eCand /Ij,o;. >0Vie {1,...,r}& jE {l,...,s}

. 1
(i) |argz,] <—Qi7zand Q. >0,
0 N, P M; O,
where Q= z a Zﬂj(l +27/§’ z ;/fl +Z§j(l > 5 ;Viell,...r}.
Jj=N+1 Jj=N;+1 Jj=1 J=M;+1

(iti)  Re(a)>0  and

r d(’)
+Za min -
= IIS]SMl.

J> maX{O Re(B- 77)}

5§'>
d%
: J
Za)ilgr]nlSnM[ e[_ﬁj(,’ ]>max{0 Re(B- 77)}
(iv) | %<1,

Proof:

In order to prove (18), we first express the product of a general class of polynomials occurring on its left-hand side in the series form
given by (11), replace the multivariable H-functions occurring therein by its well-known Mellin—Barnes contour integral given by (8),

interchange the order of summations, (fl,..., & ) -integrals and taking the fractional integral operator inside (which is permissible under

the conditions stated) and make a little simplification. Next, we express the terms (b—ax)_(w-z&’k”' +,§1wi§") so obtained in terms of

J=1

Mellin-Barnes contour integral Srivastava et al. [(1982), p. 18, equation (2.6.3); p. 10, equation (2.1.1)] it takes the following form
(Say I) after a little simplification:

[m/m] [, /m] (—nl) k ...(—”lv) B z
I = -v mky > S mgk A B (s) k j=l
AP kzo AR o Ay 11 (B)

1 L £ —iwfé,» r£v+25jkj +§a)i§i +§]
el BRACER ) LIk I
n . (v+25k +Za)§J (1+¢&)

., (20)
¢ “Zijkﬁzafﬁg‘l
a o =1 i=1
(—;j df ]0+’ﬁ”7f ! ()C)

Finally, applying the lemma 1 and re-interpreting the Mellin-Barnes contour integral thus obtain in terms of the multivariable H-
function defined by (8), we arrive at the right hand side of (18) after a little simplifications.

If we put f=—« in Image 1, we arrive at the following new and interesting corollary concerning Riemann-Liouville fractional
integral operator defined by (4) and using (13).

Corollary 1.1:
. A
a | u-l v s M -5 o —w o —w
{10+ (fy (b-at) jlllSan {cjt T (b-at) J}H[zlt Vb—at) ™ ..2,4°7 (b-at) ”}}(x)
- (= XS5k,
v y+a—l[n1/m1} 15/ ( nl)’”lkl ( nS)mSkS ) H Jz 77 le 7
=b "x .. Anlmg€p S(b) (x)
kl =0 k=0 ky k! ”1’”1 51
!
ol | -
gON+2: M Ny sM e, Np31,0 . |4:C
P+2,Q+2:PI,Q1;...;P,,,Q,,;O,l 'O_ B-D/
x°r
Zrbw
a
——x
L b ]

where
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(1 [ Z J j’a)l" J( ﬂ z j ]70-19 Ja(aj;a;a-'-aay))lf

B':(l—v S5k o ,a)r,Oj,(l p-a- Zl/ijk],oq, . r,1],,(bj;ﬁ_;,...,ﬂ;’))w (22)
J

and where C and D are same as given in (18) and the conditions of existence of the above corollary follow easily with the help of

Image 1.

Again, if we put =0 in Image 1, we get the following result which is also believed to be new and pertains to Erde’lyi-Kober
fractional integral operators defined by (6) and using (14).

Corollary 1.2.

_ — m A -5. lo} _ _
{1;0{#‘ Yo—ar)™ ﬁlsn,f [cjt T (b—at) ﬂy[zlt L(b—at) ™ .zpi%" (b—at) "’r}}(x)
=l
_ _1{ /mJ s/ ms | ( nl)mlk' ( S)msks —215/( él;tfkj
—p VM 5 1 (S) e S (b) J (x)]
k=0 kiZo ko Vkg ! oy =g, ms €4
1 s 1S
X1
HON+2 MM NpL0) A e
P+2,Q+2.P Ql,.., ,Q,,,O,l ’ B":D ’
xOr
ZFW
a
_Ex
where C and D are same as given in (18) and
A":(I—V—Z;dikj;a)l,..., J[ —u—n- Z k30050 j,(aj;a;,...,aﬁ.r))hp
J=
(1 V- Z } j,a)l,...,a)r,Oj[ —p—a—-n- z k50,0 ](bj,ﬂj, ﬂ;’))l,Q. (24)

The sufficient conditions of validity of (23) are:

(i) Re(a)>0 and

and the conditions (i), (i1) and (iv) in Image lare also satisfied.

Image (2):

]IJ

{I“ﬁa’? {tﬂ—l (b—ar) " 11 8, f{c]/f (b—at) 5J}H[zlt61 (b—at) A ..z4°" (bat)_a)r}}(x)
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where C and D are given by (18) and
A :(l—v—iﬁjk_/;wl,...,w,,lj,[u—ﬂ+iijkj;al,...,ar,lJ,
= =
(u—n+22jkj;al,...,a,,lJ,(aj;aj'.,...,a_g.r))lﬁp
=
B’ :(l—v—ZS:é'jkj;a)l,...,a),,OJ,[y+Zg:/1jk_/;al,...,ar,l} (26)
= j=1

(u—a—,6’—77+Z/Z/.kj;al,...,a,,l],,(bj;ﬁj’. s B
Jj=1

The sufficient conditions of validity of (25) are

(i) Re(a)>0 and

r ()
Re(,u)—Za. Smin iRe(%J < l+min{Re(,B),Re(77)}

r )
RC(V)+Z@ . Sr]niSnMi Re[ﬁ] < 1+min{Re(ﬂ),Re(77)}

J
and the conditions (1), (i1) and (iv) in Image lare also satisfied.

Proof:
We easily obtain the Image 2 after a little simplification on making use of similar lines as adopted in Image 1 and using Lemma 2.

If we put f=—cand L =0 in Image 2 and using (16) and (17), in succession we shall easily arrive at the corresponding corollaries
concerning Riemann-Liouville and Erde’llyi-Kober fractional integral operators respectively.

Corollary 1.3.

{Ia {t,u—l (b—at)_v ﬁ S,TJ {cjt;tj (b—at)_dj :IH[tho-l (b_at)_wl ...z,,to'r (b—at)_wr }}(x)

J=1J
S S
_ _1[”1/’”1} | ns/my | (‘”1)m1k (115 P _§1§jkj élzjkj
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7
1,2
.. ) b "
HO’N+2: Ml,Nl,...,Mr,N,,,l,O : A" C
P+2,Q+2:P1,Q1;...;P,,,Q,,;O,l - B D
x-r
T @7)
_a.
L b i

where C and D are given by (18) and conditions of validity are same as (25) and
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[1 V- 25, NS j[a+,u+z/1/ 130750 O'r,1],(31';&;,...,&?))1’13

Jj=1

[1 V- z ) j,a)l,...,a),,,OJ (;Hz : j,al,...,a,,,lj,(bj;ﬂ;,...,ﬂj(’))l,Q.

(28)
Corollary 1.4.
{K (r‘” (b—at) HS [ (b—at) "}H[thgl (b—at)_w'...zrt”"(b—at)_w’J}(x)
] [nglm ] (‘”1)m1k1"-(‘”s)msks § o RSN X
=pVxH "y Ay o S(b) J= ( )/
=0 k=0 ey L g~ ms
!
. (29)
M,.N,:.:M,.N,:10 LA o
g ON+2: I : 4 :C ,
P+2,Q+2.P Ql""’ 0,50,1 o B . p
ZFW
a
——Xx
L b ]
where C and D are given by (18) and
Ll V- Z } ],a)l,...,a)r,lj[ 77+Z k0, },(aj;aj'.,...,aﬁ.r))w
***_[1 v Z ] /,a)l,...,a)r,O} (,u a— 77+z ; /,0'1,...,0',,1],(bj;,8_;,..,,ﬁj(f))LQ.
(30)

The conditions of validity of the above results follow easily from the conditions given with Image 2.
4. Special Cases and Applications

The generalized fractional integral operator Images 1 and 2 established here are unified in nature and act as key formulae. Thus the
product of the general class of polynomials involved in Imagel and 2 reduce to a large spectrum of polynomials listed by Srivastava and
Singh [(1983), pp. 158— 161], and so from Image land 2 we can further obtain various fractional integral results involving a number of
simpler polynomials. Again, the multivariable H-function occurring in these Images can be suitably specialized to a remarkably wide
variety of useful functions (or product of several such functions) which are expressible in terms of the generalized Wright
hypergeometric function, the generalized Mittag-Leffler function and Bessel functions of one variable.

Example 1.

If we reduce the multivariable H-function in to the product of two Fox H-functions in Image 1 and then reduce one H-function to the
exponential function by taking o, =1, @, — 0 ,we get the following result after a little simplification which is believed to be new:

VT y) -5 (Cf’yf )1 P
L Lt”_l (b—at) T[SV [cit "(b—at) ’Je CHp | 2,0 (b—at) ™ ()
= ' dj’é‘j)
1,0
wim] [/m] (=n ey ‘25//‘/ ig/k/
:b—vx#—ﬂ-l[ é ]... z ( l)mlkl ( : )msk A A ok “csks @) 7 ()7

ny,my g ,mg 1
k=0 iDo k\.k!

[1 V- Z Sk;3l,m,,1 M Z Ak 31,0, J[ —pu-n+pB- Z jkj,laz,j

HOILOMNoLO |
3,3:0,1;5,0,;0,1 Zzbu2

x(l V- ij,la)z, ),( —u+p- Z}J,laz,]( —-U—a-n-— ZJJ,]O’z,J

_;(61’71)1,192 o
(0.1):(d}.5, )LQZ ;(0,1)

(1)

The conditions of validity of the above result easily follow from (18).

If we putf=—aand v,w,=0and S, =1 and make suitable adjustment in the parameters in the equation (31), we arrive at the

known result [see Kilbas and Saigo (2004), p. 52, equation (2.7.9)].
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If we putv,w,,z, =0and S’ =1 and make suitable adjustment in the parameters in the equation (31), we arrive at the known result

[see Gupta et al. (2010), p. 209, equation (25)].

Example 2.

If we reduce the multivariable H-function involved in (18) to the product of r different Whittaker functions Srivastava et al. [(1982),
p.18, equation (2.6.7)] and taking o, =1, @ — 0, we arrive at the following new and interesting result:

z.t
_ v s M A 5. 1r _[é]
Igi;ﬂﬁ [t,u l(b—at) Jl_=[1 ; {c]t ](b—at) ]L];[e Wﬂi’/”i (zit) (x)
/ -n w(—n _ z Sk, Z
:b—vxﬂ—ﬁ_l{nlzmﬂ [nS/ZmS} ( 1)mlk”l ( S)msks ) ky S(b) A J(x)]—l J J
=0 ks=0 Lk ! Ay g i €]

o (1—V—Z5/kj,1 j(l—y—z/ljkj,l M —pu—n+p- 2/1/ bl j
[1 V- Z5jk,,1 M —p+p- Z,%J ][1—;1—05 n- Z,%J 11] (32)
r J=1 r

H0320 ;2,051,0
3,3:1,2;..51,2;0,1

((1=4,1);..; A=4,,1);—

1 1 '
:(Eiul,l);.-.;(aiﬂvl);(o’l)

The conditions of validity of (32) can be easily derived from those of (18).

If we putv =0and S:;’ , =1 and make suitable adjustment in the parameters in the equation (32), we arrive at the known result [see
Gupta et al. (2010), p. 211, equation (31)].

Example 3.

If we reduce the H-function of one variable to the generalized Wright hypergeometric function Srivastava et al. [(1982), p.19, equation
(2.6.11)] in the result given by (31), we get the following new and interesting result after little simplification:

s (l—c.,j/j)
197 t“ Y (b—at) " [ S" [ctlf b—at 75]}6_21, v, |z, (b—at) RN .
i o L e Ml (€
pm] lm] (=) o(=n,) Yok Xk
=hx YL A AL AY e (b)
A ,ZO KLk om SRCRINC
[1 v— z k31w, M z k31,0, M —n+pB- Z/l/ k31,0, J
H03101leo x°2

3,3:0,1:5,0,:0.1 _Zzbuz

7x [1 V- 25/ Lo, J,[ -+ - ZA/ j,l o,, J,( —U—a—-n- Z i j,l O'Z,J. (33)

_;(Cf’yf)l,})2 »
(0.1):(d;.5, )LQZ ;(0,1)

The conditions of validity of the above result easily follow from (18).

If we putf=—aand v,w,=0and S,’ =1 and make suitable adjustment in the parameters in the equation (32), we arrive at the

known result [see Kilbas (2005), p. 117, equation (11)].

If we putv,w,,z, =0and S’ =1 and make suitable adjustment in the parameters in the equation (33), we arrive at the known result

[see Gupta et al. (2010), p. 210, equation (27)].
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Example 4.

If we take z,,0, =land @, =0 in the equation (31) and reducing the H-function of one variable occurring therein to, generalized

Mittag-Laffler function Prabhakar [(1971), p.19, equation (2.6.11)], we easily get after little simplification the following new and
interesting result:

{Igi»ﬁ,ﬂ (t#—l (b —at)_v S:jf |:Cjtij (b— at)_&j :| _ZIIEA//)Q N, [ ]}(X)
j

b pm] lm] (=n,) ...(—ns) Yok Sk
=——x*"y '”1"1 P A A e (b)) T (X))
F(p) k=0 ,Z b

(1 V- 25]1(],1,01}( 1}1«1,111}[ —n+p- Zi]k],lllJ
FO3L0LELO ot
3,2:0,1;1,3;01 | %

(34)
Z{l V- 25/1«],100}[1 Iy zzjk/,lllJ( —p—a-n- z;t/k,,lllJ
—(1-p,1);- }

(0.0):(0.0).(1-vz0).(1- N0, ):(0.1) |

The conditions of validity of the above result can be easily followed directly from those given with (18).
Ifweputf=—caand v,w,=0and S:; " =1 and make suitable adjustment in the parameters in the equation (34), we arrive at the

known result [see Saxena et. al. (2009), p. 168, equation (2.1)].

If we putv =0and S’ =1 and make suitable adjustment in the parameters in the equation (34), we arrive at the known result [see

Gupta et al. (2010), p. 210, equation (29)].

Example S.

m, 1 . . L
If we take f=-cand v,w,=0and S, =1,z, = rE 0, =2 and reduce the H-function to the Bessel function of first kind in the

equation (31), we also get known result [see Kilbas and Sebastain (2008), 3, p. 873, equation (25) to (29)].

A number of other special cases of Images 1 and 2 can also be obtained but we do not mention them here on account of lack of space.

5. Conclusion

In this paper, we have obtained the Images of the generalized fractional integral operators given by Saigo. The Images have been
developed in terms of the product of multivariable H-function and a general class of polynomials in a compact and elegant form with
the help of Saigo operators. Most of the results obtained in this article are useful in deriving certain composition formulas involving
Riemann-Liouville, Erde’lyi-Kober fractional calculus operators and multivariable H- functions. The findings of the present paper
provide an extension of the results given earlier by Kilbas, Kilbas and Saigo, Kilbas and Sebastain, Saxena et al. and Gupta et al., as
mentioned earlier.
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