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Abstract— The correct inference of genetic regulatory networks
plays a critical role in understanding biological regulation in
phenotypic determination and it can affect advanced genomebased therapeutics. In this study, we propose a joint evolutionary
algorithm and H∞ filtering approach to infer genetic regulatory
networks using noisy time series data from microarray measurements. Specifically, an iterative algorithm is proposed where
genetic programming is applied to identify the structure of the
model and H∞ filtering is used to estimate the parameters in each
iteration. The proposed method can obtain accurate dynamic
nonlinear ordinary differential equation (ODE) model of genetic
regulatory networks even when the noise statistics is unknown.
Both synthetic data and experimental data from microarray
measurements are used to demonstrate the effectiveness of the
proposed method. With the increasing availability of time series
microarray data, the algorithm developed in this paper could be
applied to construct models to characterize cancer evolution and
serve as the basis for developing new regulatory therapies.

I. I NTRODUCTION
A genetic regulatory network (GRN) is a collection of
DNA segments in a cell which interact with each other and
with other substances in the cell, thereby governing the gene
transcriptions. The correct inference of genetic regulatory
networks plays a critical role in understanding biological regulation in phenotypic determination and it can affect advanced
genome-based therapeutics. In light of the recent development
of high-throughput DNA microarray technology, it becomes
possible to discover GRNs, which are complex and nonlinear
in nature. Specifically, the increasing existence of microarray time-series data makes possible the characterization of
dynamic nonlinear regulatory interactions among genes. The
modeling, analysis and control of GRNs are critical for studying cancer evolution and may serve as the basis for developing
new regulatory therapies.
Because GRN models are difficult to deduce solely by
means of experimental techniques, computational and mathematical methods are indispensable. Much research has been
done on GRN modeling by linear differential/difference equations using time-series data, for example, [1-8], just to name a
few. The basic idea is to approximate the combined effects
of different genes by means of a weighted sum of their
expression levels. In [5], a connectionist model is used to
model small gene networks operating in the blastoderm of
Drosophila. In [1], the concentrations of mRNA and protein
are modeled by linear differential equations. A simple form of
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linear
n additive functions is suggested by [2], where dxi /dt =
j=1 wij xj . The degradation rate of gene i’s mRNA and
environmental effects are assumed to be incorporated in the
parameters wij and their influence on gene i’s expression level
xi is assumed to be linear. A method to obtain a continuous
linear differential equation model from sampled time-series
data is proposed in [7]. For added biological realism (all
concentrations get saturated at some point in time), a sigmoid
(squashing) function may be included into the equation. It has
been shown that this sort of quasi-linear model can be solved
by first applying the inverse of the squashing function [3].
In our study, a GRN is modeled by continuous nonlinear
Ordinary Differential Equations (ODEs). Compared to linear
models, identification of the nonlinear differential equation
model is computationally more intensive and can require
more data; however, the range of nonlinear behaviors exhibited by GRNs can be more thoroughly understood with
nonlinear differential equations. In addition, well established
dynamical systems theory is available to characterize the
dynamics produced by these models. When more time-series
data become available owing to advances in microarray or
other technologies, and assuming continued improvement in
computational capability, it can be expected that continuous
nonlinear dynamic models will play a critical role in revealing
complicated gene behavior.
In general, modeling gene regulatory networks is a nonlinear
identification problem. Assuming there are N genes of interest
and xi denotes the state (such as the microarray reading) of
the ith gene, then the dynamics of the GRN may be modeled
as
dxi
= fi (x1 , x2 , · · · , xN ) + νi
dt

i = 1, 2, · · · , N.

(1)

where the nonlinear functions fi need to be determined from
time-series microarray measurements. In this study, we assume
the functions (fi , ∀i) are in the form of polynomials.
fi =

Li


[(wij + μij ) Ωij (x1 , x2 , · · · , xN )]

i = 1, 2, · · · , N.

j=1

(2)
where Li is the number of terms in fi , wij are the parameters
to be estimated and Ωij (x1 , x2 , · · · , xN ) is the j th component
of the nonlinear function fi . The polynomials are utilized
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as universal approximators. In order to mitigate the effect
of “the curse of dimensionality”, only second-degree polynomials are selected. Note that an advantage of using lowdegree polynomial models is that even when there exists some
model mismatch, these models may be sufficiently accurate
to represent many real systems, and thus are widely utilized
in practice [9]. We note that a similar GRN model has been
adopted by [10], but without noise being included in the
model. μij and νi are parameter noise and external noise,
respectively, and it is assumed that the noise statistics such
as the covariance matrices are unknown.
The noisy nature of GRNs is modeled explicitly in this
study. The deterministic model (without noise) corresponds
to the nominal case, while the various stochastic effects
are included as noise disturbances. For example, there is
considerable experimental evidence that indicates the presence
of significant stochasticity in transcriptional regulation in both
eukaryotes and prokaryotes [11]. The inherent stochasticity of
biochemical processes (transcription and translation) is modeled as noise in the parameters (μij ), which corresponds to the
“intrinsic noise” mentioned in the literature [12]. Other effects,
such as those from genes not been included in the microarray,
the amount of RNA polymerase, levels of regulatory proteins,
and the effects of mRNA and protein degradation, are modeled
by the external noise (νi ) [12]. Previous work has modeled
these noise types by Gaussian white noise processes [13].
If the noise statistics are known, then Kalman filter can be
applied to get the optimal estimates of the parameters [21].
On the contrary, a robust filter such as an H∞ filter, has to
be used to obtain the optimal parameter estimates when the
noise statistics such as the covariance matrices are unknown.
In this paper, a two-step procedure is proposed to identify fi .
Firstly, genetic programming (GP) is applied to determine the
nonlinear terms; then the corresponding parameters associated
with each term are estimated by H∞ filtering.
The remainder of the paper is organized as follows: The
proposed framework and the iterative algorithm are illustrated
in Section II. Simulation results are given in Section III.
Section IV contains some concluding remarks.
II. A LGORITHM D ESCRIPTION
The task of identifying gene regulatory networks may be
considered as an optimization problem. The goal is to minimize the identification error and keep the model as simple as
possible, which may be achieved by minimizing the following
fitness function
f itness =

N

i=1

[η1

M


2
(xi (k) − xtar
i (k)) + η2 Γi ]

(3)

k=1

where M is the number of data points, xtar
be the target time
i
series and xi be the obtained time series given by the obtained
differential equation. Γi is a penalty term and it is chosen as
the number of terms in fi , i.e., Γi = Li . η1 > 0 and η2 > 0 are
the weights on the estimation error and the model complexity,
respectively.
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Fig. 1. The iterative process of joint GP and H∞ filtering. (The genetic
programming process has four operations: reproduction, crossover, mutation
and selection. H∞ filtering is employed to estimate the parameters for every
generation.)

Since it is a global nonlinear optimization problem, a nested
optimization structure is adopted, where genetic programming
is applied to determine the nonlinear terms (global optimization) while H∞ filtering is employed to estimate the
corresponding parameters for each term (local optimization)
in each iteration. Such a decomposition of the problem into a
structural part solved by GP and a parameter optimization part
solved by H∞ filtering reduce the complexity significantly and
speed up convergence. The detailed procedures of the proposed
iterative algorithm is illustrated in Fig. 1.
In order to deal with large number of genes, the optimization
problem is decoupled into N sub-problems with the ith subproblem focusing on the ith gene. Because the time-series data
of other genes are fixed (from measurements) when we are
focusing on an individual gene, we can solve the optimization
problem one gene at a time. This approach makes the inference
of large GRNs feasible.
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to guarantee that the operator relating the noise signals to
the resulting estimation errors should possess an H∞ norm
less than a prescribed positive value (the noise suppression
level) [18]. In the H∞ filtering, the noise sources can be
arbitrary signals with only a requirement of bounded noise.
Since the H∞ filtering involves the minimization of the worst
possible amplification of the error signal, the goal of the H∞
filter is to provide an uniformly small estimation error for any
processes and measurement noises and any initial states. It
is shown that the H∞ filter is more robust compared with
Kalman filter in terms of model uncertainty and gives better
estimates, for example, in speech processing [17].
Let the Li -dimensional vector w(n) denotes the state of
the system (parameters to be estimated), the process equation
and the measurement equation are

Node2 (X3 )

An example of the tree sturcture of a diferential equation.

A. Genetic Programming
Genetic programming [19] is a type of evolutionary algorithms. All evolutionary algorithms work with a population of
individuals, where each individual may be a solution of the
optimization problem. GP operates on a tree structure, which
is flexible enough to represent relationships efficiently. The
leaves of a tree represent variables or constants, while the other
nodes implement operators. An example of a tree structure
is shown in Fig. 2, where two operations, multiplication (*)
and addition (+), are used. The corresponding equation is
dx1
dt = x2 + x1 ∗ x2 ∗ x3 . Mutation and crossover operations
may be performed to generate offsprings. Selection of better
performing individuals (with smaller fitness value, thus minimizing identification error while favoring the simplest model
structure) ensures that the population evolves towards solving
the optimization problem.
B. H∞ Filter
The development of efficient linear estimation algorithms,
e.g., the Kalman filter, has been based mainly on the minimization of the L2 -norm of the corresponding estimation
error. This type of estimation assumes that the message
generating process has a known dynamics and that the exogenous inputs have known statistical properties. The wellknown Kalman filter offers optimal filtering algorithm when
the system model parameters and power spectral density of
the noise are known [20]. However, these assumptions may
limit the application of the Kalman filter, because in many
situations, only approximate signal models are available and/or
the statistics of the noise sources are not fully known or are
unavailable. Furthermore, Kalman filter may not be robust
against parameter uncertainty of the models [20].
Recent developments in robust estimation have focused on
the H∞ filter [14], [15], [16]. The H∞ filter is designed

w(n) = w(n − 1) + μ(n − 1)

(4)

d(n) = C(n)w(n) + ν(n)

(5)

where d(n) can be calculated as d(n) = x(n+1)−x(n)
. C
Δt
contains all the modules, i.e., Ci = [Ωi1 Ωi2 · · · ΩiLi ].
Compared to that the Kalman filter minimizes the variance
of the estimation error, H∞ filter is to provide an uniformly
small estimation error e(n) = w(n) − ŵ(n) with any process
and measurement noise. The cost function is given as
M
2
n=1  w(n) − ŵ(n) S(n)
J=

M
 w(0) − ŵ(0) 2P (0)−1 + n=1 ( μ(n) 2Q−1 (n) +  ν(n) 2Q−1 (n) )
1

2

−1
P (0), Q−1
1 , Q2 and

S(n) are positive definite symwhere
metric matrices chosen by the designer based on the performance requirement.
The cost function should be less than a prescribed level, 1θ ,
i.e.,
1
sup J <
θ
where sup stands for least upper bound.
The implementation of the H∞ filter is given by the
following equations
Z(n) = I − θS(n)P (n) + C T (n)Q2 (n)−1 C(n)P (n) (6)
(7)
K(n) = P (n)Z(n)−1 C T (n)Q2 (n)−1
ŵ(n + 1) = ŵ(n) + K(n)(d(n) − C(n)ŵ(n))
P (n + 1) = P (n)Z(n)−1 + Q1 (n)

(8)
(9)

Note that although the GRN model itself is nonlinear, the
parameters estimation problem is linear given the time-series
data.
III. S IMULATION E VALUATION
In the simulation study, the proposed scheme (GP plus
H∞ filter) is compared with the approach in [21], where GP
and Kalman filter were combined to deduce the differential
equation model and the noise statistics are assumed to be
known. Here, H∞ filter is used to get better estimates when
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true parameter values

noise statistics are unknown. We also apply our method to
the real measurement data from microarray experiment.
A. Synthetic Data
In this part of the simulation, we use data of a metabolic
network, called the E-cell system (a part of the biological
phospholipid pathway), that consists of three substances. This
network can be approximated as:
x˙1 = −10.32x1 x3
x˙2 = 9.72x1 x3 − 17.5x2

w11
w21
w22
w31
w32

−10.32
9.72
−17.5
−9.72
17.5

GP+KL
w/
exact
covariance
−10.34
8.87
−17.42
−9.74
17.15

GP+KL w/
uncertain
covariance
−7.12
8.264
−16.14
−10.43
19.78

GP+H∞ w/
uncertain covariance
−9.83
9.17
−16.84
−9.03
17.14

TABLE I
T HE OBTAINED PARAMETERS BY GP+KF AND GP+H∞ WHEN NOISE
PRESENTS

(10)

x˙3 = −9.7x1 x3 + 17.5x2
1.4

B. Microarray Data
We consider time-series gene-expression data corresponding
to yeast protein synthesis. Here, the data for 3 genes (HAP1,
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1.2

1

Concentration

Here, we apply Runge-Kutta method to calculate the synthetic
data and add the intrinsic noise and the external noise (both
are assumed to be Gaussian white noise).
Since there are three substances in the E-cell system, the
tree structure should include a subset of the following terms
on the right-hand side of the differential equation: x1 , x2 ,
x3 , x1 x2 , x1 x3 , x2 x3 , x21 , x22 , x23 . 1000 individuals are first
produced and ranked according to the fitness value. 5% of the
individuals with the minimum fitness value are kept for the
next generation. 80% individuals are performed crossover and
10% individuals are performed mutation and the remaining
5% are for other operations.
We compare our algorithm with the approach in [21] for
two different cases. In case 1, the noise covariance is assumed
to be known. The covariance
matrices

 are Q1 = 10, Q2 =

0.01
0
0.2 0
, R1 = 20, R2 = 0.2,
, Q3 =
0
0.01
0 0.2
R3 = 0.01. It is assumed that μij and νi are uncorrelated
for all i and j. While in case 2, instead of fixed covariance
matrices, it is assumed that the covariance matrices are not
known exactly, that is, the covariance matrices of μij and νi
i = (1 + qi )Qi and R
i = (1 + ri )Ri , where qi and ri are
are Q
random variables with E[qi ] = E[ri ] = 0 and E[qi2 ] = σq2i ,
E[ri2 ] = σr2i . Variances are given by σq21 = 10, σq22 = 0.2,
σq23 = 10, σr21 = 20, σr22 = 0.3, and σr23 = 15. The random
variables qi and ri are uncorrelated for all i.
The results are summarized in Table I. It is observed that
GP plus Kalman filter performs very well when the noise
covariance is known. However, GP plus H∞ filter outperforms
GP plus Kalman filter when the noise covariance is not known
exactly. This is also confirmed by the time series shown in
Fig. 3.
The coefficients in the E-Cell model are determined by H∞
filtering. The convergence of the H∞ filtering algorithm is an
important issue when applying H∞ filter to the noisy inputs.
The convergence of the H∞ filter includes the convergence
of the estimate ŵ(n) and the convergence of the estimation
error ê(n). Fig. 4 shows the convergence of the H∞ filter.
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Fig. 3. Time Series for E-Cell simulation by Kalman and H∞ filtering.
“data” is the original data without noise. “GP+KL” and “GP+Hinf” are
the simulation data from GP plus Kalman filter and GP plus H∞ filter,
respectively.

CYC7 and CYB2) are picked because the relations among
them have been revealed by biological experiments. The trace
of the time-series microarray measurement data from [22] is
used in this part of the simulation, where 17 sampling data
points are provided for each gene by the experiments. The
sampling data points are evenly spaced and the observation
interval is 10 minutes. In the simulation, 1000 individuals are
produced in each generation. 100 generations are calculated
to reach the minimum fitness values.
The following model is obtained by the proposed algorithm:
x˙1 = (−0.006 + μ11 )x1 + (0.00835 + μ12 )x2 + ν1
x˙2 = (−0.3661 + μ21 )x1 + (−0.476 + μ22 )x2 + ν2 (11)
x˙3 = (−1.6124 + μ31 )x1 + (0.45 + μ32 )x2 + ν3
The trajectories for CYB2, HAP1 and CYC7 are shown in
Fig. 5.
The obtained relationships among genes are in agreement
with biological experimental findings. For example, we observe that HAP1 represses gene CYC7 and CYB2 activates
CYC7. HAP1 behaves as a repressor [23].
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IV. C ONCLUSIONS
The microarray measurements usually contain rather large
noise and the statistics of the noise are not known exactly.
In this study, noise is modeled explicitly in the proposed
nonlinear ODE model of the GRN. A joint GP and H∞
filtering approach is applied to infer the GRN, where H∞
filtering provides optimal parameter estimations under uncertainties. Simulation results demonstrate the effectiveness of the
proposed scheme.
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