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Abstract   
 

In the present paper, the study of fully fuzzy linear fractional programming problem 

(FFLFPP) using graded mean integration representation method is discussed where all the 

parameters and variables are characterized by trapezoidal fuzzy numbers. A computational 

algorithm has been presented to obtain an optimal solution by applying simplex method. To 

demonstrate the applicability of the proposed approach, one numerical example is solved. 

Also to check the efficiency and feasibility of the proposed approach, we compare the results 

of examples by applying crisp numbers, triangular fuzzy numbers and trapezoidal fuzzy 

numbers. 
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1. Introduction 
 

Fractional programming (FP) was studied extensively in the middle of 1960s and early 1970s 

of the last century in the literature (1962, 1970). In many practical applications like stock 

problems, ore blending problems, shipping schedules problems, optimal policy for a 

Markovian chains, sensitivity of linear programming problem (LPP), optimization of ratios of 

criterion gives more insight into the situations than the optimization of each criterion (1988).  

 

To study the efficiency in different fields such as education, hospital administration, court 

systems, air force maintenance units, bank branches, etc., fractional programming solves 

more efficiently the above type of problems (1978).   FP problem, which has been used as an 
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important planning tool for the past decades, is applied to different disciplines such as 

engineering, business, finance, economics, etc. FP is generally used for modelling real life 

problems with one or more objective(s) such as profit/cost, inventory/sales, actual 

cost/standard cost, output/employee, etc. 

 

Charnes and Cooper (1962) showed that the linear fractional programming problem (LFPP) 

can be optimized by solving a LPP. Bellman and Zadeh (1970) has proposed decision making 

in a fuzzy environment. S. H. Chen (1985) has discussed operations of fuzzy numbers with 

function principle. Chen and Hsieh (1999) has studied the graded mean integration 

representation (GMIR) of generalized fuzzy numbers while Chen et al. (2006)  has used some 

concepts of GMIR of L-R type fuzzy numbers. Nachammi et al. (2012) have studied fuzzy 

linear fractional programming problem (FLFPP) by metric distance ranking. The present 

authors (2013) have discussed FLFPP by signed distance ranking where variables and 

parameters are characterized by triangular fuzzy numbers (TFN). 

 

The objective of this paper is to deal with a kind of   FLFPP where all the variables and 

parameters are trapezoidal fuzzy numbers (TrFN). In this paper an attempt has been made to 

develop an algorithm for solving FLFPP based on GMIR of fuzzy numbers.  

 

The paper is organized as follows: Section 2 outlines the definitions and preliminaries of 

TrFN and its arithmetic operations. In section 3 we have discussed the methodology of GMIR 

of TrFN based on fuzzy set theory. In section 4, we first recall some basic notions about 

FLPP and FLFPP in which a theorem based on conditions of fuzzy optimality is presented.  

 

An algorithm is developed which gives the computational procedure for optimal solution of 

FLFPP. Section 5 demonstrates two numerical examples to illustrate the above algorithm. 

Section 6 discusses the main results and conclusions of this paper.  

 

2. Definitions and Preliminaries 
 

We review the fundamental notation of fuzzy set theory initiated by Bellman and Zadeh 

(1970). Below, we give definitions and notations taken from Zimmerman (1983). 

 

Definition 2.1. 

 

If X is a collection of objects denoted generally by x, then a fuzzy set   ̃ in X is defined as a 

set of ordered pairs: 

                                                      ̃={(    ̃( ))    } , 
  

where   ̃( ) is called the membership function of x in  ̃ . The membership function maps 

each element of X to a membership grade (or membership value) between 0 and 1. 

 

Definition 2.2. 

 

A fuzzy number  ̃ is a convex normalized fuzzy set on the real line R such that:  

 

(i)  it exists at least one     in R with   ̃(  )=1, and 

 

(ii)    ̃( ) is piecewise continuous. 
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Definition 2.3. Trapezoidal Fuzzy Number 

 

A fuzzy number  ̃= (a, b, c, d),          (a, b, c, d > 0) is said to be a trapezoidal 

fuzzy number if its membership function is given by: 

 

                                                       ̃( )=

{
 
 

 
 
                     
   

   
          

                  
   

   
             

                         

 

 

 

 

 
 

 

Remark:   

 

If b = c, the trapezoidal fuzzy number reduces to a triangular fuzzy number as shown in 

Figure 2. It can be written by a triplet (a, b, d). 
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3.  Methodology  
 

3.1. Graded Mean Integration Representation Method 

  

Chen and Hsieh (1999) introduced graded mean integration representation method based on 

the integral value of graded mean  -level of generalized fuzzy number. 

First, we describe generalized fuzzy number as follows: 

 

Suppose,   ̃  (              )  is a generalized fuzzy number. It is described as any fuzzy 

subset of the real line R, whose membership function   ̃( )  satisfies the following 

conditions: 

 

(a)   ̃( ) is a continuous mapping from R to the closed interval [0,1], 

 

(b)   ̃( )              , 

 

(c)   ̃( )   ( ),  is strictly increasing on [     ] ,  

 

(d)   ̃( )              , 

 

(e)   ̃( )   ( ) ,  is strictly decreasing on [     ], 

 

(f)   ̃( )=0,       , 

 

where 0       and                  are real number. Also this type of generalized fuzzy 

number be denoted as  ̃  (              )  . 

 

When   =1, it can be written as  ̃  (           )  . 

 

Secondly, by graded mean integration representation method      and    are the inverse 

functions of L and R, respectively and the graded mean  -level value of generalized fuzzy 

number  ̃  (              )   : 

 
 (   ( )    ( ))

 
 . 

 

Then the graded mean integration representation of  ̃ is P( ̃) with grade    , where  

 

 

P( ̃) 
∫

 (   ( )    ( ))

 

  
 

  

∫     
  
 

   with  0 <      and  0 <   1. 

 

When     , the above generalized fuzzy number  ̃  is considered as trapezoidal fuzzy 

number and is written  as  ̃  (           )  . 

                                   

Therefore, 

 

 ( ̃)   
             

 
 . 
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          Figure 3. The graded mean         value of generalized fuzzy number  ̃  (              )   

 

 
3.2. The fuzzy mathematical operations under function principle 

 
Function principle is proposed by Chen (1985) to be as the fuzzy arithmetical operations by 

trapezoidal fuzzy numbers. This method is more useful than the extension principle (1999, 

2006) for the fuzzy numbers with the trapezoidal membership functions. 

 

We describe some fuzzy arithmetical operations under function principle as follows:  

 

Suppose,  ̃  (           )  and  ̃  (           )  are two trapezoidal fuzzy numbers. 

Then, 

 

1.  ̃   ̃  (                       )   
 

             ̃  ̃  (                   )    
 

             ̃   (           )  (               )   
 

      4.    ̃   ̃  (                       )   
 

             
 

 ̃
    ̃  (

 

  
 
 

  
 
 

  
 
 

  
)    

 

             ̃   ̃= (
  

  
 
  

  
 
  

  
 
  

  
) . 

 

      7.  Let,      
 

                            For            ̃  (               )   

                            For            ̃  (               )   
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where                                 are all non-zero positive real numbers. 

 

3.3.  Signed distance ranking of Triangular fuzzy number 

 

Yao and Wu (2000) proposed a signed distance ranking to rank fuzzy numbers. 

 

Let,  ̃=(        ) be a triangular fuzzy number of L-R type then  

                               

                                                R( ̃)  
         

 
. 

 

4. Fuzzy linear fractional programming problem 
 

4.1. Definition 

 

Fuzzy linear fractional programming: The general format of fuzzy linear fractional 

programming problem (FLFPP) may be written as: 

 

Max   ̃( ) =  
 ̃   ̃

 ̃   ̃
,  

subject to the constraints:  

 

 ̃   ̃,    , 

                               

where x   ,   ̃  ̃      ̃      ,  ̃      ̃  ̃     
 

With the additional assumption that the denominator is positive for all feasible solution. 

 

4.2. Definition  

 

Initial basic feasible solution: 

 

Let    ̃  be the initial basic feasible solution such that  

 

 ̃  ̃   ̃    ̃   ̃
   ̃   ̃     

                                         

                                                  where   ̃  (   ̃   ̃     ̃). 
 

Further  let   ̃   ̃   ̃   ̃ and   ̃   ̃   ̃   ̃ , 

  

where   ̃   and  ̃  are the vectors having their components as the coefficients associated with 

the basic variables in numerator and denominator of the objective function respectively. 

 

4.1. Theorem  (Conditions of optimality). [Swarup et al. (1997) and De and Deb (2013)] 

 

 A sufficient condition for a feasible solution to a fully fuzzy linear fractional programming 

problem (FFLFPP) to be fuzzy optimum is that 0
~~ iju  for all j which the column vector ja~  

in A
~

 is not in the basis B
~

. 
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Proof:   
 

Let the fully fuzzy linear fractional programming be stated as follows- 

 

 Max   ̃( ) =  
 ̃   ̃

 ̃   ̃
,  

 

subject to the constraints: 

 

 bxA
~~

 and 0
~~ x , 

 

where x   ,   ̃  ̃      ̃      ,  ̃    ,  ̃  ̃     
 

Here we show that for any ja~ and A
~

 not in B
~

 at least one 0
~~ iju . If possible let all 0,iju   

(i=1,2, ..., m). We have the fuzzy basic feasible solution to this  FLFPP is    

 

bbx i

m

i

Bj

~~~

1




.                             (1) 

  

Suppose that we add and subtract ja~
 
( is any scalar), then we get 

                                         

                                            baabx jjiBi

m

i

~~~~~

1




 .                                                           (2)  

Since  

i

m

i

ijj bua
~~~

1




   ,                                                                  (3) 

we have , 

                                         babubx ji

m

i

iji

m

i

Bi

~~~~~~~

11

 


 , 

                                           babux jiij

m

i

Bi

~~~
)~~(

1




 . 

                                             

When  > 0
~

, we have 0
~~~  ijBi ux  . Since by assumption, 0

~~ iju , ( i =1,2, ..., m). 

Therefore,  ( ), ,( )Bi ij Bm mjx u x u    and   is a fuzzy feasible solution for all  > 0
~

. 

Thus, the set S is unbounded, which is contrary to our hypothesis of regularity. Hence, 

0
~~ iju . 

 

4.6.  Definition   

 

A fuzzy basic feasible solution 
Bx~  to fuzzy linear fractional programming problem  is called 

fuzzy unbounded solution if for at  least one j, for which 0~ iju
 
( i =1, 2,..., m), jj cz ~~   and 

jj dz
~~  are negative,  then there does not exist any optimum solution to this FLFPP. 
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Algorithm for solving fully fuzzy linear fractional programming problem by simplex 

method: 

 

The steps for the computation of a fuzzy optimum solution are as follows: 

 

Step 1:   
 

First consider the variables and parameters of the example as fuzzy number like trapezoidal 

fuzzy number. 

 

Step 2:   

 

Check whether the objective function of the given fully fuzzy linear fractional programming 

problem (FLFPP)   is to be maximized or minimized.  If it minimized then we convert it into 

a problem of maximizing it by using the result,   

                                

Min z~ =  - Max (- z~ ). 

 

Step 3:   

 

Check whether all ib
~
 (i = 1, 2, ..., m)   are non-negative . If any one of ib

~
 is negative then 

multiply the corresponding in equation of the constraints by -1, so as to get all ib
~

 
(i =1, 2, ..., 

m)  non-negative.
 

 

Step 4:   

 

Convert all the in   equations of the constraints into equations by introducing slack and /or  

surplus variables in the constraints.  The costs of these variables equal to zero. 

 

Step 5:   

 

Obtain an initial basic feasible solution to the given problem in the form bBxB

~~~ 1 and put it 

in the third column of the simplex table. 

 

Step 6:  

Compute 

1

2
,

z
z

z
  where ~~~

~
1 

BBxcz
 
and 

~~~
~

2 
BBxdz . 

 

Step 7:  

 

Compute the net evaluation j
~

  
(j =1, 2, ..., m),  where  

 

                                                     )
~~(~)~~(~~ 2112

jjjjj dzzczz  . 
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Here, )~~(
1

jj cz   and )
~~(

2

jj dz   are calculated by using the relation jjBjj cyccz ~~~~~
~

1


  
and     

jjBjj dyddz
~~~~~

~
2

 . 

 

Step 8:   

 

Examine the sign j
~

(using the method of GMIR method):  

 

(i) If all 0
~

)~~(  jj cz ,  then the initial basic feasible solution 
B

x~  is a fuzzy optimum 

basic feasible solution. 

     

 (ii)      If at least one 0
~

)~~(  jj cz ,  proceed to the next step. 

 

Step 9:    

 

If there are more than one negative j
~

, then choose the most negative of them. Let it be r
~

 

for some j = r. 

 

(i) If  all 0
~~ iry ,  (i =1, 2, ..., m)  then  there  is  an  unbounded  solution  to  the 

given problem. 

 

(ii)  If   at   least one 0
~~ iry (i=1, 2, ..., m),  then   the corresponding vector 

ry~ enters 

the basis 
By~ . 

 

Step 10:     
 

Compute the ratios  

, 0, 1,2, ,Bi
ir

ir

x
y i m

y

 
  

   

and choose the minimum of them. Let the minimum of these ratios be
kr

Bk

y

x
~

~
. Then, the vector 

ky~  will leave the basis 
By~ .  The common element kry~  which is in the     row and     column 

is known as leading or (pivotal) element of the table. 

 

Step 11:   

 

Convert the leading element to unit TrFN by dividing its row by the leading TrFN itself  and 

all other elements in its column  to zero TrFN by making the use of the relations:                

                                           ir

kr

kj
y

y

y ~
~

~

y~ŷ~ ijij  , 1,2,..., 1;i m i k   , and  

                                                       
kr

kj

kj
y

y
y ~

~
~̂  , 0,1,2, ,j n . 
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Step 12:  

 

Go to step 6 and repeat the computational procedure until either an optimum solution is 

obtained or there is an indication of an unbounded solution. 

 

5. Numerical Example 
 

Example 1. 

 

Solve the following linear fractional programming problem: 

  

Max z = 
       

     
 

subject to the constraints: 

 

          
3          
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In the optimum iterated table, all      and the problem reaches its optimality. Hence, the 

optimal solution is    
 

 
=1.5,    

 

 
      and 

  

Max    
  

  
     . 

  

Now the above problem can be solve by fuzzified version as followed: By taking triangular 

fuzzy number: 

Max  ̃  
(     ) ̃  (     ) ̃ 

(     ) ̃  (         )
 

                         

subject to the constraints: 

 

(0.5, 1, 1.5) ̃  + (1.5, 2, 2.5) ̃  (     ), 

(2, 3, 4)  ̃  (     ) ̃  (     ), 

 ̃   ̃     

Solution: The initial iteration table is given below: 

 
In Table 4,   ̃     so  ̃  enters the basis and  ̃   leaves the basis by using                           

 

Min  [d( ̃    ̃  )]=  d( ̃  )=   ̃   

Min  [d(
 ̃  

 ̃  
 
 ̃  

 ̃  
)]=  d(

 ̃  

 ̃  
)=   ̃ . 
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Therefore, (     )  is the leading element. Now convert this element as unit triangular fuzzy 

number and all other elements in the column as zero. The new iterated simplex table is given 

below: 

 

 
 

In Table 5,   ̃     so  ̃  enters the basis and  ̃   leaves the basis by using  

 

Min[d (  ̃    ̃  )]= d ( ̃  ) =  ̃   

 

Min[d (
 ̃  

 ̃  
 
 ̃  

 ̃  
)]= d(

 ̃  

 ̃  
) = ̃ . 

 

Therefore, (         )  is the leading element. Now convert this element as unit triangular 

fuzzy number and all other elements in the column as zero. The optimum iterated simplex 

table is given below 

 

 



AAM: Intern. J., Vol. 10, Issue 1 (June 2015)                                                                                                     583 

 

 
 

In Table 6,   ̃     and, hence, d(  ̃ )    Therefore, the problem reaches its optimality. 

Hence, the optimal solution is 

  

                                     ̃  (              )  and     ̃  (              )  
 

Therefore,  Max   ̃  (               ). By taking trapezoidal fuzzy number: 

 

Max  ̃  
(       ) ̃  (       ) ̃ 

(       ) ̃  (           )
 

 

subject to the constraints: 

 

(0.5, 1,  1.5, 2)  ̃ +(1.5, 2, 2.5, 3)  ̃  (       ), 

(2,3,4,5)  ̃  (       ) ̃  (       ), 

 ̃   ̃     

 

Solution: The initial iteration table is given below: 

 

 
In Table 7,   ̃     so  ̃  enters the basis and  ̃  leaves the basis by using  

 

Min [P( ̃    ̃  )]= P( ̃  )=  ̃   

Min  [P(
 ̃  

 ̃  
)  ( 

 ̃  

 ̃  
)]= P(

 ̃  

 ̃  
) =  ̃   . 

 

Therefore, (       )  is the leading element. Now convert this element as unit trapezoidal 

fuzzy number and all other elements in the column as zero.  

The new iterated simplex table is given below: 
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In Table 8,   ̃     so  ̃  enters the basis and  ̃   leaves the basis by using  

 

Min  [P( ̃    ̃  )]=  P( ̃  )=   ̃   

 

Min  [P(
 ̃  

 ̃  
)  ( 

 ̃  

 ̃  
)]=  P(

 ̃  

 ̃  
)=   ̃   . 

 

Therefore, (                   )  is the leading element. Now convert this element as unit 

trapezoidal fuzzy number and all other elements in the column as zero. The new iterated 

simplex table is given below: 

                       
In the optimum iteration table, all   ̃     and hence P(  ̃)    Therefore the problem reaches 

its optimality. Hence the optimal solution is   ̃  (              )  and   

  ̃  (                ). Therefore, 

 

Max  ̃   (                    ). 
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Example 2.   

 

Solve the following FLFPP (2013): 

  

Max  z = 
       

       
 

subject to the constraints: 

3           
4           
         

 

Solution:  

 

The solutions of crisp number and triangular fuzzy number are taken from (2013) and that of 

trapezoidal fuzzy number are solved like above example 1. After solving above example, the 

results are given below: 

 

By crisp number, the optimal solution is            and Max         

By triangular fuzzy number, the optimal solution is:   

                             

 ̃  (     )  ̃  (          ) and 

Max    ̃
   (             ). 

 

By trapezoidal fuzzy number, the optimal solution is:  

 

 ̃ =(0,0,0,0),  ̃ = (2.8,4.2,6.8,10)  and 

Max    ̃
  

=(0.07,0.70,3.04,8.29). 

 

The results of crisp number, triangular fuzzy number and trapezoidal fuzzy number are given 

in Table10. 
 

Table 10: Comparison of optimal solution of the numerical examples  

Observation 

 

Crisp number Triangular fuzzy number Trapezoidal fuzzy number 

Example 1 Optimal solution is       , 

          

and             

Fuzzy optimal solution is                                   

                    ̃  (              ),  
  ̃  (              ) 

     and                                            

Max    ̃  (               ). 
 

Fuzzy optimal solution is                                    

           ̃  (              ), 
  ̃  (                ) 

                   and  

Max  

  ̃  (                    ). 
 

Example 2 Optimal solution is     , 

      and  

Max         

Fuzzy optimal solution is                                     
 ̃  

(     )  ̃  (          )            

and  

Max    ̃
   (             ) 

 

Fuzzy optimal solution is                                    

 ̃ =(0,0,0,0),  

 ̃ = (2.8,4.2,6.8,10)  and 

Max   ̃
  

=(0.07,0.70,3.04,8.29). 

 

 
5.  Conclusions 
 

In this paper, we have solved fully fuzzy linear fractional programming problem (FFLFPP) 

by using graded mean integration representation (GMIR) method where the parameters and 
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variables are characterized by trapezoidal fuzzy number. To check the efficiency of the 

proposed approach one numerical example has been solved by taking parameters and 

variables are in crisp number, TFN and TrFN. Example 2 has been solved in paper (2013). 

From Table 10, the optimal solution of both the examples has been presented. From that, the 

optimal solutions obtained by different numbers are nearly equal.  The above method can be 

applied to solve FLFPP to reduce the complexity in problem solving like agriculture, 

production planning, inventory problems, transportation problems, etc. 
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