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Abstract

The homogeneous balance method is proposed for seeking the travelling wave solutions

of the second-order Benjamin-Ono equation. Many exact traveling wave solutions of
second-order Benjamin-Ono equation, which contain soliton like and periodic-like solutions are
successfully obtained. This method is straightforward and concise, and it may also be applied to
other nonlinear evolution equations.
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1. Introduction

It is well known that the nonlinear partial differential equations (NPDEs) are widely used to
describe complex phenomena in various fields of sciences, such as physics, biology, chemistry,
etc. Exact solutions of these equations are therefore very important and significant in the
nonlinear sciences.

In recent years, Wang [(1995), (1996)] and Khalafallah (2009) presented a useful homogeneous
balance method for finding exact solutions of certain nonlinear partial differential equations. Fan
(2000) used the homogeneous balance method to search for the Backlund transformation and
similarity reductions of nonlinear partial differential equations.

The aim of this paper is to find exact soliton solutions of the second-order Benjamin-Ono
Equation, using the homogeneous balance method.
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2. Second-Order Benjamin-Ono Equation

For the second-order Benjamin-Ono equation [Hereman et al. (1986)]:
utt + Q'(U 2)xx + /Buxxxx = 09

where o and S are nonnegative constants,
Let us consider the traveling wave solutions

ux,t)y=u(), =k +It)+<,
Where k, | and & are constants. Then Eq. (1) becomes
1°u” +2a(u’)* +2auu” + Sk u’" = 0.

We now seek the solutions of Eq. (3) in the form

where (; are constants to be determined later and @ satisfy the following Riccati equation

¢ =ag’ +bg+c

where a,b and C are constants.

Balancing the highest order derivative term with nonlinear term in Eq. (3) gives leading order

m =2. We may therefore choose
u=d, +q1¢+qz¢za

where (,,q, and Q, are constants to be determined and ¢ satisfy Eq. (5).
Substituting (6) and (5) into Eq. (3), we have
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120"+ 2a:(u")> + 2auu” + Bk " = 12(q, +0,6 +0,8°)"

+2a((q, +9,6+09,4°))* +2a(q, +0,6 +0,4°)(, +0,¢

+0,0°)" + Bk *(d, + 0,6 +0,4°)"" = {20a@’q; +120 8k “a’q, }¢°
+{24aa’qq, +24pk “a‘q, + 3368k *a’hq, +36aabq’}é’

+{6aa’q; + 604k *a’byg, + (2408k *ca’ + 3308k *b*a’ + 61 *a’)q,
+12a@°q,q, +42aabq g, + (32aac +16ab?)q: 14" + {10aabq; +
(408k *ca’ +21°a” + 508k *b’a*)q, + 4aa’q,q, + (36aca +18ab*)q,q,
+(101 “ab + 4408k *bca’ +1308k *b’a)q, + 20aabq,q, + 28abcq; } ¢’
+{(8aac +4ab?)q; + (608K *bca’ +15 4k *b’a + 31 *ba)q, + 6abag g,
+30abcq g, + (81%ac +41°h* +1368k c’a”® + 2328k ch’a+16 8k *b*)q,
+(16aac +8b’a)q,q, +12ac’q;}¢” + {6acbq; + (16 5k ca’ +2al °c
+228ak *b’c + pk b* +1°b*)g, +12ac’q g, + (4aac +2ab*)q,q,
+12abcq,qg, + (61 °bc +1208k *bc’a+308k *bc)q, 1 + 2ac’q;
+2abcq g, + (8K *ac’d + Bk *bc +17bc)g, + (16 8k *c’a

+217c? +14 8k *b*c?)q, + 4ac’q,q, =0.

Setting the coefficients ¢i (i =0,1,2,3,4,5,6) to zero yields the following set of algebraic

equations:

20ca’q; +1208k *a‘q, =0,

240@°q,q, + 24Pk *a’q, + 3368k *a’hq, +36aabq; =0,

6aa’q; + 608k *a’hqg, +(2408k *ca’ +3304k *b*a* + 6l *a*)q,
+120:°q,q, +42aabq g, + (32aac +16ab?)q; =0,
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10cabq; + (408k *ca’ +217a* + 50 8k *b’a*)q,
+4aa’qq, + (36aca +18ab)q,q, + (101 *ab +

440k *bca’ +1304k *b’a)q, +20aabg g,

+28abcq; =0,

(8aac +4ab?)q; + (608k *bca’ + 154k *b’a + 31 *ba)q,
+6abaq,q, +30abcq,g, + (8l *ac +41°b?* +136 5k c*a’
+232 8k *cb*a +16 8k b *)q, + (16aac +8b°a)q,q,
+12ac’q; =0,

(7)

6achq; + (16 8k *c’a’ +2al
+22 83k *b’c + pk 0 * +1%0%)q, +12ac’q g, + (4aac +2ab*)q,q,
+12abcq g, + (61 °bc +1208k *bc’a+308k *bc)q, =0,

2ac°q; +2abeqg g, + (88K *ac’b + Bk *bc +1%0bc)q,
+(16pk *c’a+2l°c* +14pk *b’c?)q, +4ac’q,q, = 0.

For which, with the aid of Maple, we obtain the following solution of the above set of
algebraic equations:

k’h?+88k ca+1? 6 8k *ab 63k *a*
QO:_ﬂ ﬂ ) q]:_ ﬁ B q2:_ ﬂ . (8)

20 a a

For the Riccati equation (5), we can solve it by using the homogeneous balance method as
follows:

Case: I. Let ¢= Zbi tanh' £. Balancing ¢' with ¢” leads to
i=0

¢=b, +b, tanh &, 9)

Substituting (9) into (5), we obtain the following solution of (5):

2
¢=—%(b +2tanh &), ac=b7—1. (10)

From (8), (10) and (6), we have the following traveling wave solution of second-order Benjamin-
Ono equation (1):
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2l 2 2 2 2
2pk°b” -8Bk ca—1" 6k ﬂtanh

u(x,t)= Tk (x +1t)+&)], (11)
2a 194
where
2
ac b——1
4

Similarly, let ¢ = Zbi coth' &, then we obtain the following new traveling wave soliton
i=0
solutions of second-order Benjamin-Ono equation (1):

214 2 2 2 2
woty = 2K BT8Pkl 6KTB etk (x ity + &1, (12)
2a a
where
2
ac-2 1.
4

Case: Il. From (Zhao, X. Q.; Tang, D. B.; 2002), when a=1, b=0, the Riccati Eq. (5) has the
following solutions:

¢=--c tanh(v~c &), ¢ <0,
P (13)

¢ =Ac tan(c&), ¢ >0.

From (6), (8) and (13), we have the following traveling wave solutions of second-order
Benjamin-Ono equation (1) :

When ¢ <0, we have
pk’0’ +8pk*ca+1?  6pk ‘aby-c tanh[/~¢ (K (X +1t)+&))]
2t a (14
6ﬂk bpkac nh’[v/—c (k (x +1t)+ &)
a

ux,t)=-

When ¢ =0, we have
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pRb’ +8pkca+’  6pk’ab
2a a(k (X +1t)+&,)

ux,t)=-

~ 64k *a’
ak (x +1t)+&)"

When ¢ >0, we have

u(x,t)=—ﬂk b7 +8pk catl” 64k zab\/gtan[x/(?(k(x T+ &)

2a a

6ﬂk OPK AT P [e (K (x +It)+E)].

Case: I11. We suppose that the Riccati equation (5) has the following solutions of the form

¢:A0+Z(Aif i +Bif Hg)o

i=1
with

B 1 _ sinh¢&
coshé+r’ coshé+r’

which satisfy
f'(&)=—f (69, 9'(&)=1-g*(&)~rf (&),
g’ (&) =1-2rF (&)+(r* =Df *(&).
Balancing ¢’ with ¢* leads to
p=A,+Af +Bg.

Substituting (18) into (5), collecting the coefficient of the same power

f1(&)g' (&)i =0,1,2;j =0,1) and setting each of the obtained coefficients to zero yield the

following set of algebra equations
aA; +aB] +bA, +c =0,

2aA A, —2arB’ — 1B, +bA, =0,
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aA’+a(r> =B +(r>—1)B, =0,
2aA,B, +bB, =0,
2aA B, +A, =0,

which have solutions

A :_i A =+ (r*-1 B :_L c=b2_1
°  2a’ N 4a? " 2a’ 4a

From (18), (19) we obtain

4o i(b .\ sinh & F+/(r? —1)).

a cosh&+r

Nasir Taghizadeh et al.

(19)

(20)

Also from (6), (8) and (20), we obtain the new solutions of second-order Benjamin-Ono equation

(1):

28k b’ -8k *ca—1?
2a

3k 2ﬂ(sinh(k (X +I)+E)FA(r*=1)
2a cosh(k (X +It)+&)+r

ux,t)=

).

Case: IV. We take ¢ in the Riccati equation (5) being of the form

g=ePp(z)+p, (&),
where
z =e™ +p,,

where p,, p, and p; are constants to be determined.

—p. +b’

Substituting (22) into (5) we find that when ¢ = , we have

_ pe i + P, —b
ae™ +p,) 2a

If p, =1 in (23), we have

21)

(22)

(23)
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1 b
¢=~21tanh(2p§) . (24)
If p, =—11in(23), we have

Pt p sy -2
§ = coth( i) -—. (25)

From (6), (8) and (23), we obtain the following new traveling wave solutions of second-order
Benjamin-Ono equation (1):

Lkb? +8pk ca+1?
2a
p;(k (X +It)+&) p; (kK (X +It)+&)
pe” ’ pl_b)( pe” ’ _ p1+b
epl(k(X+lt)+§o) +p, 2

ux,t)=

_6PK7 0

o e pl(k (X+|t)+§n) + p3 2

).

When p3 = 1, we obtain the following traveling wave (soliton-like) solutions of second-order
Benjamin-Ono equation (1):

28k 0’ —-8pk*ca—1°

ux,t)= oy

-IOPPL b2 k(¢ + 1)+ ) @
2a 2

When p, =-1,we have the following traveling wave (periodic-like) solutions of equal width

wave equation (1):

28k b’ —8pk *ca—1?
2a

u(x,t)= —3k;ﬂp12 coth2[&(k (X +It)+&)). (28)
a 2

Case: V. We suppose that the Riccati equation (5) have the following solutions of the form:

m .
¢=A,+ > sinh' (A, sinhw +B; coshw ), (29)

i=1

where % =sinhw or C;lgg = coshw . It is easy to find that m =1by balancing ¢ and ¢°.

So we choose

¢=A,+A, sinhw +B, coshw, (30)

when C;l =sinhw , we substitute (30) and % =sinhw , into (5) and set the coefficients of

sinh'w cosh'w (i =0,1,2; j =0,1) to zero. A set of algebraic equations is obtained as follows:
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aA; +aB; +bA, +c =0,
28A A, +bA, =0,

aA] +aB’-B, =0,
28A B, +bB, =0,

2aA B, +A, =0,

for which, we have the following solutions:

b
AO:_Z, A1=O, Bl:
where
_b?-4
4a
and
LI I
2a 2a
where
_b?-1
4a

From Zl =sinhw , we have

sinhw =—csch{, coshw =—cothé.

Also (31) — (33), give

_b+2cothg

¢= 2a

where

Nasir Taghizadeh et al.

(1)

32)

(33)

(34)
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_b*-4
da ’
and
b +csché + coth
p=-reschereoths (35)
2a
where
b?-1
C= .
4a
From (6), (8), (34) and (35) we get the following traveling wave solutions of second-order
Benjamin-Ono equation (1):
22 200 12 2
wocty = 2K BT8Pkl 6KTB etk (x + ity + &1, (36)
2a a
where
2
ac = b— —1.
4
and
242 200 2
LX) = 20k b 28ﬂk ca—I
. “ (37)
—32 p (coth(k (x +It)+&)+esch(k (x +1t)+&,)),
a
where
b?-1
C= .
4a
Similarly, when ? =coshw, we obtain the following traveling wave (periodic-like)
solutions of second-order Benjamin-Ono equation (1):
22 200 |2 2
u(x 1y = 22K D Zgﬁk ca-l” k8 ek (x +1ty+ &1, (38)
a a
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where
ac =—-—1.

and

28k b’ —-8pk*ca—1°

ux,t)= oy

(39)

_3§2ﬂ (cot(k (x +1t)+ &) Fose(k (x + 1)+ &))",
(24

where

b?-1

C= .
4a

In summary we have used the homogeneous balance method to obtain many traveling wave
solutions of second-order Benjamin-Ono equation.

We now summarize the key steps as follows:
Step 1: For a given nonlinear evolution equation

F(u.,u,,u, U, ,U,,..)=0, (40)

we consider its traveling wave solutions u(x,t)=u(¢), &=k(x +It)+¢&, then Eq. (40) is
reduced to an nonlinear ordinary differential equation

Qu,u’,u"u",.)=0, (41)

. d
where a prime denotes g

Step 2: For a given ansatz equation (for example, the ansatz equation is ¢’ =ag¢” +b¢+c in this

paper), the form of U is decided and the homogeneous balance method is used on Eq. (41) to
find the coefficients of U .

Step 3: The homogeneous balance method is used to solve the ansatz equation.

Step 4: Finally, the traveling wave solutions of Eq. (40) are obtained by combining steps 2 and
3.
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3. Conclusion

The second-order Benjamin-Ono equation is soluble using the homogeneous balance method.
The efficiency of this method was demonstrated. New exact solution of the second-order
Benjamin-Ono equation was obtained. The solutions obtained may be significant and important
for the explanation of some practical physical problems. The method may also be applied to
other nonlinear partial differential equations.
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