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Abstract

This paper is devoted to the study and develops the generalized fractional integral operators for a
new special function, which is called Aleph-function. The considered generalized fractional
integration operators contain the Appell hypergeometric function F; as a kernel. We establish

two results of the product of two Aleph-functions involving Saigo-Maeda operators. On account
of the general nature of the Saigo-Maeda operators and the Aleph-function, some results
involving Saigo, Riemann-Liouville and Erdélyi-Kober integral operators are obtained as special
cases of the main result.
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1. Introduction and Preliminaries

The object of this paper is to study the generalized fractional integration operators associated
with the Appell function F3 as a kernel, introduced by Saigo-Maeda (1996). The Aleph-function
is an extension of the | -function, which itself is a generalization of the well-known and familiar
G - and H -functions in one variable.

The Aleph-function is defined by means of a Mellin-Barnes type integral in the following
manner cf. Stdland et al. (1998, 2001), (see also Saxena and Pogany (2010, 2011)):

=—|Q (s)z ™ ds, (1.1)

2z YL pigir

N[Z]:Npin?&?,ri;r {Z (a{':A?)l,n ----- [[Tj-<5:)j-vAj-)}n+1,pi :| : 1 m.n

where z#0, i=+/—1and

[Ir(b,+Bs) [[r(1-a,-As)
QpT:giyri;r (S) - j:1Qi = Pi ’ (1'2)
Yo [1T(1-b;-B;s) [T T(a;+As)
i=1 j=m+1 j=n+1

The integration path L=1L,,., (7 € R) extends from y —ico to y +ioo, and is such that the poles
of [(1-a;-As), ] =(1_n) (the symbol (1_n) is used for 1,2,...,n) do not coincide with the
poles of F(bj +Bjs), J :(1_m) The parameters p,,q; are non-negative integers satisfying the
;i»B; >0 and
a;,b;,a;,b; € C. The empty product in (1.2) is interpreted as unity. The existence conditions for
the defining integral (1.1) are given below:

condition 0O<n<p, 1<m<q, r,>0 for i=Lr . The parameters A, B, A

@, >0, |arg(z)|<%go|, l=1r; (1.3)

@, >0, |arg(z)|<%(p| . R{C}+1<0, (1.4)

¢,=Zn:Aj +iBj —r,{pz' A+ qzl Bj,J (1.5)

j=n+1 j=m+1

q) —

g,zibj —Zr:‘aj +r,[ D by - i aj,J +%(p, -q,), (Izl,r). (1.6)

j=m+1 j=n+1
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Fractional integration of Aleph-function is discussed by Saxena and Pogany (2011), and Ram
and Kumar (2011A).

Remark 1.

For 7, =1, i=1r in (1.1), we get the | -function due to V.P. Saxena (1982), defined in the
following manner:

e THe pi .G L1 Pi i Lir

10" [z]=N," [2] =N, {z

(aj.Aj)lvn """ (aj,Aj)n+1,pi:| — 1 J.Qm'n (S)Z_S ds, (17)

(bj'Bj)l,m """ (bj'Bj)m+1,qi a L Pi.gj LT

where the kernel Q ™ (s) is given in (1.2). The existence conditions for the integral in (1.7)

are the same as given in (1.3) - (1.6) with 7, =1, i=1,r.

If we further set r =1, then (1.7) reduces to the familiar H - function cf. Fox (1961), Mathai et al.
(2010), and Srivastava et al. (1982):

p.q p; .0 11 p;.0; 11

HTo[2] = R0 [2]=8 [z

(a"‘A")} = 1 Q" (s) z0ds, (1.8)

b, ,B - I T SR
a5 27i

where the kernel Q " . (s) can be obtained from (1.2).

Remark 2.
Inayat-Hussain (1987) introduced a generalization of the H -function in the form
p

ORI R S B S -
4 }—M !9(5)2 dg, (z#0), (1.9)

(bj5); (0755857,

ﬁﬁ,’;‘[z]:ﬁ?,’;[z

where i = \/—_1 and

>

ﬁr(bj +B:E) [T (1-4, _ajé)}m-

0(s) =1 S , (1.10)
H {F(l—bj ‘ﬂjf)} l Hr(ai ta)

which contains fractional power of some of the gamma functions. The parameters
ai,,Bj>0(i:1,_p, jzl,_q) and the exponents A, B, (izl,_p, jzl,_q) can take non-integer
values; L =L, remains the same contour as for X -function (1.1). From the above definition of

the H -function and the definition (1.1) of the N -function, it is evident that H -function contains
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fractional powers of some of the gamma functions, whereas N -function does not contain any
fractional power of the gamma function, hence it is not possible to obtain a connection between
N -function and the H -function; both special functions generalize Fox’s H -function (cf. Fox
(1961)), but in diverse directions.

The N - function of two variables occurring in the present paper is defined and represented by in
the following manner:

. : X
N [X, y] — No,n.ml,nl,mz,nz |:

P.0:P; 0, 7is PG T T y

= [ [8(5:£)6,(5)6,(2) x Py dsdie. (1)

2
(271)" [,

R o e T | R O e TR | }

Hr(l—aj —a;s— Ajcf)

#(s,8) = — ' - , (1.12)
[1r(a+as+Ag) [T (1-b-As-Bg)
ﬁf(dj+DjS)ﬁF(l—Cj—CjS)
0(s) =Q " ()= 5 , (1.13)
>z [ r(1-d;-Dys) ] T(c;i+Cys)
i=1 j=m+1 j=m+1

ﬁr(fj+Fj§)1n_2[r(1—ej_Ej§)
0,(6) =Q 0 (§)= —F

S [ r(-f,-Fe) [Tr(e +Ee)

=l j=my+l j=ny+1

(1.14)

2. Generalized Fractional Integral Operators

Saigo and Maeda (1996) introduced the seven-parameter generalized fractional integral
operators I ;* /77 1% /77 associated with the Appell F, function as a kernel function, calling

it left-sided and right-sided.

Let a,a', B8,y €C, Re(y)>0,and xeR, . Then the generalized fractional integral operators
involving Appell function F, as a kernel are defined by Saigo and Maeda (1996) as:
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(15277 )(%) = FX(_;) _(X[(x—t)y_lt‘“'Fs(a,a’,ﬂ,ﬂ’;y;l—t/x,l— x/t) f (t)dt, (2.1)
and
(1277 ) (%) = 1z((:/).x[(t—x)y1t‘“F3(oz,oz’,ﬁ,ﬁ’;;/;l—x/t,1—t/x) f(t)dt, (2.2)

where, Re(y) denotes the real part of y, and F,(a,a',,8';7;2,&) is the familiar Appell
hypergeometric function of two variables defined by

2 N CAR AN VA e

m=0 n=0 (?/)m+n m! n!

(J2|<1]é <1). (2.3)

Lemma 1. Saigo and Maeda (1996), p. 394, equations (4.18) and (4.19)

Let a,a', B, ',y C . Then, there holds the following power function formulae:

i. If Re(y)>0, Re(p)> max[o,Re(a+a’+ﬂ—y),Re(a’—ﬂ’)], then

o :1{ p,p+;/—a'_a'_ﬂ,/?+ﬂr_a' } yPart (2.4)
pry—a-a,\pty-—a -p,p+f
ii. If Re(y)>0, Re(p)<1+min[Re(-p),Re(a+a’'~y),Re(a+ A ~y)], then
|ftﬂ'ﬁﬁ'vi/XP*1:r l+a+0('—}/—p,11+’05+,6l_7_p71_ﬁ_p Xp—a—a’ﬂ/—l' (25)
1-pl+a+a'+pf' -y—-pl+a-L-p

Here, we have used the symbol F{} representing the fraction of many Gamma functions.

3. Left-Sided Generalized Fractional Integral of the Product of two X -
Functions

In this section, we study the left-sided generalized fractional integration 1“7 as defined by

(2.1). Here we establish the product of two N -functions involving left-sided Saigo-Maeda
integral operator. Generalized fractional integration formulas for the product of special functions
are discussed by Ram and Kumar (2011B), and Gupta et al. (2010).
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Theorem 3.1.

Let a,a', 8,5 7,0,4,0eC, Re(y)>0, (x,0>0), and

Re(o)+ 4 min Re(%}ﬂ) min Re(%} > max | 0,Re(a’'~B'),Re(a+a'+p'~7)].

<j<my i I<j<m, i

Further, let the constants

a;,b;,a;,b; eC, A,B;,A;,B;eR, (i=1..,p;j=1..q); ¢;.d;c;d; eC,

D,eR, (i=1..p)j=1..9), 7,7/>0 fori=1r

i’ i

C,.D,C

i

also satisfy the conditions are given (1.3) - (1.6). Then, the left-sided generalized fractional
integration 12777 of the product of two N -functions exists and the following relation holds:

ad BBy | o1 (MM u
|0+ t NPinirTi;f At

AXH

X’

(1-o;u0),(1-c—y+a+a'+ B uv),
(I-o-y+a+a’;uv), (1-o-pFu40),

_ yo—a—a'+y=1s0,3:m,m;my,ny
= X N&Srpi,ani:pi,q{,r.’:r

(1-o-p +a' mv):(a;, A )l,n1 ,...,[rj (3, A )Lﬂvpi ;(Cj’Cj)l,nz [2'; (Ci’ci)}nﬁl,p;
(L-o-r+a'+fiumv)(b;B)) 7, (bj,Bj)]Mqi (d;.D;),, | 7 (d;. D, )}mﬁl,q;
(3.1)
Proof:
In order to prove (3.1), we first express the product of two Aleph functions occurring on the left

hand side of (3.1) in terms of Mellin-Barnes contour integral with the help of equation (1.1) and
interchanging the order of integration, we obtain (say I):
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1 n s ma.ny B B s e
I = (27“)2 !QpTdi,ri; ( dSJ-Qp s é:) ) 5dé—’ (|0+ BBy po-us—vs l)(X)

Q M QO M (é:)i*sa)*ﬁ (|51;¢l'vﬁvﬁ',7 ta—ys—uﬁ—l)(x)ds dé: 1

pl Gi 71l pl Gi 7"

L L
from (2.4), we arrive at

_ 1 J‘J‘ (c-pus—vé)T(o—pus-vé+y—a-a'-p)T(c—us—vé+p —a)
(27i)" LZFG ps—vé+y—a-a)T(o-ps—vé+y—a'=f)T(o-pus—vé+p)

ﬁr(b +B, s)Hr(l a; - As) ﬁr(dj+ng)ﬂr(1—cj—cj§)

j=1

r Gi pi
Zz’ H r(1-b; - )H T(a;+A;s) 2o [] r(1-d;-D&) [] Tc; +Cié)
i=1 j=m+1 j=n+1 i=1 j=my+1 j=ny+1
% Xo’—,us—uﬁ—a—aur;/—l /I—Sa)—f deé: . (32)

By interpreting the Mellin-Barnes counter integral thus obtained in terms of the N -function of
two variables as given in (1.11), we obtain the result (3.1). This completes the proof of Theorem
3.1

Special Cases of Theorem 3.1:
Corollary 3.1.

If we put 7;=1,7/=1(i=12,..,r) in (3.1) and take (1.7) into account, then we arrive at the
following result in the term of | -function cf. Saxena (1982):

R R Sl AN AT o
PiGisT (bj,Bj )1,m1 ,...,(bijj)ml_'_l’qi

(cj,Cj)an (e} )nzﬂypi,
(dj' Dj >1,m2 ’m’(dj’ Dj )m2+1,qi’

_ o-aalr-1 | 03my ., {ix” (1-o;uv),(1-oc—y+a+a'+ B puv),

my Ny v
3 pigir t

(x)

3PP | v (1—a—y+a+a';y,u),(1—O'—ﬂ';,u,l)),
(1_0-_/6”—’_“,;/'[’0):(8']"6\] )1, ""’(aj’Aj )nﬁl,m ;(Cj’cj )an ’.“’(Cj’cj)nﬁl*p{
(1-o-y+a'+Bimv):(b;,B, )1, (BB, )ml,qi :(d;.D, )Lmz (43D, )mz+1'qi’

(3.3)
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The existence conditions for (3.3) are the same as given in Theorem 3.1.

Corollary 3.2.

If we set 7,=1,7/=1 (izl,_r) and set r =1 in (3.1) and take (1.8) into account, then we arrive at

the following result in the term of product of two H -functions given by Ram and Kumar
(2011B, Equation (17), p. 36).

(aJ'Ai)l,p Lt | oo (chj)l,p/
(b;.B, )Lq o (d;.D, )Lqr
(I-o;uv),(1-o—y+a+a'+Bipuv),(1-c-f'+a'; u,v):
(I-o-y+a+a’suv), ( 1-o-F5u,0),1-c—-y+a' + f;u,0):

(a5 A )1,p (c,.C, )Lpf
(b;,B, )m :(d;,D, )1,q’

a,a . p.py o-1 my,mn H
1 7 HM | At

(x)

V2
_ Xo-—a—a’+y—1H 0,3:my,n;my Ny AX
- 33p.a;p.q v
X

(3.4)

The existence conditions for (3.4) are the same as given in Theorem 1.

Now, if we follow Theorem 1 in respective case a'=4'=0, f=—n,a=a+ f, y=a. Then we

arrive at the following corollary concerning left-sided Saigo fractional integral operator cf. Saigo
(1978).

Corollary 33. Let a,8,17,0,4,0€C, Re(a)>0, u,0>0 and let the constants

jiv Vi i jindji €C,

C,.D,C

a;,b,,a;,b; €C, A,B;,A;,B;eR, (i=1..,p;j=1..0q);c;dc
D,eR, (i=L...p,j=L..q), 7,7>0 fori=1r.

i

Further, satisfy the condition

]

Re(o)+u min RE(%J+U min Re[%]> max| 0,Re(B-7)].

1<j<m . 1<j<m,
I

Then the left-sided Saigo fractional integral 17/ of the product of two X -functions exists and
the following relation holds:

a,fm| -1 MM u
|0+ t Npi,Qi»Ti;l’ At
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(1-o;u0),(1-o—n+p;1,0):
(I-o+puv),(1-c—a—n;uv):

(aj ’ Ai )1,n1 """ |:Tj (aj ! Aj ):|ﬂl+1,pi ;(Cj , Cj )1,n2 ..... |:T; (Cj , Cj ):|”2+1’ pi
58 [0 ,0,), [0,

For f=—« in Corollary 3.3, the Saigo operator reduces to Riemann-Liouville operator cf.
Srivastava and Saxena (2000), and we obtain the following result:

)7

:Xa—ﬁ'—l NO,Z:ml,nl;mz,nz AX
2,2:p7,i7i s PO 7T

i-Gis7is P X

(3.5)

Corollary 3.4.

. (
gy, |t RO M”(

(CJ’CJ')ln """ 7i(c;.C;) L _
|

H 1
:X0'+a—l No,lzml,nl;mz,nz |:ﬂ,X -m +1, pj

LLpi Gi 7y} 71 v (1—0—05;,u,u):(bj,Bj )l,ml ..... [rj (bj,Bj ):|ml+1,qi ;

(3.6)

Now, if we set =0 in Corollary 1.4, the Riemann-Liouville operator reduces to Erdélyi-Kober
operator cf. Srivastava and Saxena (2000), and we obtain the following result:
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Corollary 3.5.

N I Sl B VA i [ (
(b;.B, )Lm1 ’""[Tj (bj’ B, )]Mqi

P (1—0—77;y,u):(aj,Aj )1,n1 ""’[Tj (aj,Aj ):|n1+1,pi ;
X’ (1—0'—05—77;#'0)5(bj’ B, )1,m1 ""’[Tj (bJ'Bi )]mﬁlyqi !
(Cj’Ci)l,nz ""’[T}(Ci’cj)]n2+1,p;

(dJ'Di)l,mz’“" r;(dj,Djﬂmmq{ .

_ Xa—l 0,1:m ,m;mp,np
- LLpi Gi7is P 7

3.7)

We can also obtain results of | -function and H -function for the corollaries 1.3, 1.4 and 1.5 by
following the same method as done in corollaries 1.1 and 1.2.

4. Right-Sided Generalized Fractional Integral of the Product of two X -
Functions:

In this section, we study the right-sided generalized fractional integration 1““##7 defined in

(2.2). Here we establish the product of two N -functions involving right-sided Saigo-Maeda
integral operator.

Theorem 4.1.
Let a,a', B8, 7,0,A4,weC, Re(y)>0, (#,0>0) and

Re(o)— u min Re[%}—u min Re[%} <1+min[Re(-B),Re(a+a’'~y),Re(a+p'~7)].

I<j<m; I<j<m, .
J

Further, let the constants a;,b;,a;,b; €C, A;,B;,A;,B;eR, (i=1...p;j=1...q);

i
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c,.d;c;,d; eC, C,,D,,C;,D;eR, (i=L...p/;j=1...q)), 7;,7/>0, for i=1r also satisfy
the condltlons as given (1.3) - (1.6). Then the right-sided generalized fractional integration
| «"#F7 of the product of two X -functions exists and the following relation holds:

Iiz,a',ﬂ,ﬂ',y foL M Pre (ai’AJ')ln1 |: (aJ’A’):|n1+1,pi

%

B N ORI B A CREN T

(6:C)yy, il 7i(e1C)],
(,:0)),,, - [55(9::0,)], .,

my,Ny v
Npl ai.7iir a)t

(x)

“No+y—a-a';uv),(c+y—a-puv),
“| (o), (c+y—a-a'-p'uv),

(o+ B uv): (a A, ) ,---,[T,- (aj’Aj )]nﬁl,pi ;(CJ’Cj)l,nz [T; (Ci’Ci)i|n2+1,pi’
((7—05—1—,8;#,0):(bj,BJ.)Lml oo ,[ (bj, B, ):|ml+l,qi ; (dj! D; )1,m2 ,-..,[T} (dj’ Dj)szu,q{

Special Cases of Theorem 4.1:

Xo‘aaﬂ/lNOSmlnlmznz ﬂ’x
3,33, 7i s PEL O 7T
WX

. (4.1)

Corollary 4.1.

If we put 7;=1,7/=1(i=12,..,r) in (4.1) and take (1.7) into account, then we arrive at the
following result in the term of | -function cf. Saxena (1982).

(ai ! Aj )1,n1 ""’(aj ! Aj )n1+l,pi
(55:By), (518,

(Cj’Cj )1,n2 ,”.’(Cj ’Cj )n2+1,pi'

(dj’ Dj )1,m2 ’m’(dj ! Dj )m2+l,qi’

ad Bpy| yo1 pmn —u
K 7 | At

my,n, -v
| PG5 t

(x)

(c+y—a-a';uv),(c+y—a-puv),(o+B;uv):
(o u,0), (o+y—a—a' =B uv),(c—a+ B uv):

(aJ’AJ) (2 A )Wl,pi ;(CJ’Ci)l,nz ""’(CJ'Cj>n2+1,pir ]

(bJ,BJ) (bj,Bj )ml+l,qi ; (dj, D, )Lm2 (dJ D, )mﬁl’q{ :

—H

Xaaa+;/1 0,3:mq,m ;mp,ny AX
3,3:pi.0i s P A Y

R %

%

(4.2)
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The existence conditions for (4.2) are the same as given in Theorem 4.1.

Corollary 4.2.

If we set 7,=1,7/=1 (izl,_r) and set r =1 in (4.1) and take (1.8) into account, then we arrive at

the following result in the term of product of two H -functions given by Ram and Kumar
(2011B, Eqn. (20), p. 39).

a;, A c,C.) |
| POt H M"( Ay H oz a)t”( <, (x)
(bj ! Bj )l,q (dl ! Dj )1,q’
IxH(o+y—a—a';pv),(oc+y—a-pu0),(c+ B uv):

3,3:p,0;p".q" -v

— Xa—a—a’ﬂz—l H 0,3:m,m;mp,np
wX

(o u0), (o+y—a—a' =B uv),(c+B—-a;uv):

(a,A )1,,3 i(c,.C )1,p’

. 4.3
(5,8,),.:(4,0,)., )

The existence conditions for (4.3) are the same as given in Theorem 2.

Now, if we follow Theorem 2 in respective case a'=4'=0, f=—n,a=a+ f, y=a . Then we

arrive at the following corollary concerning right-sided Saigo fractional integration operator cf.
Saigo (1978).

Corollary 4.3. Let &, 8,17,0,4,@<C, Re(a)>0, u,0>0 and let the constants

a;,b,,a;,b; eC, A,B;,A;,B;eR, (i=1..,p;j=1..q);c;d;c;d; eC,

i ji?

C,,D,,.C;,D;eR, (i=L...p;j=L...q/), 7,7/ >0 fori=1r.

i

Further, satisfy the condition

Re(o)— u min Re[%]—u min Re(%} <1+min[Re(A),Re(n)].

I<j<m . 1< j<m, .
] ]

Then, the right-sided Saigo fractional integral 1“#” of the product of two ¥ -functions exists
and the following relation holds:
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R S N A

b
m+1,pj

B e A A T
X (a;,u,u),(a—a—ﬂ—n;u,u):(bj,Bj)m,...,[rj(bj,Bj)] :

m +1,0j

(4.4)

Remark 4.1.

We can also obtain results concerning Riemann-Liouville and Erdélyi-Kober operators by
putting f=—« and S =0 respectively in Corollary 4.3.

5. Further Applications:

() If we specialize the first H -function in Corollary 1.2 to the exponential function by
taking =1, we obtain

' ' _ _ m, ,n
g P | (et g Y2t | oot

(1—0';1,0),(1—0—;/+a+a’+ﬂ;l,u),(l—a—ﬂ'+a;l,u) :
(1—0'—}/+a+a’;1,u), (1—o-—;/+a'+ﬂ;1,u),(1—0'—/3’;1,u):

! (CJ’CJ')l,p'
(O’l);(dj’ DJ' )1,q'

=X PO
3,301, p',
P ox?

o—a-a'+y-1 H 013:1v0;m2 Ny |: ﬂ’ X

(5.1)

The condition of validity of the above result can be easily obtained from Corollary 1.2.
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Further on letting 4 — 0 in the above result, it reduces in the following form:

(Cj’cj )1,p’
(dj’ Di )l,q’

(Cj,Cj)lyp,,(1—0',0),(1—0'—}/+a+a’+/3,u),(1—a—/3’+a,u),(cj,Cj)

, r’ , r’ _1 m 1n
Lo PP 17 H 202 | ot

(x)

n, +1,p

(di'Di)l,q" (1-o-y+a+a',v), (1—(7—7+a'+ﬂ,0),(1—0'—ﬂ'a'))
(5.2)

— Xo—a—a'+7—l m? :n2’+3 XV
P+3.0+3

(i) If we reduce the H -function to the generalized Wright hypergeometric function [cf.
Srivastava et al. (1982), p.19, eq. (2.6.11)] in the result given by (3.4), we arrive at
(c;.C;)

a, ' \B.By o-1 v Lp
1 7w, | ot (x)

(Cj,Cj)lvp,(O',U),(O'+]/—0!—O!'—ﬂ,U),(O'+,B'—a,1))

(dj,Dj)l’q,(aJr}/—a—a',u), (0+7/—a'—ﬂ,u),(0'+,b",u)

o-a-a'+y-1 v
=X V4

- p+3Wq+3 X

(5.3)

The conditions of validity of (5.3) can be easily defined from Corollary 1.2.

Further we can also obtain its companion result by setting
a'=p'=0, f=—n,a=a+pf, y=a

in (5.3) [cf. Gupta et al. (2010), p. 210, Equation (27)]:

(¢;.C))
Ia,ﬁ,n to‘—l tv Lp
e ook

1q

(Cj,Cj)l’p,(O',U), (c+n-p,0)

—x°F1t .
g (dj,Dj)Lq,(O'—/?,U),(O'+a+77,u)

(5.4)

v
p+21//q+2 X

A number of several special cases of Image 2 can also be obtained but we do not mention them
here on account of lack of space.
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5. Conclusions

In this research article we have studied and developed the generalized fractional integral
operators for X -function. We have established two results of the product of two N -functions
involving Saigo-Maeda operators which are believed to be new. A large number of new and
known results involving Saigo, Riemann-Liouville and Erdélyi-Kober integral operators are the
special cases of our main results. The obtained results provide extension of the results given by
Ram and Kumar (2011B) for the generalized fractional integration of the product of two H -
functions; given results also provide extension of the generalized fractional integration of the
product of two I -functions. A number of several special cases as Mittag-Leffler function,
Whittaker function and Bessel function of the first kind can be developed for Corollary 1.2 and
2.2.
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