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Abstract

In this article, we apply the modified simple equation method to find the exact solutions with
parameters of the (1+1)-dimensional nonlinear Burgers-Huxley equation, the (2+1) dimensional
cubic nonlinear Klein-Gordon equation and the (2+1)-dimensional nonlinear Kadomtsev-
Petviashvili-Benjamin-Bona-Mahony (KP-BBM) equation. The new exact solutions of these
three equations are obtained. When these parameters are given special values, the solitary

solutions are obtained.
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1. Introduction

In science, many important phenomena in various fields can be described by nonlinear partial
differential equations. Searching for exact soliton solutions of these equations plays an important

role in the study on the dynamics of those phenomena.
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With the development of soliton theory, many powerful methods for obtaining these exact
solutions are presented, such as the inverse scattering transformation method [Ablowitz and
Clarkson (1991)], the Backlund transformation method [Miura (1978)], the Hirota bilinear
method [Hirota (1971)], the extended tanh-function method [Fan (2000)], the sine-cosine method
[Wazwaz (2004)], the exp-function method [He and Wu (2006)], the F-expansion method
[Zhang and Xia (2006)], the Jacobi-elliptic function method [Lu (2005)], the (G'/G) -expansion

method [Wang et al. (2008)], the modified simple equation method [Jawad et al. (2010), Zayed
(2011), Zayed and Ibrahim (2012), Zayed and Arnous (2012)], and so on.

To exemplify the application of the modified simple equation method, we will consider the exact
wave solutions of three nonlinear partial differential equations, namely, the (1+1) nonlinear
Burgers-Huxley equation, the (2+1)-dimensional cubic nonlinear Klein-Gordon equation and the
(2+1)-dimensional nonlinear KP-BBM equation.

The rest of this article is organized as follows: In Section 2, the description of the modified

simple equation method is given. In Section 3, we apply this method to the three nonlinear
equations indicated above. In Section 4, conclusions are given.

2. Description of the Modified Simple Equation Method
Suppose we have a nonlinear evolution equation in the form:
Fu,u,u,u,,..)=0, 1)

where F is a polynomial inu (x, t) and its partial derivatives in which the highest order
derivatives and nonlinear terms are involved.

In the following, we give the main steps of this method [Jawad et al. (2010), Zayed (2011),
Zayed and Ibrahim (2012), Zayed and Arnous (2012)]:

Step 1. We use the wave transformation:

u(x,t)=u(s), &=x-ct, 2)
where c is a nonzero constant, to reduce equation (1) to the following ODE:

P(u,u’,u” =0, 3)
where P is a polynomial in u (&) and its total derivatives, while '=d /d &.

Step 2. We suppose that Equation (3) has the formal solution
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y'($)

u(g) =2 A { } (4)
Z 46

where A, are constants to be determined, such that A, = 0. The function (&) is an unknown

function to be determined later, such that ' = 0.

Step 3. We determine the positive integer N in Equation (4) by considering the homogeneous
balance between the highest order derivatives and the nonlinear terms in the equation (3).

Step 4. We substitute (4) into (3), calculate all the necessary derivatives u’,u”,..., of the
unknown function u (&) and account for the function y(&). As a result of this substitution, we
get a polynomial of !, (j =0,1,...). In this polynomial, we gather all the terms of the same
power of !, (j =0,1,...), and we equate with zero all the coefficients of this polynomial. This
operation yields a system of equations which can be solved to find A, and (&) . Consequently,
we can get the exact solutions of the equation (1).

3. Applications

In this section, we apply the modified simple equation method to find the exact wave solutions
and then the solitary wave solutions of the following nonlinear partial differential equations:

Example: 1. The (1+1)-dimensional nonlinear Burgers-Huxley Equation

This equation is well known [Yefimova and Kudryashov (2004), Kheiri et al. (2011),
Kudryashov and Loguinova (2008)] and has the form:

u +u, +3uu, +au +u’+u’=0, (5)

where « is a nonzero constant. The solutions of the equation (5) have been investigated by using
the Cole-Hopf transformation [Yefimova and Kudryashov (2004)], the (G'/G) -expansion
method [Kheiri et al. (2011)] and the extended simple equation method [Kudryashov and
Loguinova (2008 )]. Let us now investigate the equation (5) using the modified simple equation

method. To this end, we use the transformation (2) to reduce the equation (5) to the following
ODE:

—cu'+u"+3uu’'+au +u’+u®=0. (6)

Balancing u” with u® yields N =1. Consequently, the equation (6) has the formal solution
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U(E) =A, +A, [ﬂj ™
%

where A, and A, are constants to be determined such that A, =0 and ' = 0. Itis easy to see
that

" 12
u'=A1(£—‘”—2}. ®)
v oy
and
, " 3 ron 2 13
N e ©
v oy 7

Substituting (7) - (9) into (6) and equating all the coefficients of w° w2, to zero, we
respectively obtain

w® A (AZ+A,+a)=0, (10)
w A"+ AW (3A, —C)+ Ay (BAZ +2A, +a) =0, (11)
w2 AP —3A,+A +3AA) + 3y "A (A, 1) =0, (12)
w2 A (A7 -3A,+2)=0. (13)

Since A, #0 and y' =0, we deduce from (10) and (13) that

A, =0, AZ+A,+a=0, A =1, A =2 (14)
Let us now discuss the following cases:
Case 1. If A;=0, A =1
In this case, equations (11) and (12) reduce to

v"—-cy"+ay' =0, (15)

€ +1y'"? =0, (16)
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From equations (15) and (16), we get ¢ =—1 and
l,//m+l//"+al//, — 0’ (17)

which has the solution

W =C, +C, exp{(—l+ \/1—405)%}%3 exp [—(1+ \/1—405)%}, (18)

where ¢, and c, are constants and « s%. Differentiating (18) with respect to &, we have

Yo cz(—1+2\/1—4a) exp{(—1+ /—1_40{)%}_

— (19)
Mexp {—(1+ \/l——4a)§}.

Substituting (18) and (19) into (7), we obtain

c, (_“ ﬁ}exp{(—“ V1-4a) 921
u($) = -

C,+C, exp{(—l+ \/1—405)6;} +C, exp[—(1+ \/1—404)6;}
N [1+ it ]exp[_m Ve

C, +C, exp[(—1+ \/1—4oz)g}+c3 exp[—(1+ J—4a) i :

(20)

If we set ¢, =0 and c, =+c, , we have the following solitary wave solutions

2

u,(x,t) :—%{1—\/1—405 tanh{ 1-4a (x +t)}}, (21)

and
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2

u,(x,t) = —%{1—\/1—405 coth{ 1-4a (x +t)}}

Case 2. If A;=0, A =2

In this case, equations (11) and (12), respectively, reduce to

l//’"—CV/"+ 0“//1 — O,
and
y'((c+2y'+3y") =0.

Since ' = 0, we deduce from (23) and (24) that

. . CP+2c+3a
w"ly"=— Cc#-2.
C+2

Integrating (25) yields

) c?+2c+3a
y'=cexp|| ———— |§ |-
c+2

From (24) and (26) we get

, -3, c’+2¢ +3a
y'= expl| ———— S |
c+2 c+2

and consequently,

e % exp c?+2c+3a c
Vet T e 1 30 cC+2 '

E. M. E. Zayed and A. H. Arnous

(22)

(23)

(24)

(25)

(26)

(27)

(28)

where ¢, and c, are constants of integration. Now, the exact wave solution of the equation (5)

has the form:
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c’+2¢c +3a
expl| ———— |(x —ct)
—6C cC+2
u(x,t)=—= . (29)
c+2 3, c®+2c+3a
C,—— exp (x —ct)
C°+2c+3x c+2
2
If we set ¢ :# and ¢, =1 in (29) we have the following solitary wave solutions,
respectively, as:
2 2
u (x,t) = ¢ +2+3a 1+ coth 1fc +2c+3a (x —ct) |!, (30)
c+2 2 c+2
and
2 2
u,(x,t) = CH2+3a )y ooy L[ CC 2 +3a (x —ct) | L. (31)
c+2 2 c+2

Case 3. A +A,+a=0, A =1.Inthis case, equations (11) and (12), resprctively, reduce to

w" +(3BA, —C)y"+(BA. +2A, +a)y' =0, (32)
and

C+1y'? =0. (33)
Since A, +A,+a =0, we get

3AZ+2A, +a =2A7 +A,. (34)
From equations (32), (33) and (34) we have ¢ =-1 and

w"+ (A, + D"+ A, (2A, + Dy’ =0, (35)
which has the solution

W =C, +C, exp[-A,&]+C, exp[-(2A, +1)&]. (36)

Differentiating equation (36), we get
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p' =—AL, exp[-A,E]- (2A, +1)c, exp[-(2A, +1)£] (37)
Substituting equations (36) and (37) into (7), we have

AL, exp[-A &1+ (2A, +1)c, exp[—(2A, +1)¢]

(38)
C, +C eXp[-AgS] +C5 exp[—(2A, +1)¢]

u(e)=A,

If we set ¢, =0 and c,=4c, in (38), we obtain the following solitary wave solutions,
respectively, as:

u, (X ,t) =w{l—tanh[%(Ao +1)(x +t)}}, (39)
and

u, (X ,t) =#{1—coth B(A0 +1)(x +t)}}. (40)

Case 4. Al +A,+a=0, A =2
In this case, equations (11) and (12), respectively, reduce to

w" +(3A, —C)y"+ (BAZ +2A, + a)y' =0, (41)
and

v'[(BA, +C +2)y'+3y"]=0. (42)
Since ' = 0, we deduce from (41), (42) and using (34) that

_ 3a+c(C+2) (43)

W/ " .
i 3A,+C+2

Integrating (43) yields

From (42) and (44) we have
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, -3 y -3 3a+c(C+2
y'= y'" = ——exp ( )f, (45)
3A,+C+2 3A,+C+2 3A,+C+2
and consequently, we get
Ko 3a+c(c+2)
=C,————exp|| ——— |£ |, 46
VT sarec +2) p{[ 3A, +C +2 jf} (40)

where c,and c,are arbitrary constants of integration. Now, the exact wave solution of equation
(5) has the form:

u(x,t)=A
exp|:[3a+c(c+z)j(x_ct):|
6 3A +C+2 (47)
Shrer2| (3 o ol[Berce+d)) o |
2 Ba+c(c+2) P 3A, +C+2

3a+c(c+2)

where A, =%(—1J_r\/1—4a) and aS%. If we setc, = and ¢, =+1 in (47), we

have respectively the following solitary wave solutions:

ul(xlt):A\)
+(3a+c(c+2)]{“CothF(mm(wz)](x_ct)}}, (48)
3A,+C+2 2\ 3A +C+2
UZ(X,'[) = A\)
+(3a+c(c+2)){l+tanh{l[3a+c(c+2)](x_ct)}} (49)
3A,+C+2 2\ 3A +C+2

Example: 2. The (2+1)-Dimensional Cubic Nonlinear Klein-Gordon Equation

This equation is well known [Wang and Zhang (2007), Zayed (2011)] and has the form:

Uy +U,, —Uy +au —Bu’ =0, (50)
where « and g are nonzero constants. The solution of the equation (50) has been investigated
using the multi-function expansion method [Wang and Zhang (2007)] and the (G'/G) -

expansion method [Zayed (2011)]. In this section we investigate the equation (50) by the
modified simple equation method. To this end, we use the wave transformation
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u(x,y,t)=u(é), &=x+y —ct, (51)
to reduce the equation (50) to the following ODE :
(2—c®)u"+au - pu®=0, (52)

where (2—c?) = 0. Balancing u” with u® yields N =1. Consequently, the equation (52) has the
formal solution (7). Substituting (7) - (9) into (52) and equating all the coefficients of
v’ ww W to zero, we, respectively, obtain

w': A (a-pAY) =0, (53)

y A2 -ct)y "+ Ay (e -3BA7) =0, (54)

w2 B3AW (€% -2w" - BAAW) =0, (55)
and

v Ay (2(2—c?) - BA]) =0. (56)

Since A, #0 and y' =0, we deduce from (53) and (56) that

\/E / 2(2 c? 57)

2

—C S0,

where g> 0 and 2
B

Let us now discuss the following cases:

2
Case 1. A;=0, A =% 2(2-¢’)

. In this case the equations (54) and (55) yield ' =0. This

case is rejected.

2
Case 2. A = J_r\/%, A== /% Since ' = 0, we deduce from (54) and (55) that

(2-cy" -2ay’ =0, (58)
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c?-2)y"—2a(2-c*)y' =0.
From (58) and (59) we deduce that

2c
2-¢c?’

WW / l//" - _

Consequently, we get

" | 2a
=C,eXP| =y |—/——¢ |-
l// 1 p|: 2_C2§i|

From (59) and (61) we have

SR et B ]

and consequently, we have

c,(2-c?) / 2a
=C 1—e - —_ ,
l// 2+ 26¥ Xp|: 2_C2§

where ¢, and c, are arbitrary constants of integration.

Now, the exact wave solution of the equation (50) has the form

( ) clexp{— (22022)5}
/a_ 2-c? -
u)=+ E+ \/@

If we set ¢, =

2—C
solutions

u,(x,y,t) :i\/%tanh{ m(x +y ct)}

C,+ ¢ (2-¢ )exp{— ( 20’2]5}
2a 2—-C

= and c, =1 in (64) we have, respectively, the following solitary wave

563

(59)

(60)

(61)

(62)

(63)

(64)

(65)
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a a
Uz(X,y,t):i\/%COth|: m(x +y—Ct):|. (66)

Example: 3. The (2+1)-Dimensional Nonlinear KP-BBM Equation

This equation is well known [Zayed and Al-Joudi (2010), Wazwaz (2008)] and has the form

(ut +ux _a(u)i _ﬁuxxt)x +7uyy 201 (67)

where «, 3,7 are nonzero constants. The solution of the equation (67) has been investigated

using the auxiliary equation method [Zayed and Al-Joudi (2010)] and the extended tanh-function
method [Wazwaz (2008)]. In this section we will solve the equation (67) by using the modified
simple equation method. To this end, we use the wave transformation (51) to reduce the equation
(67) to the following ODE:

(~cu'+u'—a@U?) +cpu™ +m"=0. (68)
By integrating the equation (68) twice with zero constants of integration, we get
(y—c+u—au®+cpu”"=0. (69)

Balancing u” with u?yields N =2. Consequently, the equation (69) has the formal solution:

! !

u(g)=A,+A, [%J+A2 (%} , (70)

where A,,A, and A, are constants to be determined such that A, #0 and y'#0. Itis easy to
see that

" 12 ron 13
u'(f):Al[‘”——"’—Z}+2Az('/"’§ —‘”—3], (71)
v v

and

) m 3 P 2 13 rom "2 5 12" 3 14
0= A[£ BB o [ s ) -

2+
A 7 A
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Substituting (70) and (72) into (69) and equating all the coefficients of ° ™", w2, w2, to
zero, we deduce, respectively, that

w(y+1-C)A,—aA =0, (73)
y AL +1-c)y' —2aAgy’ +c By "] =0, (74)
yi—a Ny +(y +1-C) Ayt —2a A A" —3cSAYy" + 20 fA W +y'y"]=0,  (75)

w20 A" —2aA A" —10c BALY *y" =0, (76)

v i6cfAY —aAly't =0. (77)
From equations (73) and (77), we have the following results

-c+1 6C
A, =0, A,=Z —, A2=7ﬂ, (78)

where y—c+1=0.
Let us now discuss the following cases:

Case 1. A,=0and A, =0, then y'=0. This case is rejected.

Case 2. A,=0and A, #0, then we deduce from equations (74) - (76) that

(y—c+1)y' +c By =0, (79)
—aAy"” +(y—c+ DAY -3cSAYy" +2¢ A (" +y'y") =0, (80)
2 fAY' —2aA Ay’ —10c BAy" =0. (81)

From (79) and (81), we have

W = —By" _—6cpy”
y—c+1 aA,

: (82)

and consequently, we get
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_ 6(y —c +1)

W/ 14 83
v"ly A (83)
Integrating (83), we get
y 6(y—c+1
w" =c,exp {M §:| , (84)
aA,
and substituting from (84) into (82), we have
Yo —6c /3, exp{e(y —C +1) g}. (85)
ah, ah,
Integrating (85), we have
cp 6(y—c+1)
=C, — c,exp| ———¢& |, 86
v =C, }/—C+ll p[ oA, g (86)

where ¢, and c, are arbitrary constants of integration. Substituting equation (82) into (80), we
get

Al:igw/—cﬁ'(y—c +1), (87)
o

where ¢ S(y —c +1) < 0. Now, the exact wave solution of the equation (67) in this case has the

form
/—(;/—C+l)
u(e) = L5 exp{i Cﬂ 4
o c, - cpe, exp[i —(y—c+1)4
y—c+1 \j cp
) (88)
exp{i _(7_C+1)4
_ 6c’p%c/ cf
aly=c+D) | cfg exp{i /—(7—C+1)§}
y—Cc+1 cp
y—C+1

If weset ¢, = and c, = =1 in (88), we have the following solitary wave solutions:
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ul(X,y,t)=Mcsch{ /_(c;—(;rl)(x +y —ct)},
(04

and

u,(x,y,t) =W%Ch{ /%(x +y —ct)}.
[04

Case 3. A, =2/—% 1

and A, =0, then ' =0. This case is rejected.
(24

Case 4. A, =7"¢ i

and A, =0, then we deduce from equations (74) - (76) that
(94

—(y—c+Dy'+cBy" =0,
’ 6¢c -c+1 ' ron 1202 ? " oo
—aﬁzwz—%wz—%ﬁﬂww +Tﬁ[t// 2y =0,

’ ! 6C ”n
y Ay +~—;fzvf 1=0.

From equations (91) and (93), we have

i CBY" e py
y—Cc+1 aA,

i)

and consequently, we get

_ —6(y —Cc +1)

m / 14
v"ly A

Integrating the equation (95), we obtain

—6(y —Cc +1)
ahA; f},

and substituting the equation (96) into (94), we have

' _GCﬂ

1

—6(y—-c +1)
aA, 5}'

567

(89)

(90)

(91)

(92)

(93)

(94)

(95)

(96)

(97)
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Integrating (97), we have

o —6(y—-c+1
w=Cz+y_f+1cleXp[(2—Al)§} (98)

where ¢, and c, are arbitrary constants of integration. Substituting the equation (94) into (92),
we get

Al:iE«/C,B()/—C +1), (99)
o

where c f(y —c +1) > 0. Now, the exact wave solution of the equation (67) in this case has the
form

exp| ¥ 7_C+1§
):y—c+1_60ﬁcl _Cﬂ ]
a cpc, exp| 7—c+1§
y—c+1 | g ]

u(s

- (100)
£ 7= c+1, ]
exp| ¥, |[—¢
s 6c%p°c? i cp
—-c+1 _
a(y—c+1) ¢+ cpc, exp| 7|7 C+1§
y—Cc+1 cp

If we set ¢, = y—c+l and ¢, =+1 in the equation (100), we have respectively the following

solitary wave solutions:

ul(x,y,t): C+l{ Zsech? {

(X +y ct)}} (101)

and

u,(x,y,t)= r—¢ +1{1+gcsch{ yzlc(:;l(x +y —ct)}} (102)
(04

4. Conclusions

In this article, we have applied the modified simple equation method to find the exact solutions
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of the (1+1)-dimensional nonlinear Burgers-Huxley equation, the (2+1)-dimensional cubic
nonlinear Klein - Gordon equation and the (2+1)-dimensional nonlinear KP-BBM equation
which play an important role in the mathematical physics.

On comparing our results of these equations using the modified simple equation method with
the well- known results from other methods, we conclude that our results are different, new and
not published elsewhere. Furthermore, the proposed method in this article is effective and can be
applied to many other nonlinear partial differential equations.

Finally, the physical meaning of our new results in this article can be summarized as follows:
The solutions (21), (31), (39), (49) and (65) represent the kink shaped solitary wave solutions,
while the solutions (90) and (101) represent the bell shaped solitary wave solutions, (see also
Figures 1-4).
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FIGURES

Figure 1. The plot of the solution (21), when & =—12
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Figure 3. The plot of the solution (89), when & =2, 8=-9,y =4,c =1,y =0
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Figure 4. The plot of the solution (90), when «



