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Abstract

In this paper, the fractional derivatives in the sense of the modified Riemann-Liouville derivative
and the first integral method and the Bernoulli sub-ODE method are employed for constructing the
exact complex solutions of the perturbed nonlinear fractional Schrodinger equation and comparing
the solutions.
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1. Introduction

The investigation of exact solutions to nonlinear fractional differential equations plays an impor-
tant role in various applications in physics, fluid flow, engineering, signal processing, control
theory, systems identification, biology, finance and fractional dynamics (Kilbas et al., 2006;
Mille and Ross, 1993; Podlubny, 1999). Recently, a good deal of literature has been provided
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to construct the solutions of fractional ordinary differential equations, integral equations and
fractional partial differential equations of physical problems.

The fractional Schrédinger equation is a basic equation of fractional quantum mechanics. It was
first proposed by Nick Laskin as a result of extending the Feynman path integral, from the
Brownian-like to Lvy-like quantum mechanical paths (Laskin, 2002).

Some numerical methods have been proposed to obtain approximate solutions for the fractional
Schrodinger equation, such as the Homotopy analysis method (Hemida et al., 2012; Zheng and
Zhao, 2013), Adomian decomposition method (Herzallah and Gepreel, 2012; Zheng and Zhao,
2013), and so on. Using the the first integral method (Feng, 2002) and the Bernoulli sub-ODE
method (Zheng, 2012) we are able to find exact solutions of the perturbed nonlinear fractional
Schrodinger equation.

The rest of this paper is organized as follows. First in Sec. , we give some definitions and
properties of the modified Riemann-Liouville derivative. In Sec. , we give a description of the
two methods. Then in Sec. -B, we apply both methods to establish exact solutions for the perturbed
nonlinear fractional Schrodinger equation. Conclusions are presented at the end of the paper.

2. The Modified Riemann-Liouville Derivative

(Jumarie, 2006) proposed a modified Riemann-Liouville derivative. With this kind of fractional
derivative and some useful formulas, we can convert fractional differential equations into integro-
order differential equations by variable transformation.

Assume that f : R — R, x — f(z) denote a continuous function. The Jumarie modified
Riemann-Liouville derivative of order « is defined by the expression

s (= &7 (F(€) — £(0))de O<a<l,
Dif(t) =
(fr)™ n<a<n+1, n>1.

We list some important properties for the modified Riemann- Liouville derivative as follows:

Di(f)g(t)) = g@)DF f(t) + f(t)Dfg(t),
! rl+r—a)
Dy f@)g)] = f()gule@IDFg(t) = Dy flg(t)](9(t))*,

direct results of the equality D“x(t) = I'(1 + a) Dx(t), which holds for non-differentiable
functions.

3. The Two Methods

Let us consider the fractional differential equation with independent variables x = (1, %2, ..., Ty, t)
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and a dependent variable u
fe' 2c
F(u, Dyt Ugyy gy« « «y DUy Uy s Ugg s Uggzs s - - ) = 0. (1)

Using the variable transformation

At

u(xlyx27 e 7xn7t) = u(€)7 6 = llxl + l2x2 Tt lnxn * m’

where [; (j = 1,2,...,n) and X\ are constants to be determined later, the fractional differential
equation (1) is reduced to the nonlinear ordinary differential equation

F(u(g)a Au'(ﬁ), llu/(€)> cee >lnu/(€)> )\2u//(€)’ .- ) =0, ()

where 7’7 = 4

A. The First Integral Method(FIM)

This method introduces a new independent variable

_ 919
Y = % 3)

which leads to a system of nonlinear ordinary differential equations

0X()

o Y (§), 4)

Y (§)

e = RXE.Y(©)

By the qualitative theory of ordinary differential equations (Ding and Li, 1996), if we can find
the integrals to equation (4) under the same conditions, then the general solutions to equation (4)
can be obtained directly. In general, however, it is really difficult to realize this even for the first
integral, since for a given plane autonomous system, there is no systematic theory that can tell
how to find the first integrals, nor is there a logical way for telling what these first integrals are.
We will apply the Division Theorem to obtain one first integral to equation (4) which reduces
equation (2) to a first order integrable ordinary differential equation. An exact solution to equation
(1) is then obtained by solving this equation. Now, we recall the Division Theorem:

Division Theorem. Suppose that P(w, z) and Q(w, z) are polynomials in C|w, z]; and P(w, 2)
is irreducible in C|w, z|; If Q(w, z) vanishes at all zero points of P(w, z), then there exists a
polynomial G(w, z) in Cw, z] such that

Q(w, z) = P(w, 2)G(w, z).



142 N. Taghizadeh et al.

B. The Bernoulli Sub-ODE Method

In this method, we assume that equation (2) has a solution in the form

u(€) = kid'(€), (5)
=0
where k; (i = 0,1,2,...,m) are real constants to be determined later. ¢(£) expresses the solution
of the auxiliary ordinary differential equation
¢'(€) = ag(§) + B¢*(6). (6)
When ( # 0, equation (6) is the type of Bernoulli equation, and we can obtain the solution as
et
¢ - B af"
Co — 56

Integer m in (5) can be determined by considering the homogeneous balance between the
nonlinear terms and the highest derivatives of u(¢) in equation (2). Substituting (5) into (2)
with (6) then the left hand side of equation (2) is converted into a polynomial in ¢(¢) equating
each coefficient of the polynomial to zero yields a set of algebraic equation for k;,[;, o, 3, \.
Solving the algebraic equation obtained and substituting the results into (5) then we obtain the
exact travelling wave solutions for equation (1).

4. Perturbed Nonlinear Fractional Schrodinger Equation

Now we seek the perturbed nonlinear fractional Schrodinger equation with the kerr law nonlin-
earity,

(e}

0% .
z% + Ugy + yulul? + 1Yz + YolulPu, + 73(|u|2)mu] =0, t>0, 0<a<l, (7)

where 7y, is third order dispersion, 7, is the non-linear dispersion, while 73 is a also a version
of nonlinear dispersion. We use the transformation

bt*
I(a+1)
where a and b are constants. Substituting (8) into equation (7) we can show that equation (7) is
reduced into an ordinary differential equation:

u(z,t) = u(), E=axr+ (8)

ibug + a’uge + yul|u)?® + i[y1a ugee + yoaluPue + yza(|ul*)eu] = 0. )
Function u is a complex function so we can write
u(€) = e"*w(g),
where s is a constant and w(§) is a real function. Then (9) reduced to

[(—bs — a®s® + 11a*s*)w + (7 — y2as)w® + (a® — 3y1a”s)wee]
+i[(b+ 2a*s — 3y1a’s*)we + Y@ weee + (y2a + 2y3a)wwe] = 0.
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Then we have two equation as follows:

(=bs — a’s® + 71a>s*)w + (7 — yeas)w® + (a® — 3y1a°s)wee = 0, (10)
(b4 2a%s — 3y1a°s*)we + (20 + 2y3a)w we + Y10 weee = 0. (11)
Integrating (11) and taking zero as the integration constant, we have :
1
(b+ 2a*s — 3y1a°s*)w + g(’}/ga + 2y3a)w® + 10’ wee = 0. (12)
By (10) and (12) we have the same solutions. So, we have the following equation:
—bs —a’s* + na’s®  y—pas  a® —3ma’s (13)
b+2a%s — 3na’s?  i(pa+2ya) 0 mad
from (13) we obtain
s = _—b + § as® + i a
T2z 2 T e
where we assume that
A= —bs—a’s> +ma®s’, B=~y—yas, C=a®—-3vads.
So (10) is transformed into the following form:
Aw + Bw? + Cwge = 0. (14)
C. Exact Solutions by Using the First Integral Method
In this case, by using (3) and (4), we can get
X(©) =Y(©, (15)
. —A B
V() =—X-=X" 16

According to the first integral method, we suppose the X (£) and Y (§) are nontrivial solutions
of (15) and (16) and

QXY) = Zai(XW’ =0,

is an irreducible polynomial in the complex domain C[X, Y] such that
Q(X(£),Y(9) =D a(X(€)Y' (&) =0, (17)
i=0
where a;(X)(i =0, 1,...,m), are polynomials of X and a,,(X) # 0. Equation (17) is called the
first integral of (15) and (16). By the Division Theorem, there exists a polynomial g(X)+h(X)Y,
in the complex domain C[X, Y] such that

1Q _ dQdX | dQdY _

&~ axde Tavag OO0V ailx)y" 1o

m
=0
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In this example, suppose that m = 1, by comparing the coefficients of Y(i = 0,1,2) on both
sides of (18), we have

ir(X) = h(X)a; (X), (19)
io(X) = g(X)ar(X) + A(X)ao(X), 20)
(X)X — ZXY = g(X)aolX). @)

Since a;(X) (i = 0,1) are polynomials, then from (19) we deduce that a;(X) is constant and
h(X) = 0. For simplicity, take a;(X) = 1. Balancing the degrees of ¢g(X) and ao(X), we
conclude that deg(g(X)) = 1 only. Suppose that g(X) = kyX + ki, then we find ao(X),

1
a(](X) = §k0X2 —|— k‘lX —|— ]{52,

where ko is an arbitrary integration constant.

Substituting ao(X) and ¢g(X) into (21) and setting all the coefficients of powers X to be zero,
we then obtain a system of nonlinear algebraic equations which solves to yield the following

results.
—2B A |-C
_ ~ - Y 22
ko ol ki1 =0, ky C\/ ¥ (22)

Using conditions (22) in (17), we obtain

—-B A |-C
Yi(§) = — sz(SH'a\/@- (23)

Combining (23) with (15), we have the exact solution to equations (15) and (16) and also the
exact solution of the perturbed nonlinear fractional Schrodinger equation can be written as

[—A  ig(amr bt | A bt®
w(x,t) = 5 ¢ (74 a1 tanh( %(ax—l—m—l-&])), (24)

where A = —bs — a%s®> +va®s®, B =~ — yas and C = a® — 3y1a%s.

—2B A |-C
ko o =0k c\V 2B (25)

Using conditions (25) in (17), we obtain

— A |-C
%20 =1/ 55X0 ~ 51/ 55 26)

Combining (26) with (15), we obtain the exact solution to equations (15) and (16) and then the
exact solution of the perturbed nonlinear fractional Schrédinger equation to be:

—A is(az+ 2o A bt
us(z,t) = —1/ & ¢ (r ) tanh(y/ @(ax + T tl) + &), (27)

3

Case I:

Case II:

where A = —bs — a%s®> +va®s®, B =~ — Yas and C = a® — 3y1a%s.
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Remark 1:

145

In the perturbed nonlinear fractional Schrodinger equation, where v; = v = 73 = 0, equation

(7) degenerates to the nonlinear fractional Schrodinger equation,

aa
z%+umm+7u|u|2:0, t>0, 0<a<l.
The exact solution of equation (28) has the following forms:

bt

b —ib gy DY b
uy(z,t) = € 202 T+’ tanh ar + ——— + ,
1( ) 2@\/_—7 (2\/§a2( F(Oé—l—l) 50))
and g
- = (x4
’t = 2a2 F(Oé+1) t h - _I_ ,
UQ([E ) 2@\/_—7 6 an ( \/_az( ( + 1) 50))

where a, b and &, are arbitrary constants and ~ is a negative constant.

D. Exact Solutions by Using the Bernoulli Sub-ODE Method

(28)

In this case, the Bernoulli sub-ODE method admits to determine the parameter m by balancing

wee and w? in equation (14), so we have m = 1.

Therefore, the Bernoulli sub-ODE method in the form (5) admits the use of the finite expansion

w(§) = k19 + ko.

(29)

Substituting (29) into equation (14) and using (6), collecting the coefficients of ¢, we obtain:

¢ : BE+2Ck3* =0,

®* 1 3Bkok? +3Ckiaf3 =0,

o' Aki+ 3Bkiki + Ckia® =0,
¢° : Ako+ Bkl =0.

Solving this system, using Maple, gives

—A —2C 2A
ho=y\ g k=0\—TF =\

Then the exact solution of the equation (7) has the following form:

Case I:

is(am—i——bta ) —A 2o
ui(z,t) = —e T(aFT) 11— —1,
B Co — ﬁ /%6\/ %(am—i—ﬁ)
where A = —bs — a%s®> +va®s®, B =~ — Yas and C = a® — 3v,a%s.

Case II:

—A -2C 2A
M=\ M= =\

(30)
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Then the exact solution of the equation (7) has the following form:

is(azt =2 —A 260
ug(x,t) = —e (az+ 1 TTy) 1/ 3 11— YO )], (31)
Co _I_ /8 / ﬂe C T'(a+1)

where A = —bs — a%s®> +va®s®, B =~ — Yas and C = a® — 3v,a%s.

—A —2C 2A
Fo==\ g k==0\—5> a=\

Then the exact solution of the equation (7) is of the following form:

_is(amb =) —A 2¢q
us(x,t) =e TaFD)/ 4/ 11— -1, (32)
B o — ﬁ /%6\/%@&4-%)

where A = —bs — a?s> + v1a®s®, B =~ —as and C = a® — 3y1a%s.

—A —-2C 2A
=T\ MEN TR =V e

Then the exact solution of the equation (7) has the form:

Case III:

Case IV:

—A 200

) _ 6is(am+—r(bofil)) _ [1 _
_./2A bt
co+ 4/ Se Ve (@z+ray)
3

B
where A = —bs — a%s®> +va®s®, B =~ — Yas and C = a® — 3y,a%s.

ug(x,t ], (33)

Remark 2:
According to Remark 1, the exact solution of equation (28), using the Bernoulli sub-ODE method,
has the following form:

—1 « _ 2
ul(l’,t) = —6211_5((”4_%) 2 [1 N 2002 ’
pl Co — %eﬁfﬂ (a+ rey)
and
ug(w,t) = —efg(aﬂﬁ) 2 [1— Co : I
e co + %e_ V22 (@ ey
and
Ug(l’,t) = efg(am"’%) 2 1 — 230_2 ]’
ta%y Co — %eﬁ?ﬁ (az+ ey
and
—p2 9%,

—ib bt
—_ (az+ )
ug(,t) = e2e? T(at1) 1-—
( ’ ) 4@2’}/ [ \/50,25 _ﬂ(am_i_i)
CO_I_ = e V202 T'(a+1)

where a, b and ¢, are arbitrary constants and ~ is a negative constant.
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5. Conclusion

This paper has successfully applied the first integral method and the Bernoulli sub-ODE method to
find the new exact solutions for the perturbed nonlinear fractional Schrodinger equation. The two
methods are powerful and applicable to many nonlinear fractional partial differential equations.

Comparing the first integral method with the Bernoulli sub-ODE method shows that the two
methods in the general case, do not produce each other solutions. However, they are equivalent
under certain conditions:

« In expression (30), if 3 = \/% and ¢y = ¢~V €% then u; = uy(z,t) is equivalent to the

expression (27).

(
expression (24).
« In expression (32), if 3 = \/% and co = e V% then ug = us(z,t) is equivalent to the

« In expression (31), if § = % and ¢ = eV E% then uy = us(z,t) is equivalent to the

expression (24).
« In expression (33), if § = % and cg = eV then uy = uys(z,t) is equivalent to the
expression (27).
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