Available at Applications and Applied

poiim,
f;‘ dm\ http://pvamu.edu/aam Mathematics:
e A Appl. Appl. Math. An International Journal
ISSN: 1932-9466 (AAM)

Vol. 11, Issue 1 (June 2016), pp. 61 — 82

Priority Queueing System with a Single Server
Serving Two Queues MX! MXel/Gy G,/1
with Balking and Optional Server Vacation

G. Ayyappan and P. Thamizhselvi

Department of Mathematics
Pondicherry Engineering College
Puducherry, India
ayyappanpec @hotmail.com; tmlselvi972 @pec.edu

Received: October 12, 2015; Accepted: February 9, 2016

Abstract

In this paper we study a vacation queueing system with a single server simultaneously dealing with
an M™1/G;/1 and an M™21/G,/1 queues. Two classes of units, priority and non-priority,
arrive at the system in two independent compound Poisson streams. Under a non-preemptive
priority rule, the server provides a general service to the priority and non-priority units. We
further assume that the server may take a vacation of random length just after serving the last
customer in the priority unit present in the system. If the server is busy or on vacation, an
arriving non-priority customer either join the queue with probability b or balks(does not join
the queue) with probability (1 — b). The time dependent probability generating functions have
been obtained in terms of their Laplace transforms and the corresponding steady state results
are obtained explicitly. Also the average number of customer in the priority and the non-priority
queue and the average waiting time are derived. Numerical results are computed.
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1. Introduction

The study on queuing models has become an indispensable area due to its wide applicability in
real-life situations; all the models considered have had the property that units proceed to service
on a first-come, first-served basis. This is obviously not only the manner of service, and there
are many alternatives, such as last-come, first-served, selection in random order, and selection by
priority. In order to offer different qualities of service for different kinds of customers, we often
control a queueing system by priority mechanism. This phenomenon is common in practice. For
example, in telecommunication transfer protocol, for guaranteeing different layers of service for
different customers, priority classes control may appear in the header of an IP package or in an
ATM cell. Priority control is also widely used in production practice, transportation management,
etc.

A few papers appear on bulk arrival priority queueing system. Hawkes (1956) considered the
time dependent solution of a priority queue with bulk arrivals. Haghighi and Mishev (2006)
have studied a parallel priority queueing system with finite buffers. Vacation queues have been
studied by several authors including Doshi (1986), Takagi (1990), and Chae et al. (2001).
Ayyappan and Muthu Ganapathi Subramanian (2009) have studied single server retrial queue-
ing system with non-pre-emptive priority service and single vacation exhaustive service type.
Madan (2011) studied a Non-preemptive priority queueing system with a single server serving two
queues M /G /1 and M/D/1 with optional server vacations based on the exhaustive service of the
priority units. Haghighi and Mishev (2013) have studied a Stochastic Three-stage Hiring Model
as a Tandem Queueing Process with Bulk Arrivals and Erlang Phase-Type Selection. Jain and
Charu Bhargava (2008) have studied bulk arrival retrial queue with unreliable server and priority
subscribers. Jinbio and Lian (2013) have studied a single-server retrial G-queue with priority
and unreliable server under Bernoulli vacation schedule. Thangaraj and Vanitha (2010) have
studied an M /G/1 queue with two-stage heterogeneous service compulsory server vacation and
random breakdowns, and Jau-Chauan and Fu-Min (2009) have studied modified vacation policy
for M/G/1 retrial queue with balking and feedback.

In this paper we consider a priority queueing system with a single server serving two queues
MX/Gy /1 and M2l /G, /1 with balking and optional server vacation based on exhaustive
service of the priority units. The service time of the priority and non-priority customers follows
general (arbitrary) distribution. We assume that the server may take a vacation of random length
but no vacation is allowed if there is even a single priority unit present in the system. Thus the
server may take an optional vacation of random length just after completing the service of the last
customer in the priority unit present in the system with probability 6 or else may just continue
serving the non-priority units if present in the system with probability (1 — 6). If the server is
busy or on vacation, an arriving non-priority customer either joins the queue with probability b or
balks (does not join the queue) with probability (1 — b) and the priority units are not allowed to
balk the queue.

Here we derive time dependent probability generating functions for both priority and non-priority
units in terms of Laplace transforms. We also derive the average queue size and average waiting
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in the queue for both priority and non-priority units. Some particular cases and numerical

results are also discussed.

The
tion

rest of the paper is organized as follows: Mathematical description of our model in Sec-
(2). Definitions, equations governing of our model and the time dependent solution have

been obtained in Sections (3) and (4). The corresponding steady state results have been derived
explicitly in Section (5). Average queue size and the average waiting time are computed in
Sections (6) and (7). Some particular cases are discussed in Section (8). In Section (9), we
consider a numerical example to illustrate application of our results.

2.

(M

2)

3)

4)

Mathematical description of our model

Priority and non-priority units arrive at the system in batches of variable size in a compound
Poisson process. Let Ai¢; dt(i = 1,2,3,...) and A\yc; dt(j = 1,2,3,...) be the first order
probability that a batch of ¢ and 7 customers arrives at the system during a short interval of

time (¢, t+dt), where 0 < ¢; < 1, Zci =1,0<¢ <1, ch =land )X > 0, Ay > 0
are the average arrival rates for pri(l)rilty and non-priority céstlomers entering into the system
and forming two queues. The server must serve all the priority units present in the system
before taking up non-priority unit for service. In other words, there is no priority unit
present in the system at the time of starting service of a non-priority unit. Further, we
assume that the server follows a non-preemptive priority rule, which means that if one or
more priority units arrive during the service time of a non-priority unit, the current service
of a non-priority units is not stopped and a priority unit will be taken up for service only
after the current service of a non-priority unit is complete.

Each customer under priority and non-priority units service provided by a single server on
a first come - first served basis. The service time for both priority and non-priority units
follows general (arbitrary) distributions with distribution functions B;(s) and the density
functions b;(s), i =1,2.

Let p;(z)dz be the conditional probability of completion of the priority and non-priority
units service during the interval (z,x + dx], given that the elapsed service time is z, so
that

and, therefore,
- / wi(x)dx
bi(s) = pi(s)e Jo :

We further assume that as soon as the service of the last priority unit present in the
system is completed, the server has the option to take a vacation of random length with
probability 6, in which case the vacation starts immediately or else with probability
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(1 — 6) he may decide to continue serving the non-priority units present in the system,
if any. In the later case, if there is no non-priority unit present in the system, the server
remains idle in the system waiting for the new units to arrive.

The vacation time follow general (arbitrary) distribution with distribution function V(s)
and the density function v(s). Let v(x)dx be the conditional probability of a completion

of a vacation during the interval (x,z + dx] given that the elapsed vacation time is z, so
that
(2) v(x)
r)=—7F—
7 1-V(z)

and, therefore,

(x)dz

o(s) = 7(5)6/0 !

If the server is busy or on vacation, an arriving non-priority customer either joins the queue
with probability b or balks (does not join the queue) with probability (1 — b).

Definitions and Notations

We define the following notations:

(1

(2)

3)

Pﬁ,%(:c,t) = Probability that at time ¢, the server is active providing service and there
are m (m > 0) priority units and n (n > 0) non-priority units in the queue excluding the
one priority unit in service with elapsed service time for this customer is x. Accordingly,

PO (1) = / PO (2, t)de
0

denotes the probability that at time ¢ there are m (m > 0) priority units and n (n > 0) non-
priority units in the queue excluding one priority unit in service without regard to the elapsed
service time x of a priority unit.

Vinn(x,t) = Probability that at time ¢, the server is on vacation with elapsed vacation time
x and there are m(m > 0) priority units and n (n > 0) non-priority units in the queue.
Accordingly,

van(t):/ Vinn(x, t)dx
0

denotes the probability that at time ¢ there are m (m > 0) priority units and n (n > 0) non-
priority units in the queue, without regard to the elapsed vacation time x .

P,Sf, )n(x, t) = Probability that at time ¢, the server is active providing service and there are
m (m > 0) priority units in the queue and n (n > 0) non-priority units in the queue
excluding the one non-priority unit in service with elapsed service time for this customer
is x. Accordingly,

Pm%)n(t):/ Pﬁ%(x,t)d:v
0
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denotes the probability that at time ¢ there are m (m > 0) priority units in the queue
and n (n > 0) non-priority units in the queue excluding one non-priority unit in service
without regard to the elapsed service time x of a non-priority unit.

(4) Q(t) = Probability that at time ¢, there are no priority and non-priority customers in the
system and the server is idle but available in the system.

4. Equations Governing the System

The Kolmogorov forward equations to govern the model:

0 0
apml,)n(%t)Jr%Pﬁ)n(%t)Z—(/\1+/\2+M1(37))P1 (¢ +>\120P7(nl)zn

+—A2b§£:(7 O @)+ AL = 0)PY (2, t); m>1, n>1, (1)

) B
a135?( t)+%P<{>0(x,t>:—(A1+A2+u1(x))131 (2,t) +/\120 ) o, 1)

)x(l—b)P o(z,1); le,nzO, (2)

0 0 -
o Fon (@) + = P (1) = =+ Ao + (@) Py, 1) + 20D Y CiFg ) (1)

o1 = b) P (2, 8); m=0, n>1, 3)
9, 0
5500 (@) + - Py (@, 1) = —(h + Ao + (@) By (2,8) + Aa(1 = b) Py (2, 1)

m, n =0, “

0 0 =
o7 Vmn(2:8) + 5V (@,1) = —(A + Ao +9(2)) Vinn (2,1) + Ny > CViin(,t)

i=1

+ 200 OV (@, 8) + Xo(L = b) V(2 t); m>1, n>1,  (5)

j=1

0 B, >
o V(2 8) + 5 Vino(2,1) = =01 + Xo +5(2) Vo, 1) + As > CViiol,t)

ot —
+)\2(1—b)Vm,0($,t), m > 17 TLZO, (6)
0 d »
o Von(,8) + = Vo (,8) = = (A + X +9(2) Vo (2, ) + )\gbz CVom_j(z,t)
+ X (1 =0)Vou(z,t); m=0, n>1, (7

0 0
a‘fo 0($ t) + a—% o(fﬂ t) ()\1 + )\2 + ’Y(I’))%’o(m,t) + )\2<1 — b)‘/&o(%,t);
m, n =0, ®)
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9
athz}L(x,t) + %Pm%)n(:c,t) = —(M + Ao+ p2(2)) PP (2, 1) + My Zcpﬁm

+A2b20pjj; @)+ A1 =B PP (x,t); m>1,n>1  (9)

)
9 pe

0
(@, 1) + 2= P (1) = — (A + Ao + pa(2)) PEY xtm 0 P2, o(x,t)
ot '

Ox
—l—)\(l—b) (J:t) m>1 n=0, (10)

0 19)
= P2 (,t) + Py, t) = —(A + Ao + pa( >>Pé%3<:vt+Ach P (x,t)

ot Ox —
+ (1= b)P (a: t); m=0, n>1, (11)
0 0
o o0 (@, 1) + o Pog(2,8) = —(h + A +u2<x>>Pé,o><as,t> + o1 = ) By (1)
m, n =20, (12)
d

GO0 ==+ 200+ (1-0) [ PR e+ [ PR (o)

—|—/ Voo(z, t)y(z)d. (13)
0

The above set of equations are to be solved under the following boundary conditions at x = 0.

Pr(nl,L(O’ t) = / Pr(nlJ)rl,n(xa t)ﬂl (I)dl’ + / P,ﬂl,n(x, t),uz(x)dx
0 0

+/ Viiin(@, t)y(z)de; m>1, n>1,  (14)

PO = MCoia@(0) + [ F oo tin(o)de + [ P, ofe Dpala)da
0 0

+/ Vinpro(z, t)y(z)dz; m > 1, n =0, (15)
0

PO (0, ) = / PO, )11 () + / PO, )19 () + / Vin(z, t)y(2)da:
0 0

0
m=0, n>1, (16)

PU0,1) = MCQ() + / PO, t)n () + / PO, () de

0 0
—|—/ Vio(z, t)y(x)dz; m, n =0, (17)
0

Von(0,1) =6 / P3N (e, ) (), m > 0, (18)
0
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PE(0,1) = CiQ(1) + (1 - 0) / Pz, typn () + / P, t) 1o
0 0
+/ Vou(z, t)y(x)dz; m, n=0, (19)
0
P2N0,1) = MCu1Q(t) + (1 — ) / P (e, ) () da + / P (2, ) pa(x)d
0

0
—|—/ Vont1(z, t)y(x)dz; m =0, n> 1. (20)
0

We assume that initially there are no customers in the system and the server is idle. So the initial
conditions are

Pun(0) = P,y 6(0) = Py 1(0) = Py (0) = 0,
Fin(0) = Py(0) = Py (0) = Pig(0) = 0 2D
Vinn(0) = Vin0(0) = Von(0) = Vo,0(0) = 0, and Q(0) =
Next, we define the following probability generating functions:
o0 )
Zzzl 22 ) P(l)(x721722)7 Z{npr(nl)(ﬁat) :P(l)(xazl)7
mOOO n=0 o oo m=0
> AR t) = PUw,z), 3% AP (et) = POz, %)
no:o() mgoO n=0
Yo AP (w,t) = PP(x, ), Y PP (a.t) = PP, 2), (22)
m=0 n=0
ZZzi"zg‘an(x t) = V(z, 21, 22),
m=0 n=0 o
Z AV (x,t) =V (z, 21), and Zzgvn(x,t) =V(x, z2),
m=0 n=0 J

which are convergent inside the circle given by |z;] < 1,|z3| < 1, and define the Laplace
transform of a function f(¢) as

/ F(t)e*dt.

I pt L (@, 8) + (54 M+ Aob + 1 (2)) mna;s—xlchf;)m

ox
+ )\sz Cjﬁg?n_j(x, s)ym>1, n>1, (23)
j=1
0 — — L
S Pn(,8) + (s 4+ A4+ Db+ 1 (0) P, 8) = M Y CP Lol s) m =1, 24)

=1
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0 — — “\ =
gPélr)L(a: S)+ (s+ A1+ Aab+ 1y (x))Pél,)l(:z:, s) = )\gbz CjPéTT)hj(a:, s); n>1,  (25)
j=1
0 —(1) -1
%PQO(IL’, 8) 4+ (s + A1+ Xab + i (2)) Py o (7, 8) = 0, (26)
E%V@A%s}+@+Ay+&b+7@DVmJ%®:aMEZQVm%AQQ
i=1
+ AQbZCij7n_j(w,S); m>1 n>1, (27)

j=1

0 — _ mo_
5 Vmo(@,8) + (5 + 21 + X+ 9(2) Vino(w,8) = M ) CiViplw, s)im > 1, (28)
=1

0 — U
—Vou(,5) + (s + M + Xab + 9(2)) Vou(@,s) = Xb Y CiVouj(x,s); n>1,  (29)

Oz ‘=
0 — —
5 P A1+ Agb Ny ep?
a_ ( ) <S+ 1+2+M2()) mnxs— 12 mzn
+A2520P$)n j(@,8); m>1, n>1, (31)
7j=1
0 — _ o
5Pl ) + (s 4 M+ dab+ ua(@) Pl 8) = M Y GPLp(ashm =1, (32)
i=1
0 — _ L
%P[(f,)l(:r, S)+(s+ A1+ b+ pz(x))Péa(x, s) = )\zbz C’jP((fi_j(:v, s); n>1, (33)
j=1
0 OB, s)+ ( 5(2) _
5+ A1+ Xab + pa(x)) Py o, 8) =0, (34)

ox

s+ 0+ 2~ 1= (1-0) [ Pt s+ [ Pl sha(onts

+/ VO,O(% s)y(x)dz, (35)
0

—(1
P03 = [P ateshmtade + [T PR (e s)ala)ds
0

+/ Vsin(z,s)y(x)de; m>1, n>1, (36)
0

ﬁfi?o((), $) = MCrns1Q(s) +/ FSLLO(x,s)m(x)dx—k/ ng—l,ﬂ(x’ s)p2(x)de
0 0

—i—/ Vmsro(r, 8)y(x)dz; m > 1, 37)
0
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P = [ Pl sim@ds [ PO sha()ds + [ Vil s)la)ds
0 0 0

n>1, (38)
—=(1) B — * —q) * @)
PO0.8) =2CQ(e) + [ Pl om@dr + [ Pl s
0 0
+ / Vio(a, s)y(x)dz, (39)
0

Von(0,5) =6 / P (2, 8)pa(x)da; m >0, (40)
0

2) —

P (0,5) = \CiQ(s) + (1 0) / P (2, )01 (2) e + / PO (2, 5)pia()de
0 0

—i—/ Voul(z, s)y(x)dx; m, n=0, (41)
0

P(()?,)L(O, 5) = X0Cri1Q(s) + (1 —0) / ?&)Lﬂ(x, s)p (z)dx + / ?éi)LH(x, $)po(x)dx
0 0
+/ Vo1 (z,8)y(x)dr; m =0, n> 1. (42)
0
Now we multiply equations (23), (25), (27), (29), (31) and (33) by zJ summing over n from 1 to

oo, adding to equations (24), (26), (28), (30), (32) and (34) and using the generating function
defined in equation (22), we get

0 — —
%pfj)(x, 5, 29) + (5 4+ A+ AL — C(2)] + a (2)) P (, 5, 20)
=\ Z Oiﬁfi)_i’o(x, s,22); m>1, n=0, (43)
i=1
9 5 51 _
%PO (x,8,22) + (s + A1 + Aob[l — C(29)] + p1(z)) Py (2, 8,22) =0, (44)
0 — —
5p 7 m(@8:22) (5 + A+ Al = Cla2)] +9(2))Vin(2, 5, 22)
=M CiVimio(w,8,2); m>1, n=0,  (45)
i=1
0 — —
%Vo(x, $,29) + (8 4+ A 4 Aob[l — C(29)] + v(x))Vo(x, s, 22) = 0, (46)
0 — _
%Pﬁ)(az, 5, 22) + (5 4+ A+ N[l — C2)] + pua(2)) P, 5, 20)
=)\ Z C’iﬁg)_w(a:, s,22); m>1, n=0, 47)
i=1
9 5 »(2) _
%PO (x,8,22) + (s + A1 + Aab[1 — C(29)] + p2(x)) Py '(x, 8, 29) = 0. (48)

Now we multiply equations (43), (45) and (47) by 27" summing over m from 1 to oo, adding
to equations (44), (46) and (48) and using the generating function defined in equation (22), we
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get
%F(l)(x, 8,21, 22) + (s + M[1 — C(21)] + A2b[l — C(22)] + ,u1($))?(1)($, s,21,72) = 0,
(49)
%V(z, 8,21, 22) + (5 4+ A[1 — C(21)] + Aob[1 — C(22)] + v(2))V (2,5, 21,22) =0,  (50)
%F(”(gg, s,21,2) + (5 + M1 — C(21)] + Asb[l — C(22)] + (@) P (2, 5, 21, 20) = 0.

(51

For the boundary conditions, we multiply both sides of equations (36) and (37) by 2"t summing

over m from 1 to oo, adding to equations z; X (38) and z; x (39) and use the the equation (22), we
get

21]_3;1)(0,3,,21):/ F;l)(w,s,zl)ul(x)dx—/ F(()T,)L(w, s)p (z)dx
0 0

+/ Ff)(x,s,zl)ug(ac)dx—/ ?Eﬁ(m,s)ug(aj)dm—i—/ Volz,s, 21)y(z)dx
0 0 0

— /OO Vom(:p,s)v(x)dx, (52)
0

zfﬁ@am:Mam@@+/T?mammwm—/?ﬁ@@mmm
0 0

+/ ﬁg)(:ﬁ,s,zl)ug(x)dx—/ ﬁé?g(x,s)ug(x)dx—i—/ Volz, s, z1)v(z)dx
0 0 0

- / 7070(5157 s)y(z)dz. (53)
0

Now multiply equations (52) and (42) by 2§ summing over n from 1 to oo, adding to equa-
tions (53) and 2z, x (41) and using the equation (22), we get

21?(1)(0,5,21,22) =M 0(21)Q(s) —|—/ F(l)(x,s,zl,ZQ)ul(a:)dx
0
* _1) * =@ )
—/ P, (z,s,zz)m@)dm—{—/ P (x,s,zl,ZQ)MQ(x)dx—/ Py (x, s, z9) po(x)dx
0 0

0
+/“Vma%@wmm—/'mu@@wmm, (54)
0 0

zzﬁ((f)(O, s,22) = AC(2)Q(s) + (1 — 9)/ ﬁ((]l)(x, S, 29) 1 (x)dx
0
= 5 = 5 )
~1-0) [ Pl om@de+ [P s - [P s
0 0 0

+ /OO Vo(z, s, 20)y(z)dx — /Oo 7070(:6, s)y(x)dx. (55)
0 0
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Now multiply equation (40) by 2§ summing over n from 0 to co, use the equation (22), we get

Vo(0, s, 25) = 0/ ﬁél)(x,s,zz)ul(x)da:. (56)
0

Integrate equation (49) between 0 to x, we obtain

F(l)(x757217z2) = F(l)(073721722>

{—(s+ ML= C(=)] + b1 — Cz2)]) — / " ()}

X e (57)
Again integrate (57) by parts with respect to z, and we get
() () 1— Bi(s + Mi[l — C(z1)] + Asb[l — C(22)])
P (s, 21,22) = P (0,8, 21, : 58
(8,21, 2) A POTu o 5y B w2 TR R A
Multiply equation (57) by u4(x) and integrate with respect to x, we get
/OO F(l)(x, 8,21, zo) 1 (x)dx =
0 (59)
PY(0,5,21,2)Bi(s + M[1 — C(21)] + Aab[1 — C(2)))-
Now equation (44) can be rewritten as,
9 P A+ AL — C(2)] + () PO =0
% 0 l‘78722)+<8+ 1+ 2 zZ2 +/1J1 :B)) 0 IE,S,ZQ)— ’
which on integration gives
— —0 {=(s+ A1 + Xb[l — C(22)])x — / w(t)dt}
Py (x,8,29) = Py (0,8, 22)e 0 : (60)
Again integrate by parts with respect to x
— — 1-B A+ b1 - C
Py (s,2) = (0,5, z) i P At L= CLa Dy 1)

(s + A1+ A2b[l — C(22)])

Now multiply (60) by p;(z), and integrate over z, we get

/ PO (a5, 29)m(@)dz = PO, 5, 2)Br(s + At + Aab[1 — C(2)]). ©2)
0
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Performing similar operations on equations (50) and (51), we get

{=(s+ M[1l = C(z1)] + A2b[l — C(22)])x — /Ox ~(t)dt}

V(x,s,21,2) = V(0,8 21, 2)e ,

(63)

1—V(s+M[1—C(21)] + Xab[l — C(22)])
(s + M[1 = C(z1)] + A2b[1 — C(22)])

/ (2,8, 21, 22)y(x)dx = V (0,5, 21, 22)V (s + M[1 — C(21)] + Xaob[1 — C(23)]), (65)

V (s,21,22) = V(O S, 21, 29)] s (64)

—(S )\1 )\Qb - C Z292)| )X — ' d
V0<x,8,22>:V0(0,8,22>6{ (54 A Aot (22)) /0 ") t}, (66)

/OO Vo(z, s, z0)y(z)dr = V(0, 5, 20)V (s + A1 + Ab[1 — C(2)]). (67)
0

However, by its definition

and

V(O, S, 21, 29) = VO(O, S, 2), (68)

—(2

P )(x,s,zl,zz) = ?(2)(0, S, 21, 22)
{=(s+ Ml = C(z1)] + Ab[1 = C(22)])x — /0 po(t)dt}

X e , (69)
P (S 21, 22) P (0,5,21722)[ (S T /\1[1 — O(Zl)] T )\Qb[l — C(ZQ)]) ]? (70)

/ x, S, 21, Z9) o (x)dx = ?(2)(0, 8,21, 22) Ba(s + M [1 — C(21)] + Ab[1 — C(22)]),
(71)

) Y {—(54+ M+ Aob[L — C(=)])z — / o(t)dt)
Py (x,s,29) = P, (0,5, 29)e 0 7 (72)
/ PP (w5, 22) pa(w)dz = PE(0, 5, 20) Bals + At + Ab[1 — C(22))). (73)
0
However, by its definition

PP0,5,21,2) = Py (0,5, 2). (74)

Using equation (68) in (65), we get

By

/Ooo V(x,s, 21, 20)y(x)dr = Vo(0,s,22)V (s + M [1 — C(z1)] + Xab[l — C(22)]). (75)
using (62) in (56), we get

Vo(0, 5, 2) = 0P (0, 5, 20) B1 (5 + A + Aab[1 — C(2))). (76)
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Now substitute equations (59), (62), (65), (67), (71) and (73) in (54), we get
{1 = Bilo+ Ml — Oa)) + atl - C)}P (05,21, 22) = MC(21)Qs)
P (0 8, 29)B1(s + A + Aob[l — C(2)){1 — OV (s 4+ Ai[1 — C(21)] + Aob[1 — C(22)])
+ 0V (s + A+ Xb[1l — C(2)])} + P0 )(0, 5, 20){Ba(s + M[1 — C(21)] + Aab[1 — C(22)])
— Bs(s+ M1+ A2b[l — C(22)])}- (77)
Using equations (35), (62), (67), (73) in (55), we get
B0 5,2y) — L= 8+ A1+ Xabll = Ca)) QL))
{22 — Ba(s + A1+ Aab[1 — C(22)])}
N Fff’(o, 8,29)B1(s + A 4+ Aob[1 — C(2)){1 — 0 + 0V (s + A\ + Aob[1 — C(22)])}
{22 = Ba(s + M\ + Mab[1 = C(22)])}

. (78)

By applying Rouchy’s theorem, {z; — B (s + A [1 — C(z1)] + A2b[1 — C(2,)])} has one and only
one zero inside the circle, |z;| = 1 for Re (s) > 0, |22| < 1. Then equation (77) gives
M Ca(=)@(s) + P05 20) Bl + M1 = Clg(z2)
+ Xab[1 — C(22)]) — Bals + At + Aab[1 — C(2)])}]
[Bi(s + A1 4 Aob[l — C(22)){1 = 6V (s + M[1 — C(g(22)]
[1-
7),

P(0,5, 2) = (79)

+ Xob[1 = C(22)]) + OV (s + Ay + Aob[1 — C(22)])}]
Substitute (79) in (78) and (77), we get
{1 = (s 4 A+ Ab[1 = C(22)]))Q(5)}
x {1 =0V (s+ M[1—C(g(22)] + A2b[1 — C(22)])
+ OV (s + A1+ Xab[l — C(22)])}
+ {1 =0+ 0V (s+ A\ + M\b[1 — C(zg)])}le(g(zQ)@(s)}
[{z2 = Ba(s+ A + Xob[1 — Clz0)) {1 — 0V (s + M [1 — C(g(22)]
+ Aob[l — C(22)]) + 97(8 + A1+ b1 — C(29)])}
—{By(s + M [1 — C(g(22))] + A2b[l — C(22)]) — Ba(s + A + Aob
X [1—C(z))H1—0+0V(s+ A + b1 -C ])}}
{1 = (s+M[1 = C(20)] + Ad[1 = Oz )]))@( )}
x {1 =0V (s + M[1 — C(21)] + Ab[1 — C(22)])
+ 0V (s 4+ A1 + b1 — C(20)])}
— P20, 5, 20) {22 — Ba(s + M[L — C(21)] + Aeb[1 — C(2)])}
x {1 =0V (s+ M|l —C(21)] + Ab[1 — C(22)])
+ 0V (s + A\ + Ab[1 — C(22)])}]
[{z1 = Bi(s + M[1 = C(z1)] + Aob[1 — C(22)])}
X {1 =0V (s+ M1 = Clg(z2)] + Aab[1 — C(22)])
+ 0V (s + A+ Aod[1 = C(2)])}]

P20, s, 2) = (80)

PO, 5,21, 20) = 81)
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Substitute equations (81), (79) and (80) in (58), (64) and (70), respectively,

(1) e 1 — Bi(s 4+ M[1 — C(z1)] + Xob[1 — C(25)])
P (s, 21,20) = P (0,8, 21, 29)] Gl = O]+ bl — Call) ], (82)
V(s, 21, 20) = Hﬁé (0,5, 20)B1(s + A1 + Ab[1 — C(22)])
1—V(s+M[1—C(21)] + Aab[1 — C(2)])
L P W {7 W T % R
F(2)<8,21,22) :FéQ)(O,S,Zg)[l — B2(8+)\1[1 — O( )] + /\Qb[ C( 2)]) (84)

(8 —+ )\1[1 — C(Zl)] + >\2b[1 — C(ZQ) ) ]

Thus F(l)(s, 21, %),V (s, 21, 22), and F(Q)(s, 21, 73) are completely determined from equations
(82) to (84).

5. Steady state Analysis: Limiting Behavior

In this section, we derive the steady state probability distribution for our queueing model. By
applying the well-known Tauberian property,

lim s (s) = lim /().
In order to determine (), we use the normalizing condition
PO 1) +V(1,1)+PP(1,1)+Q=1.

The steady state probability for an priority queueing system with a single server serving two
queues MX11/G /1 and M2l /G, /1 with balking and optional server vacation based on ex-
haustive service of the priority units are given by
1 — Bi(A[1 — C(21)] + Ab[1 — C(22)])
(A1[l = C(z1)] + Aob[L = C(22)))
V (21, 29) = 0Py (0, 25) B1 (A1 + A2b[1 — C(23)])
—V(M[1 = C(21)] + Xab[1 — C(22)])

P(1)<21722> = P(l)(072’1,752)[ ], (85)

i[ M= Cl ol —C) v @9
2 . (2) 1-— BQ()\l[l — C(Zl)] + )\Qb[l — C(ZQ)])
PO (2, ) = P20, )] Ol = O A= Y (87)
where
{1 = (A + Ad[1 — C(22)]))Q}
x {1 — 97()\1[1 — C(g(22)] + A2b[1 — C(22)])
+ 6V (0 + Aab[l — Cz)])}
P(z)(O 2) = +{1-60+ GV(M + Aob[1 — C(zz)])})\lC(g(Zg)Q] (88)

[{z2 — Ba(A1 + Aob[l — C(22)]) H1 — OV (M [1 — C(g(22)] 7
T Ab[L = C(22)]) + 67 + Asb[l — C(2)])}
— {Ba(M[1 — C(g(22))] + A2b[l — C(22)]) — Ba(A1 4 A2b[1l — C(22)])}
X {1 =0+ 6V (A + b1 — C(22)])}]
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{1 — (M1 = C(21)] + A2b[1 — C(22)]))Q}
x {1 — OV (M [1 — O(21)] + Aab[1 — C(2))])
+ OV (A + Xob[L = C(z)))} = P (0, 22)
x {22 = Ba(M[1 = O(21)] + Aod[1 — C(22)])}
X {1 =0V (M[1 = Cz1)] + Agb[1 = C(22)])
+ OV (A + Aob[1 — C(ZQ)])}]

[{z1 = Bi(M[1 = C(z)] + Aob[1 = C(2)])}
X {1 =0V (M1 = Clg(z2)] + Aab[1 — C(22)])
+ 0V (A1 + Ab[1 = C(22)))}]

P(l) (O, 21, ZQ) (89)

Let W,(z1, 22) be the probability generating function of the queue size irrespective of the state
of the system. Then adding equations (85) to (87), we obtain

Wy(z1, 22) = P(l)(zb 2) + V(21 22) + P(Q)(Zb 23), (90)
N1(21722) + N2(21722)

91
D(Zl,ZQ) D(Zl,ZQ) ’ ( )

Wq(zlv zQ) -

where
Ni(z1,20) = = fi(21, 22) Q{1 — OV (f1(21, 22)) + OV (f3(22)) H1 — Bi(fi(21, 22))}
+0f4(2)Q{1 = V(f1(z1, 22)) Hz1t — Bi(fi(21, 22))}, 92)

Na(z1,20) = P2 (0,22)[0{Ba(fa(22)) — Bal(fa(22))H{1 — V(fi (21, 22)) Hz — Bi(fi(21, 22)
)} = {22 — Ba(fi(21, 22)) H1 — OV (fi(21, 22)) + OV (f3(22)) H1 — Bi(fi(z1, 22))}
+ {21 = Bi(fi(z1, 22)) {1 — Ba(f1(z1, 22)) H1 — OV (fa(22)) + OV (fs(22))}],  (93)

D(z1,2) = {z1 — Bi(f1(z1, 22)) {1 — OV (fa(22)) + OV (f3(22)) } f1 (21, 22) (94)

and
fi(21,22) = M[1 = C(21)] + A2b[1 — C(22)]), fa(z2) = M[1 = C(g(22)] + A2b[1 — C(22)],
f3(22) = A+ Ab[1 — Cl(z)], fa(z2) = MC(g(22).

0
We see that for z; = 1, 2z = 1, W,(21,22) is indeterminate of the form —. Therefore, we

apply L’Hopitals rule and on simplification, we obtain the result of equation (92) where Bl(O) =
1, By(0) = 1, B;(0) = —E(B;) is the mean service time of a priority customer, B5(0) =
—E(BQ) is the mean service time of a non-priority customer, V(0) = 1, V/(0) = —E(V) is the
mean vacation time, C'(1) =1, g(1) =1, C’(1) = E(I) is the mean batch size of the arriving
customer for both priority and non-priority units and ¢'(1) = E(/;) is the mean batch size of
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the arriving non-priority units during the busy period of priority units.

Ni(1,1) = 2Q(MC"(1) + MbC' (D) {B(0)(A1C" (1) 4+ XbC' () H1 — 0 4+ 6V (M)}
+ 2V7(0) (M C"(1) + XbC'(1)){1 + B (0)(AC' (1) 4+ AbC'(1))Y0QN,  (95)
Ny(1,1) = P20, 1)[26{1 — Bo(A)YV7(0)(A\.C" (1) + AbC'(1)){1 + BL(0)(A\ C'(1)
+ A2bC' (1))} — 2(M C" (1) 4 AbC"(1){1 — 8 + 6V (M) H{B,(0) — B5(0)}], (96)
D(1,1) = —2{1 + B{(0)(\MC"(1) 4+ XobC" (1))} (MC' (1) 4+ XbC'(1)){1 — 0 + 6V (M)} (97)
and
{1 =0+ 60V(\)}IQNE(I)E(LL) + XbE())
+ MQOE(V)Y M EE(L) + XbE(I))]
[{1=0+60V(\)H1— E(By)(ME(I)E(I;) + AbE(I))}
— {1 = By(\M)HOE(V)(MEI)E(LL) + AbE(I)) + 0V (A1) AbE(1)}]

P(0,1) = (98)

We shall use the normalizing condition W,(1,1) + @ = 1, we get
{1 = E(B))(ME(I) + AbE(I1)H1 — 04 6V (\1)}]
{1=0+ 0V} + {1 -0+ 0V(\)HE(B) — E(B1)}
+ MOE(V){1 — E(B))(ME(I) + AbE(I))}
+ PD(Z)(O, DO{1 — Bo(M)IE(V){1 — E(B)(ME(I) + AzbE([))}}

Q- (99)

The utilization factor is given by

p=1-0Q, (100)

that is,
{E(B)(MEI) + XAbEI))H1 — 0+ 60V (A1)}

+ {1 -0+ 6V(\)H{E(B:) — E(B1)}

+ MOE(V){1 — E(B1)(ME(I) + A0E(D))}

+ PP (0,001 = BA)YE(V){1 = E(B)ME() + AbE()} ]
[{1 — 0+ 0V} + {1 -0+ 0V(\)HE(B) — E(B1)}

+ MOE(V){1 — E(B1)(ME(I) + XAbE(I))}

+ Pi(0,1)0{1 — Ba(\)}YE(V){1 — E(B))(ME(I) + AzbEU))}}

o= (101)

where p < 1 is the stability condition under which the steady state exists. Equation (100) gives
the probability that the server is idle. Substituting equation (99) into (91), we have completely
and explicitly determined W, (21, 22), the probability generating function of the queue size.
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6. The Average Queue Length

The mean number of customer in priority queue under the steady state is

d
_th (217 1)|21=1

Tl

Ly, = e (102)
and the mean number of customer in the non-priority queue under the steady state is
d
Ly, = d—ZZWqQ(l,ZQ)IZQ:h (103)
then
~ DY()N"(1) = DY (LN (1) | DY(1)Ny"(1) — DY"(1)N5 (1)
o (Dn 3((l;/{(l))z( )ni(1) 5(1)ny (3()D,1/(1))§ )n5(1) o
DI()n/"(1) — DY (L)n2(1)  DY(1)n4(1) — DY(1)n4(1
b = 3(DY(1))? (DY) (199
where
NY(1) = =2QM E(I)E(B)M E(I{1 — 0+ 0V (\)} — 2QM0E(V)\ME(I)
x {1 —E(B)ME(])},

N (1) = Q{=3ME(I[I — 1))E(Bi)\ E(I) — 3ME(I){E(B;)(ME(]))* + E(B1)M
E(II = 1)}H1 =0+ 60V (M)} 4+ 6Q{ME()E(B)ME(I)}}E(V )\ E(I)
—30MQ{(E(V)(ME())? + EV)MEUII - 1]))(1 — E(Bi)ME(]))

+ (E(V)MEW))(E(BY)(MEI))? + E(By)ME(II — 1))},

Ny (1) = =2P3(0,1)[0{1 = Bo(\)}E(V)ME(I)(1 — E(B)ME(I)) + E(Ba) M E(I)
{1-0+0V(\)}Y,

Ny'(1) = P (0, 1)[=30{1 — Ba(M) HE(VA)(ME(D))? + E(V)ME(I[T - 1))
X (1= E(B)ME(I)) + 36{1 — Bo(M)YE(V)ME(I)(E(B;)(AME))?
+ E(Bi)ME(I]I —1])) + 6(E(By)ME(D))(E(B)ME())0E(V)ME(T)
—3[(E(B3)(MEI))? + E(B)ME(II —1])){1 — 0+ 6V (A1)},

D!(1) = =2\ E(I)[1 — E(B)ME(D](1 — 646V (\y)),

DY'(1) = [-3ME(I[I —1))[1 — E(B)ME()] + 3\ E(I[E(BY)(ME(I))? + E(Bi)A
E(II = 1)]J(1 =60+ 6V (\y)),

ny(1) = —2QXbE(I)E(B)XAbE(I){1 — 0+ 0V (A1)} — 2QMOE(V)\bE(I)E(By)As
bE(I),

ny'(1) = Q{=3XbE(I[I — 1)) E(B1)AbE(I) — 3MbE(I){E(B})(M\bE(I))? + E(By)

E(I[I = 1)}H1 = 0+ 0V(M)} + 6Q{N\DE(1) E(B1)\bE(I)}0{E(V) AbE(I)
+ V(M) ADE(D)} + 60\ E(I)E(L)Q{E(V)\bE(I) Y E(B)\bE(I)}

+ 30N Q{(E(V?)(M\DE(I))? + E(V)AbE(I[I — 1]))(E(By)A\bE(I))
+30MQ(E(V)AbE(D)(E(B)(AbE(I))? + E(B)AbE(I[I — 1))},
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ng(1) = 2P57(0,1)[6{1 — Ba(\) }E(V)AbE(D)(E(B)AbE(I)) + E(By)AbE(I)
{1—0+0V(\)},
ny'(1) = 657 (0, 1)[0{1 — Ba(\)YE(V)AE(I)(E(B)AbE(I)) + (B(B1)AbE(I))
{1=0+6V(A)} +3P2(0,1)[0{1 — Ba(\) HE(B)ADEIN{(E(V?)
(AbE(D))* + E(V)XDE(I[I — 1))} + 60{1 — By(\)}E(V)\bE(I)(E(B?)
(AbE(I))?* + E(B1)A\bE(I[I — 1)) + (E(B?)(AbE(I))* + E(B1)A\2b
E(I[I = 1){1 =0+ 0V (\)} — 20E(B))A\bE(I){E(V)XbE(I)
+ V(M) XbE(I)}],
Dy (1) = 20bE(I)[E(Bi)AbE(D)](1 = 0 + 6V (A1),
DY (1) = [3X\bE(I[I — 1]))[E(B1)MAbE(D)](1 — 6+ 0V (A1) + 3XbE(I)(E(B3)
(AbE())? + E(B)AbE(I[I — 1]))](1 = 6 + 6V (\y)) — 60XbE(I)E(By) M\bE(I)
[E(VYME)E(I) 4+ MbE(I)) + V(A1) AbE(I))].

7. The Average Waiting Time in the Queue

Average Waiting time of a customer in the priority queue is
L

W, = 2. (106)
A1
Average Waiting time of a customer in the non-priority queue is
L
W, = =2. (107)
A2

where L,, and L, have been found in equations (104) and (105).

8. Particular Cases

Case 1:
If there is no vacation, no balking, single arrival and the service time follows exponential
(when 0 = 0, b =1, E(I) =1, E(L;) = ﬁ E[I(I —1)] = 0 and E[I,(I;, — 1)] =
2o

m) Then,

Q=1—E(B1)(M + \),

p=E(B1)(A + A),

;= DIONT() = DY MN'(A) | DY(L)N,'(L) — Dy’ (1) Ny (1)

o 3(D1(1))? 3(Dy(1))?

and

1= Da()nd'"(1) — Dy'(N)nf(1) | Dy(1)ny'(1) — Dy'(1)np(1)

" 3(D5(1))? 3(Dy(1))? ’
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where
N{/(l) = _2Q)‘1E(Bl)>\1a
NY'(1) = =3QME(B})(A1)?,
Ny (1) = —2P<2><o DIE(Ba)A,
Ny'(1) = =3P (0, 1)[E(B3)(\)?),
Di(1) = —2\[1 = E(Bi)Ad],
D/1”( ):3)\1 ( )()\1> )

)

ny(1) = —2QA\2E(By)As,
nt'(1) = =3QXE(B7)(\2)?,
nl(1) = 2P 2>(0 1)[E(B1) ],

ny' (1) = 6237 (0, D[E(B1)Ae] + 3P (0, D[E(BY) (M),
D3y(1) = 2X3[E(By) o],
Dy'(1) = 3\E(B?)(\)?.

The above result coincides with the results of Gross and Harris (1985).

Case 2:

79

If there is no low priority queue, no vacation, single arrival, no balking and priority service, then

also consider normal service and service time as follows exponentially

(when =0, b=1, E(I)=1, E(I;) =0, E[I(I-1)]=0, A, =0 and E(B,) = 0). Then,

Q=1—E(Bi)(\1),
p = E(Bi)(\),
DY(1)N{"(1) — DY"(1)NY (1)

fo 3(D7(D)? ’

where
N{(1) = =2QM E(B1)\,
NI'(1) = —3QM E(B2)(M)?,
D/11(1> — _2)\1[1 - E(Bl))‘l]
D'(1) = B\ E(BY) (M)

The above result coincides with the results of Gross and Harris (1985).

9. Numerical Results

To numerically illustrate the results obtained in this work, we consider that the service time
for priority and non-priority customers and the vacation time are exponentially distributed with

rates [, fo, and -y respectively.
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We base our numerical example on the result found in equations (99), (101), (104), (105),
(118) and (119). For this purpose in Table I, we choose the following arbitrary values

A
0=03b=03, =9 =9, E(I)=1, E[I(I-1)] =0, E(;) = (u 2A )’
- Al
2\
E[L(L = 1)] = —( 2)7)3, v =6 and Ay = 2. While \; varies from 0.1 to 1.0 such that the
W= A1

stability condition is satisfied.

Table I: Effect of A\; on various queue characteristics

Al Q 4 Lq, Lq, Wa, W,

0.1 09176 0.0824 0.0010 0.0136 0.0102 0.0068
0.2 09022 0.0978 0.0025 0.0239 0.0123 0.0119
0.3 0.8869 0.1131 0.0043 0.0344 0.0144 0.0172
0.4 08718 0.1282 0.0066 0.0452 0.0166 0.0226
0.5 0.8569 0.1431 0.0094 0.0563 0.0188 0.0282
0.6 0.8421 0.1579 0.0127 0.0678 0.0211 0.0339
0.7 0.8276 0.1724 0.0164 0.0796 0.0235 0.0398
0.8 0.8133 0.1867 0.0208 0.0918 0.0260 0.0459
0.9 0.7991 0.2009 0.0257 0.1045 0.0285 0.0522
1.0 0.7851 0.2149 0.0311 0.1176 0.0311 0.0588

It clearly shows that as long as increasing the arrival rate of priority units the servers idle time
decreases while the utilisation factor, average queue length and waiting time of a queue for
priority and non-priority units are all increases.

In Table II, we choose the following arbitrary values § = 0.3, b =0.3, uy =9, pus =9,

A 2\
E(I)=1, E[I(I-1)] =0, E(I,) = —2” E[L(L —1)] = (—25)3 v=6and \ = 2.
H— A1 = A1
Also ), varies from 0.1 to 1.0 such that the stability condition 1s satisfied.

It clearly shows that as long as increasing the arrival rate of non-priority units the servers idle
time decreases while the utilisation factor, average queue lenth for both priority and non-priority
unit and waiting time of a priority queue are all increases and waiting time of a non-priority
units is decreases.

Table II: Effect of Ay on various queue characteristics

A2 Q 4 Ly, Lq, Wa, W,

0.1 0.7143 0.2857 0.0744 0.0168 0.0372 0.1682
0.2 07111 0.28389 0.0768 0.0333 0.0384 0.1666
0.3  0.7080 0.2920 0.0792 0.0495 0.0396 0.1651
0.4 07048 0.2952 0.0817 0.0654 0.0408 0.1635
0.5 0.7016 0.2984 0.0842 0.0810 0.0421 0.1620
0.6 0.6984 0.3016 0.0867 0.0963 0.0434 0.1605
0.7 0.6953 0.3047 0.0893 0.1113 0.0447 0.1590
0.8 0.6921 0.3079 0.0920 0.1260 0.0460 0.1575
0.9 0.6889 0.3111 0.0946 0.1405 0.0473 0.1561
1.0 0.6857 0.3143 0.0974 0.1546 0.0487 0.1546

10. Conclusion

In this paper we studied a priority queueing system with balking and optional server vacation
based on exhaustive service of the priority units. The server provides two types of service, namely
priority and non-priority under non-preemptive priority rule. We derived the probability generating
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functions of the number of customers in the priority and non-priority units are found by using the
supplementary variable technique, average queue size, the average waiting time for the priority
and non-priority units and numerical results are also obtained. The above model finds potential
application for guaranteeing different layers service for different customers. The Internet Protocol
(IP) is not only successful in data communications, but IP emerges as the convergence layer for all
forms of communication including voice, video or multimedia in general. The packet switched
internet is taking over the circuit switched telephone network. The packet switched paradigm
has great advantages in flexibility but it can give the same Quality of Service (QoS) as circuit
switching. Therefore, all over the world great effort is put into improving the QoS packet switched
systems. Priorities are a key instrument in giving each communication flow the QoS that it asks
(and pays) for or Asynchronous Transfer Mode (ATM) was an attempt by telephone companies
to design a network architecture that could efficiently transport both voice and data.
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