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Abstract 
 
In this paper, we consider a discrete-time non-preemptive priority queueing model with priority 
jumps. Two classes, real-time (high priority) and non-real time (low priority), of traffic will be 
considered with providing jumps from lower priority traffic to the queue of high priority traffic. 
We derive expressions for the joint probability generating function of the system contents of the 
high and the low priority traffic in the steady state and also for some performance measures such 
as the mean value of the system contents and the packet delay. The behavior of the priority 
queues with priority jumps will be illustrated by using these results and is compared to the FIFO 
scheme. 
 
Keywords:  Discrete-time queueing theory; priority scheduling; generating functions; delay      

analysis 
 
MSC 2010 No.: 90B22, 90B18, 68M20, 93A30 
 
1.   Introduction 
 
In modern communication networks the different types of traffic require different QoS (Quality 
of Service) standards. In these networks we always deal with two types of traffic namely delay-
sensitive traffic (i.e., voice and video) and delay-insensitive traffic (i.e., data). Since response 
time or delay is a crucial performance measure for delay-sensitive applications, time delays in 
priority queues have been studied extensively in recent years. Due to the sensitivity of the delay-
sensitive traffic, it is a basic requirement for designing and constructing an efficient 
communication network with a very small mean delay and delay jitter. While the values of the 
important performance measures of the delay-insensitive traffic, namely loss ratio and 
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throughput should also be small. Priority scheduling scheme is an important way by which we 
can achieve these requirements. 
 
A lot of literature is available in the field of analysis of single class discrete time queueing 
system (see, for instance, Bruneel (1993); Cidon and Sidi (1997); Chaudhry and Gupta (2001); 
Steyaert and Xiong (1996), Haghighi et al. (2011) and the references therein) while the research 
work in this field of the analysis of two-class discrete queues have begun to proliferate only in 
recent years. Two-class discrete-time systems with service time assumed deterministically (1 
slot) have been analyzed in Ishizaki and Takine (1995) and Lee and Choi (2001). Also, systems 
with non-preemptive priority and general service times with nonhomogeneous packet arrivals 
have been studied in Nassar and Al Mahdy (2003) and Takahashi et al. (1999). In a HOL non-
preemptive priority scheduling, we assume that delay-sensitive traffic has priority over delay-
insensitive traffic without preemption i.e., when a server becomes idle, a packet of delay-
sensitive traffic, when available, will always be scheduled next but the service of a delay-
insensitive packet which has already in service cannot be interrupted by a freshly arriving delay-
sensitive packet. This priority scheduling scheme is not only very easy to implement but also 
provides relatively low delays for the delay sensitive traffic [see, for instance, Kleinrock (1975); 
Walraevens et al. (2003) and the references therein]. 
 
In the existing literature, there have been a number of contributions with respect to this priority 
scheme. The HOL non-preemptive priority queues have been widely discussed taking a variety 
of arrival and service time distributions in past [see, for instance,

 

Rubin and Tsai (1989); 
Sugahara et al. (1995); Takine et al. (1994) and the references therein]. As a result priority given 
to the class-1 traffic the performance of class-2 traffic can be severely degraded. If the network is 
highly loaded and has a large proportion of the class-1 traffic, the HOL priority scheduling 
causes a large delay to the class-2 traffic. This condition known as the starvation problem can be 
solved with the help of dynamic priority schemes. The queue-length-threshold scheduling 
disciplines (QLT) is the one class which is studied in Choi and Lee (2001), Fratini (1990), 
Knessl et al. (2002) while the head-of-line with priority jumps (HOL-PJ) is the another class of 
dynamic priority scheme analyzed in

 

Lim and Kobza (1990). 
 
In this paper, we will consider a head-of-line priority scheme with priority jumps (HOL-PJ) in 
which class-2, i.e., delay-insensitive packets (at the HOL position) jump to (the end of) the class-
1, i.e., delay-sensitive traffic queue. In literature, many jumping schemes with different criteria 
are discussed (see, for instance, Lim and Kobza (1990); Maertens et al. (2006a); Maertens et al. 
(2006b); Maertens et al. (2007);

 

Maertens et al. (2008) and the references therein). We will 
consider and discuss a new jumping scheme in which class-2 packets jump to the high priority, 
class-1 queue, if there are no arrivals in the class-1 queue. Probability generating functions (pgfs) 
are used for the analysis, pgfs of the system contents of the class-1 and class-2 queue and the pgf 
of the delay of class-1 packet are derived. With the help of these pgfs higher moments can be 
easily obtained. The mean delay for class-2 packet is also obtained. 
 
The outline of the paper is as follows. In section 2, the queueing model under study is described. 
In section 3, our focus is on the system contents and expressions for the pgf of the system 
contents are derived. The packet delay is analyzed in section 4, and again the pgf of the packet 
delay is obtained. In section 5, moments of the system contents and packet delay are calculated. 
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In section 6, some numerical examples are given and discussed. Finally, the paper is concluded 
in section 7. 
 
2.   Mathematical Model 
 
We consider a discrete-time single-server queueing system with two queues having infinite 
buffer space. Two types of traffic are arriving in the system; viz. packets of class-1 that are 
stored in the first queue and packets of class-2 which are lined in the second. It is assumed that 
the time is slotted, where 1 slot equals the transmission time of a packet. We denote the number 
of arrivals of class-j during slot k by ܽ,ሺ݆ ൌ 1, 2ሻ. Both types of packet arrivals are assumed to 
be i.i.d. from slot-to-slot and are characterized by the joint probability mass function 
 

ܽሺ݉, ݊ሻ ≜ ଵ,ܽൣܾݎܲ ൌ ݉, ܽଶ, ൌ ݊൧, 
 
and joint probability generating function (pgf) ܣሺݖଵ,  ,ଶሻݖ
 

,ଵݖሺܣ ଶሻݖ ≜ ଵݖൣܧ
భ,ೖݖଶ

మ,ೖ൧ 	ൌ 	∑ ܽሺ݉, ݊ሻ	ݖଵ
	ݖଶ

∞
,	ୀ . 

 
We denote the total number of arriving packets during slot k by ்ܽ, 	≜ 	 ܽଵ,  ܽଶ, 

and its pgf is 
given as ்ܣሺݖሻ ≜ ,ೖሿݖሾܧ ൌ ,ݖሺܣ  ሻ. Further, we define the marginal pgf's of the number ofݖ
arrivals from class-1 and class-2 during a slot by ܣଵሺݖሻ ≜ భ,ೖሿݖሾܧ ൌ ,ݖሺܣ 1ሻ  and ܣଶሺݖሻ ≜
మ,ೖሿݖሾܧ ൌ ,ሺ1ܣ ሺ݆	ሻ respectively. We furthermore denote the arrival rate of class-݆ݖ ൌ 1,2ሻ by 
ߣ ൌ ܣ

′ ሺ1ሻ  and the total arrival rate by ்ߣ ൌ ்ܣ
′ ሺ1ሻ ൌ ଵܣ

′ ሺ1ሻ  ଶܣ
′ ሺ1ሻ . The system has one 

server that provides the service of packets, at a rate of 1 packet per slot. It is assumed that the 
system is stable, i.e., ்ߣ ൏ 1. 
 
Due to the priority scheduling mechanism, it is as if class 1 packets (the high priority packets) 
are stored in front of class 2 packets (the low priority packets) in the queue. The low priority 
queue is provided service only in the case of being empty of the high priority queue. Class-1 
packets are assumed to have non-preemptive priority over class-2 packets, and within one class 
the service discipline is FCFS. Since the priority scheduling is non-preemptive, service of a 
packet will not be interrupted by newly arriving packets. 
 
Finally, the system is influenced by the following jumping mechanism: at the end of each slot in 
which a packet of class-1 queue is transmitted and in which class-2 packets arrive at the system, 
the packet at the HOL-position of the low priority queue jumps to the high priority queue. 
 
3.   System Contents 
 
Let us denote the system contents of class-j at the beginning of slot k by ݑ,	ሺ݆ ൌ 1, 2ሻ and the 
total system contents at the beginning of the slot k by ்ݑ, . The joint pgf of ݑଵ,   and ݑଶ, 
denoted by ܷሺݖଵ,  ଶሻ and given byݖ
 

ܷሺݖଵ, ଶሻݖ ≜ ଵݖൣܧ
௨భ,ೖ	ݖଶ

௨మ,ೖ൧. 
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The system contents of both types of packets can be obtained according to the following system 
equations: 
 
If ݑଵ, ൌ 0, then 

                                          ቊ
ଵ,ାଵݑ	 ൌ ܽଵ,	,																										

ଶ,ାଵݑ ൌ ଶ,ݑൣ െ 1൧
ା
 ܽଶ,.

                                                         (3.1) 

If ݑଵ,  0, then 
 

If ܽଵ, ൌ 0; 

                                         	ቊ
ଵ,ାଵݑ	 ൌ 																										,	ଵ,ݑ

ଶ,ାଵݑ ൌ ଶ,ݑൣ െ 1൧
ା
 ܽଶ,,

                                                         (3.2) 

 
and if ܽଵ,  0; then 
 

                                          ቊݑଵ,ାଵ ൌ ଵ,ݑൣ െ 1൧
ା
 ܽଵ,	,

ଶ,ାଵݑ ൌ ଶ,ݑ  ܽଶ,	,
                                                         (3.3) 

 

where    denotes the maximum of the argument and zero. When the class 1 queue is empty at 

the beginning of slot ݇, a packet of class 2 queue (if any) is served during slot ݇ (3.1). When the 
class 1 queue is non-empty at the beginning of the slot ݇ a packet of class 1 queue is served. In 
the latter case, if ܽଵ,  0, a class 2 i.e., low priority packet jumps at the end of slot ݇ to the class 
1 i.e., high priority queue [Equations (3.2) and (3.3)]. Using the above system equations the 
relationship between the joint pgf’s of the system contents at the slots ݇ and ݇  1 is obtained as 
follows: 
 

ܷାଵሺݖଵ, ଶሻݖ ൌ

௭భሺ௭మିଵሻሺ௭భ,௭మሻೖሺ,ሻା௭భሺ௭భ,௭మሻೖሺ,௭మሻା௭భೖሺ௭భ,௭మሻሺ,௭మሻ
ି௭భೖሺ,௭మሻሺ,௭మሻା௭మೖሺ௭భ,௭మሻሺ௭భ,௭మሻି௭మೖሺ௭భ,௭మሻሺ,௭మሻ

ି௭మೖሺ,௭మሻሺ௭భ,௭మሻା௭మೖሺ,௭మሻሺ,௭మሻ

௭భ௭మ
.                            (3.4) 

 
The distribution of system contents, i.e.,	ܷሺݖଵ,  ଶሻ, in the case of steady-state is defined asݖ
 

ܷሺݖଵ, ଶሻݖ ≜ lim
→ஶ

ܷሺݖଵ,  .ଶሻݖ

 
Applying the limit in Equation (3.4), we get the following formula for ܷሺݖଵ,  :ଶሻݖ
 

ܷሺݖଵ, ଶሻݖ ൌ
௭భሺ௭మିଵሻሺ௭భ,௭మሻሺ,ሻାሺ௭భି௭మሻሼሺ௭భ,௭మሻିሺ,௭మሻሽሺ,௭మሻ

௭భ௭మି௭మሺ௭భ,௭మሻିሺ௭భି௭మሻሺ,௭మሻ
.                                          (3.5) 

 
For determining the two unknown quantities, namely ܷሺ0, ,ଶሻ and ܷሺ0ݖ 0ሻ, we use Rouche’s 
theorem and the normalization condition respectively (see, for instance, Maertens et al. (2007);

 Maertens et al. (2008); Walraevens et al. (2003) and the references therein) and finally obtains 
the joint pgf of the system contents at the beginning of a random slot in the steady state: 
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ܷሺݖଵ, ଶሻݖ ൌ
ሺଵିఒሻሺ௭మିଵሻ൛௭భሺ௭భ,௭మሻ൫௭మିሺ௭మሻ൯൫௭మିሺ,௭మሻ൯ା௭మሺ௭భି௭మሻሺሺ௭మሻ,௭మሻ൫ሺ௭భ,௭మሻିሺ,௭మሻ൯ൟ

൫௭మିሺ௭మሻ൯൫௭మିሺ,௭మሻ൯൫௭భ௭మି௭మሺ௭భ,௭మሻିሺ௭భି௭మሻሺ,௭మሻ൯
, 

                           (3.6) 
 

with 
 

  ܻሺݖሻ ≜ ,ሻݖሺܻሺܣ ሻݖ 
ሺሺ௭ሻି௭ሻ

௭
,ሺ0ܣ  ሻ.                                                                              (3.7)ݖ

 
The marginal pgfs ்ܷሺݖሻ, ଵܷሺݖሻ and ܷଶሺݖሻ of the total system contents and the system contents 
of class-j are obtained by putting appropriate values of ݖଵ and ݖଶ, which are given as follows: 
 

 ்ܷሺݖሻ ≜ lim→ஶ ௨,ೖሿݖሾܧ ൌ ܷሺݖ, ሻݖ ൌ
ሺଵିఒሻሺ௭ሻሺ௭ିଵሻ

௭ିሺ௭ሻ
,                                                  (3.8) 

 

ଵܷሺݖሻ ≜ lim→ஶ ௨భ,ೖሿݖሾܧ ൌ ܷሺݖ, 1ሻ ൌ
ሺଵିఒభሻభሺ௭ሻሺ௭ିଵሻ

భሺሻ൫௭ିభሺ௭ሻ൯
,                                                    (3.9) 

 
	ܷଶሺݖሻ ≜

lim→ஶ ௨మ,ೖሿݖሾܧ ൌ ܷሺ1, ሻݖ ൌ
ሺଵିఒሻሺ௭ିଵሻ൛మሺ௭ሻ൫௭ିሺ௭ሻ൯൫௭ିሺ,௭ሻ൯ା௭ሺଵି௭ሻሺሺ௭ሻ,௭ሻ൫మሺ௭ሻିሺ,௭ሻ൯ൟ

൫௭ିሺ௭ሻ൯൫௭ିሺ,௭ሻ൯൫௭ି௭మሺ௭ሻିሺଵି௭ሻሺ,௭ሻ൯
, 

(3.10) 
where the quantity ܻሺݖሻ is obtained by using Equation (3.7). 
 
4.   Delay Analysis 
 
The number of slots between the end point of the packet’s arrival slot and the end point of its 
departure slot is defined as the packet delay. In other words it is the total amount of time that a 
packet spends in the system. In this section, the pgf expression of the packet delay of class 1 
packets will be derived. Since a jump of the packets of class 2 to class 1 takes place at the end of 
the slot, the freshly arriving packets of class 1 are queued in front of packets that jump in the 
same slot. As a consequence, the packet delay of a tagged class 1 packet only depends on the 
system contents of queue 1 at the beginning of its arrival slot. This also means that the packet 
delay of a tagged class 1 packet can be treated as if it is the only type of packet in the system 
with only packets of class 1 arriving Bruneel & Kim (1993). Let the slot ݇ be assumed to be the 
arrival slot of the tagged packet, the system contents of class 1 at the beginning of the slot ݇ be 
denoted by ݑଵ, and the total number of class 1 packets that arrive during slot ݇ and which have 
to be served before the tagged packet are defined and denoted by ଵ݂,. Then the amount of time a 
tagged class 1 packet spends in the system is given by 
 

    	݀ଵ ൌ ଵ,ݑൣ െ 1൧
ା
 ଵ݂,  1.                                               (4.1) 

 
Indeed, the tagged class 1 packet has to wait in queue 1 until all packets that were already in this 
queue at the moment of its arrival, are completely served. The number of these packets is 
obviously determined by all packets that were already present in queue 1 at the beginning of its 
arrival slot (potentially including class 2 packets which jumped to queue 1 before the tagged 
packet arrived) and all class 1 packets that arrived before the tagged packet in its arrival slot. The 
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delay then equals this waiting time augmented with the service time of a packet, which equals 1. 
This leads to the above expression. Introducing pgf's yields 
 

ሻݖଵሺܦ  ൌ ௗభሿݖሾܧ ൌ ሻሾݖଵሺܨ ଵܷሺݖሻ  ሺݖ െ 1ሻ ଵܷሺ0ሻሿ.                        (4.2) 
 

The fact that ݑଵ, and ଵ݂, are uncorrelated is used to obtain the above expression. The pgf of ଵ݂, 
i.e., ܨଵሺݖሻ can be calculated as in Bruneel and Kim (1993) and given by 
 

ሻݖଵሺܨ ൌ
భሺ௭ሻିଵ

ఒభሺ௭ିଵሻ
.                                                                                                                   (4.3) 

 
Using expressions (3.9) and (4.3) in (4.2), we finally find the pgf of the packet delay of class-1 
packets is given by 
 

ሻݖଵሺܦ ൌ
ሺଵିఒభሻ௭ሺభሺ௭ሻିଵሻ

ఒభభሺሻ൫௭ିభሺ௭ሻ൯
 .                                                                                                    (4.4) 

 
The analysis of the cell delay of a class-2 cell is more complicated. Consider a logically 
equivalent queueing system where all high priority cells are stored in front of the class-2 cells, 
and let us tag an arbitrary class-2 cell that arrives in the system. If k be the arrival slot of a tagged 
type 2 packet, ்ݑ, be the total system contents at the beginning of the slot ݇, and ܽଵ, and ଶ݂, be 
the number of class 1 and class 2 packets which arrive during the slot ݇, but have to be served 
before the tagged packet then the total number of slots that a tagged type 2 packet spends in the 
system can give as 
 

	݀ଶ ൌ ,்ݑൣ െ 1൧
ା
 ܽଵ,  ଶ݂,    1,                                                                           (4.5) 

 
where  being the number of type 1 packets which arrive during the slots following the tagged 
packet’s arrival slot and due to the priority scheme these have to be served before the tagged one. 
We can calculate the packet delay of class 2 packets inspite of being complicated to obtain an 
explicit expression for its pgf. The expression for packet delay of the class 2 packets is obtained 
in the next section. 
 
5.  Calculation of Moments 
 
For calculating the moments of the system contents and packet delays we will require the 
derivatives of the function ܻሺݖሻ, defined in sections 3, for ݖ ൌ 1. These can be easily calculated 
in closed-form and the first derivative of ܻሺݖሻ, at ݖ ൌ 1, i.e., ܻᇱሺ1ሻ is given by 
 

ܻᇱሺ1ሻ ൌ ఒమିభሺሻ

ଵିఒభିభሺሻ
.                                                                                                             (5.1) 

 
Let us define λ୧,୨ and λ as 
 

,ߣ ൌ
డమሺ௭భ,௭మሻ

డ௭డ௭ೕ
ฬ
௭భୀ௭మୀଵ
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and 
 

்்ߣ ൌ
ௗమሺ௭ሻ

ௗ௭మ
ቚ
௭ୀଵ

, 

 
with ݅, ݆ ൌ 1, 2. Now the mean value of the system contents and mean packet delay of class 1 can 
be calculated by taking the first derivative of the respective pgf’s for ݖ ൌ 1. We find 
 

ଵሿݑሾܧ ൌ ଵߣ 
ଵ

భሺሻ
ቂߣଵ൫1 െ ଵሺ0ሻ൯ܣ 

ఒభభ
ଶሺଵିఒభሻ

ቃ ,                                                                 (5.2) 

 
and 

 

ሾ݀ଵሿܧ ൌ 1  ଵ

భሺሻ
ቂ൫1 െ ଵሺ0ሻ൯ܣ 

ఒభభ
ଶఒభሺଵିఒభሻ

ቃ .                                                                   (5.3) 

 
The mean value of the system contents of class 2,	ܧሾ்ݑሿ, can also be calculated by taking the 
first derivative of the respective pgf for ݖ ൌ 1 and also by using the following relation: 
 

ሿ்ݑሾܧ ൌ ଵሿݑሾܧ   ଶሿ,                                                                                                     (5.4)ݑሾܧ
 

where 	ܧሾ்ݑሿ is the mean total system contents which can be obtained by taking first derivative 
of ்ܷሺݖሻ for ݖ ൌ 1 and is given by 
 

ሿ்ݑሾܧ ൌ ்ߣ 

ᇲᇲሺଵሻ

ଶሺଵିఒሻ
.                                                                                                         (5.5) 

 
The mean packet delay of class 2 packets can be obtained by using the relation proposed in 
Maertens et al. (2008) and is given by 
 

ሾ݀ଶሿܧ ൌ
ாሾ௨ሿିఒభாሾௗభሿ

ఒమ
.                                                                                                         (5.6) 

 
As the values of ܧሾ݀ଵሿ and ܧሾ்ݑሿ are already calculated, hence we can calculate the value of 
 .ሾ݀ଶሿܧ
 
6.   Numerical Example 
 
In this section, the results obtained in the previous sections, are applied to an output-queueing 
switch having ܰ inlets and ܰ outlets, see in Walraevens et al. (2003). Two types of traffic are 
assumed: class 1traffic which is delay-sensitive (e.g., video, voice etc.) and class 2 traffic that is 
assumed to be delay-insensitive (e.g., data). The inlet packet arrivals are generated by i.i.d. 
Bernoulli processes with arrival rate ்ߣ. An arriving packet is assumed to be of class ݆	ሺ݆ ൌ 1,2ሻ 
with probability ߣ ଵߣሺ்ߣ  ଶߣ ൌ ⁄ሻ்ߣ . We assume the traffic of the two classes is arriving 
according to a two-dimensional binomial process. The joint pgf of the arriving traffic, ܣሺݖଵ,  ,ଶሻݖ
is given by: 
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