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Abstract

In this paper we are going to obtain fuzzy traveling wave solutions for fuzzy linear partial differ-
ential equations by considering the type of generalized Hukuhara differentiability. In particular,
the fuzzy traveling wave solutions for fuzzy Advection equation, fuzzy linear Diffusion equation,
fuzzy Convection-Diffusion-Reaction equation, and fuzzy Klein-Gordon equation are obtained.
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1. Introduction

This paper examines the fuzzy solution of the following generic form of the second-order fuzzy
linear partial differential equation under generalized Hukuhara partial differentiability,

Up,, = F<u, uxgH,umgH,uttgH>- (1)

We are interested in a particular class of solutions to the fuzzy linear partial differential equations,
the traveling wave fuzzy solution.

Various complex phenomena in different branches of science and engineering such as plasma
physics, fluid mechanic and optical fibers can be expressed in the form of Equation (1) because
most of these phenomena have some uncertainty and ambiguity in their initial measurements, and
a well-known way for modeling systems with uncertainties is fuzzy set theory.

The fuzzy partial differential equations are examined by Buckley and Feuring (Buckley and Feur-
ing (1999)). They introduced the concepts of fuzzy partial differentiability based on general-
ized Hukurara difference for the fuzzy multivariable functions. In recent years, many methods
have been utilized for finding an analytical or numerical fuzzy solution for fuzzy partial differ-
ential equations (Allahviranloo (2002); Allahviranloo and Taheri (2009); Bertone et al. (2013);
Gouyandeha et al. (2017); Moghaddam and Allahviranloo (2018)) and fuzzy differential equations
(Tapaswini and Chakraverty (2013); Gholami et al. (2019)).

The traveling wave solutions of the partial differential equations can provide physical aspects of
the problems; therefore, they play an essential role in applied science fields (Wazwaz (2002);
Ablowitz and Clarkson (1991); Griffiths and Schiesser (2011)). In this article, we will obtain the
fuzzy traveling wave solution for particular cases of Equation (1): fuzzy Advection equation, fuzzy
linear Diffusion equation, fuzzy Convection-Diffusion-Reaction equation, and fuzzy Klein-Gordon
equation. We will discuss the fuzzy traveling wave solution of these equations by considering the
type of g H —differentiability.

The organization of this paper is as follows. In Section 2, some concepts associated with fuzzy
numbers and generalized Hukuhara differentiability are expressed. The method of obtaining fuzzy
traveling wave solutions for second-order fuzzy linear partial differential equations by considering
the type of generalized Hukuhara partial differentiability is described in Section 3. Next, in Section
4 the fuzzy traveling wave solution for fuzzy Advection equation, fuzzy linear Diffusion equation,
fuzzy Convection-Diffusion-Reaction equation, and fuzzy Klein-Gordon equation are obtained and
the corresponding formulas are shown. Conclusions are drawn in Section 5, and finally, in the
Appendix the fuzzy solution of the eigenvalue problem for the second-order fuzzy differential
equation is obtained.
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2. Mathematical Preliminaries

In this section, the basic definitions and the necessary notation which will be used throughout
the paper are introduced. The set of fuzzy numbers, that is, normal, fuzzy convex, upper semi-
continuous and compactly supported fuzzy sets which defined over the real line is denoted by K.
The a—cut of fuzzy number A for all 0 < o < 1 is defined as follows:

[A]* = {x e R"|A(z) > a}, (A0 = cl{a: cR"

A(z) > o}.

Definition 2.1. (Kaufmann and Gupta (1985))

Triangular fuzzy numbers are particular numbers in [E such that they define by an ordered triple
a = (ay,a9,a3) with a; < ag < as. Let a = (a1, a9,a3), b = (by, by, b3) be two triangular fuzzy
numbers, SO

1. The triangular fuzzy number « is said to be non-negative if a; > 0;

2. [a]* = [(a1,a2,a3)]* = [a1 + (a2 — a1)a, a3 — (a3 — az)a] for all « € [0, 1];

3. Two triangle fuzzy number a and b are said equal if and only if a; = by, as = by and a3 = bs;
4. aEBb: (a1 +b1,a2 +b2,CL3 +b3);

5. Forall A e R

\a = ()\ala >‘a2) Aa?)), if A >0,
| (Aas, Aas, Aay), if A < 0.

Definition 2.2. (Alikhani and Bahrami)

The generalized Hukuhara difference of two fuzzy number a,b € E is the fuzzy number ¢ (if it
exists), such that

(1)a=bdc, or

(i) b=ad (—1)c.

For two fuzzy triangular numbers a = (a1, as, az) and b = (b, by, b3), the generalized Hukuhara
difference is defined as follows

anHb:c<:>{

o (Z) C = (a1 —bl,ag — b2,CL3 —bg), or
a@gHb_C<:> {(ZZ)C: (ag—b3,a2—bg,a1 _bl),

provided that c is a triangular fuzzy number. Bede has shown that if ¢ and b are two triangular
fuzzy number, then a O,y b always exists in [E (Bede (2013)).

Corollary 2.3.

Let a = (a1, az,a3), b = (b1,bs,b3) and ¢ = (cq, ¢z, ¢3) be triangular fuzzy numbers. Then, we
easily see that

(i) (—1)a = (—as, —az, —a1),
() 0©4m a = (—as, —az, —a;) = (—1)a,
(iii) 0 ©yn (—1)a = (a1, az,a3) = a,
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(iv) aSyn (-1)b#a®b,
(V) a Sy (bSync) #aSumbdc,

where 0 is the singleton.

In this paper consider, f : (a,b) C R — [E as a triangular fuzzy function such that f(t) =
( f1(t), fa(t), fg(t)> where f;(t), ¢ = 1,2, 3 are real-valued functions. Moreover, a function u :

R x [0, 00) — E is a fuzzy-valued function of two independent variables which consider u(x,t) =
(ug(z,t), us(x,t), us(x,t)) as a triangular fuzzy function.

Definition 2.4. (Bede (2013))

Let f : (a,b) — E be a fuzzy valued function such that f(¢) = (fl(t), fa(t), fg(t)>. Consider
limy o fi(t) = L; for i = 1,2, 3, then we define

hm f(t) = (Ll, LQ, Lg)

t—o00

Definition 2.5. (Bede (2013))

Let f : (a,b) — E be a fuzzy valued function such that f(t) = (fl(t),fQ(t),fg(t)>,

where fi(t), fo(t) and f5(¢) are real-valued differentiable functions on (a,b). Then f is a
[(i) — gH|—differentiable function at ¢, € (a, b) if and only if

Iy (to) = (Filto). fa(to), fi(to) ).

defines a triangular fuzzy number. Similarly, f is a [(i7) — g H|—differentiable function at ¢, if and
only if

Fhgi(to) = (Filto), fi(to), Fi(to) ).

is a triangular fuzzy number. In general, if f(¢) is a [(i) — gH]— or [(ii) — gH]— differentiable for
all to € (a,b), then f is generalized Hukuhara differentiable function on (a, b).

Definition 2.6. (Bede (2013))
Let f : (a,b) — E is a fuzzy-valued function and f(t) = (fl (1), fa(t), f3(t)> and ty € (a,b) then

/a bf(t)dt: ( / bfl(t)dt, / bfz(t)dt, / b f;;(t)dt).

Theorem 2.7. (Bede and Stefanini (2013))

If f is g H-differentiable with no switching point in the interval [a, b], then we have

b
/ foa(t)dt = £(b) Sn f(a).
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Proposition 2.8.

Let « and (3 be two real constants such that o, 5 > 0 (or o, 5 < 0). If f(¢) is a fuzzy-valued
function, then

o f(t) Sy B f(1) = (0= ) ® (1) @
Proof:
First consider « and (3 as positive constants. Then,
a f(t) = (afil).afa®).afs®), 81 = (BAE). 8L, BfD)).
Using Definition 2.2 we observe that
o f(t) Syn 6 1(t) = (min {afi(t) = BA), afs(t) = B0} afalt) = BL:(0)
max {afi(t) = B£(1), afslt) = (D)} ).
Now, let (v — 3) > 0. In this case,
o F(1) O B 1(8) = ((a = BA(1). (@ = B folt), (0 = B)fo(1))
= (a=8)© (A1), ), (1)),
and, if (& — 3) < 0, therefore,
o F(1) O B 1(8) = (0 = B)fs(0). (@ = A folt), (0 = B) (1))
= (a=B)© (filt). Llt), fs(1)).

Hence Equation (2) is obtained. The other case, when « and 3 are negative constants, can be proved
in a similar manner. n

Definition 2.9. (Allahviranloo et al. (2015))

A triangular fuzzy function u(x, t), without any switching point on D, is called

e [(i) — p]—differentiable with respect to ¢ at (¢, ¢y) if and only if
Ouy(z,t) OQug(w,t) Ous(z,t)
v t) =
o :0) = o 0 ot 0 ot )
defines a triangular fuzzy number, and
Its [(ii) — p|—differentiable if and only if
Ous(x,t) Oug(z,t) Ouy(z,t)
L. ,t = ( ) ) >
Ut (1) ot ot ot

defines a triangular fuzzy number.

)
r=x0,t=to

)
T=Xo ,t:to

Moreover, if u,(z,t) is [gH — p|—differentiable at (x,t) with respect to « without any switching
point on D and
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e If the type of [gH — p|]—differentiability of both u(z,t) and u,(x,t) are the same, then u,(z, t)
is [i — p]-differentiable with respect to = and
o (1) = <82u1(x,t)’ D?us(z, t)’ 82u3(x,t)>
e Ox? Ox? Ox?
e If the type of [¢H — p|]—differentiability u(z,t) and u,(z,t) are different, therefore, u,(z,t) is
[it — p|—differentiable with respect to x and
o (1) = ((‘32u3(1:, If)7 82u2(:c,t)’ 82u1(3:,t)>
e Ox? Ox? Ox?

T=Xo ,t:to

T=Xo 7t:t0

Recently, Chalco-Canoa et al. have studied the gH-derivative of the product of a differentiable real-
valued function and a gH-differentiable for interval functions (Chalco-Canoa et al. (2019)). In the
following, we extend the results for triangular fuzzy functions.

Theorem 2.10.

Assume that f : (a,b) — E is a fuzzy generalized Hukuhara differentiable function on (a, b) and
type of gH —differentiability doesn’t change in this interval and h(t) is a monotonic real-valued
continuous differentiable function. Then, the following cases are established:

1. If f(t) is [{ — gH|—differentiable and
1-1. h(t) is a positive and increasing function then h(t) ® f(t) is [¢ — g H]—differentiable and
(hD)© FO) = WO © 10 @ D) © f,n()
1-2. h(t) is a positive and decreasing function then h(t) ® f(¢) is [i — gH|—differentiable and
(r)© £®) = O fya(t) Sy (<H(B) © 1(2).
1-3. h(t) is a negative and increasing function then h(t) ® f(t) is [ii — g H|—differentiable and
() © F®) | = b © F(®) San (-H(®) © F(1).
1-4. h(t) is a negative and decreasing function then h(t) ® f(t) is [ii — g H]—differentiable and
(r0y© F0) = © 0 @O O f(0).
2. If f(t) is [it — gH]—differentiable and
2-1. h(t) is a positive and increasing function then h(t) ® f(t) is [it — g H]—differentiable and
(r)© £B) = h(O© fyult) Sy (LK) © (1)
2-2. h(t) is a positive and decreasing function then h(t) ® f(t) is [ii — gH|—differentiable and
/

(h®) @ F() = (1) ® [(1) @ (D) © fu(t).

gH
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2-3. h(t) is a negative and increasing function then h(t) ® f(t) is [i — g H|—differentiable and

(Hy© F0) = WO © IO @ D) © f(0).

2-4. h(t) is a negative and decreasing function then h(t) ® f(t) is [¢ — g H]—differentiable and
/
(h)© £(1)) = h(t)© Fou(t) Sy (~DF (1) © F0).

Proof:
Let f(t) = (f1(t), fa(t), f5(t)), the product of f(t) and h(t) is equal to

: . (AOA®.BOLO. RO (D). i h(E) > 0.
h(t) @ (1
( (8)13(8). h(O) (). () (1)) 3F h(1) < 0.

Then (h(t) © f(t)>;H = (#i(r where

H1(t) = min {h’(t)fl () + h(t) f1(2), 1 (t) f3(t) + h(t)fé(t)},

Ha(t) = W (1) fo(t) + h(t) f3(2),

Halt) = ma 1O (6) + KOS HOR(0) + HOL0 |
£H1 (1) = A(£) i (8)+R(2) f1(2) and Ha(t) = R'(£) fs(£) +(2) f5(1), then we say that (A(t)& /(1))
is a [(i) — gH|—differentiable function. Otherwise, it is [(i¢) — gH]—differentiable.

Now consider the Case 1-4. According to the assumptions, f(¢) is a [(i) — gH|—differentiable
function and h(t) is a negative and decreasing function. Then h(t) < 0 and A/(t) < 0,
): [:

P fLgas (1) @ 101 (1) = h(0) (F1(0), 13(0), f <>)@h'<t>( fi(), £2(0), £ <>)
= (h A0, n0 B0, RO L0) © (K 0,1 (O
— (PO + W) fo(0), RO J3(0) + (1) fo(0), RO Fi(2) + h’(t)fl(t))
= (rnyof0), .
So h(t) ® f(t) is [ii — gH]—differentiable. Similarly, the rest of the cases can be proved. n

Corollary 2.11.

In the particular case of Theorem 2.10, suppose that 2'(t) = 0. It can be easily shown that

1. If f(t) is [(¢) — gH|—differentiable, then h(t) ® f(t) is [(i) — gH]—differentiable,
2. If f(¢t) is [(ii) — gH]—differentiable, then h(t) ® f(t) is [(it) — gH]—differentiable,
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and

/

(h @ f1)  =h)© fu®).

g

Theorem 2.12. (Moghaddam and Allahviranloo (2018))

Let Z := F(&(t),n(t)) is a fuzzy valued function, where &(¢) and )(¢) are differentiable real valued
functions of ¢. Then, F'is gH-differentiable function of ¢ and we have:

7, =9 A —.
i T T T

Corollary 2.13.

Let Z(x,t) = F (&) is a fuzzy valued function, where £(z, t) is differentiable real valued function
of x and t. Then, by Theorem 2.12,

dygl’ 0
N
dyF Ot
ngH({L',t):%Q%.

Theorem 2.14.

Let Z(x,t) = F(£) be a triangular fuzzy function such that F'(§) = <F1 (&), F»(¢), F3(§)> , where

&(z, ) is differentiable real-valued function of x and ¢. Then, F' is gH-differentiable function of &.
Then,

1. If F(§) is [(¢) — gH]—differentiable and % > 0, then Z(x,t) is [(i) — p|—differentiable with
respect to t;

2. If F(§) is [(i) — gH|—differentiable and % < 0, then Z(x,t) is [(i7) — p]—differentiable with
respect to ¢;

3. If F(&) is [(i1) — gH]—differentiable and % > 0, then Z(x,t) is [(i1) — p|—differentiable with
respect to t;

4. If F(§) is [(i4) — gH]—differentiable and % < 0, then Z(x,t) is [(i) — p|—differentiable with
respect to ¢.

Proof:

Consider F'(§) = (Fl(f), Fy(¢), Fg(g)) is [(¢) — gH]-differentiable for every ¢ € J and % > 0.
Using Corollary 2.13,
dgnF" O

ZtgH<£IZ',t) = d—£ ® (‘375
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Now, F'(€) is [(i) — gH|-differentiable, then

dignl” . 08 _ (@ ar @) o
dé ot de’ de’ de ot
_ <dF1g dF, 9¢ dF3g>
d¢ ot’ dg§ ot d§ ot
=Zs, ,u(x,1).

Now, if % < 0 we obtain

dignF 06 (dFy dFy dFy\ _ 0€
dé ®§_<d§’dg’d§)®at

“\de ot dg ot dg ot

This concludes the proof for [(i) — g H|-differentiability.

. . .. . . ¢
Now, consider F'(§) is [(ii) — gH]-differentiable and 3 > 0

divgu " O€ (@ ks @) 95
dé ot d¢’ de’ de ot
_ (ng§ dF, 9¢ dplg>
d¢ ot’ d¢ ot de ot
= Z ou (2, 1).

Now, if % < 0, then

bignl’ o 06 _ (2 2% My %
d¢ ot ¢’ d¢’ dg ot
_(dFlg dF> 0¢ d%%)
d¢ ot’ d¢ ot dg ot
=Zs, u(@,t). -

3. The Traveling Wave Fuzzy Solution

Consider the following generic form of second-order fuzzy linear partial differential equation in
two independent variables,

Uy, = F (u Uz s> Uzay s UttgH>~ 3)

We are interested in a particular class of solutions to the fuzzy linear partial differential equations,
the traveling waves. For a fuzzy traveling wave solution with profile U and velocity ¢ € R, we
want to find a solution u : R x [0, 00) — E of the form

w(z,t) =U(x —ct), &(z,t) =2 — ct, 4)
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where profile U is a continuous function and gH —differentiable in £ and c is arbitrary constant
generally termed the wave velocity. This solution corresponds to a linear translation along the z
axis with respect to t. If ¢ > 0, profile U(z — ct) at a later time ¢ is moving to the positive =
direction by a amount ct with speed c. Similarly, u(x,t) = U(z — ct) with ¢ < 0 shows a moving
to the left of = axis with speed |c|. In this paper we consider ¢ > 0, it means we are just interested
such solutions which are moving to the positive x direction.

To find a traveling wave solution for Equation (3), consider u(x,t) = U(§) where £ = x — ct. The
partial derivatives of £(x,t) = x — ct are as follows

& 0l e 0%
Z=— =1, To=—2= 5)
ot Ox ox?  Ot?
By using the Theorems 2.14, 2.10, Corollary 2.11 and Equation (5), and by considering the type
of g H—differentiability for U, we have different cases as follows.

Case 1. If U () is a [(i) — gH|—differentiable fuzzy function, then
1-1. w(z,t) is [(i7) — p]—differentiable with respect to ¢ and

di.gHU 65 di.gHU
utm.gH d£ © ot ( )C dg

1-2. w(x,t)is [(i) — p|—differentiable with respect to x and

U, oy = —di'gHU ® % = —di'gHU.
e ox  de
1-3. wy, (x,t)is [(¢) — p]—differentiable with respect to ¢ and
dZQgHU <%>2 _ 02 d?gHU
ot g2
1-4. u, , (x,t)is [(7) — p]—differentiable with respect to x and
u — dignU <%>2 — d?'QHU.
Hart de? Ox de?
Case 2. Consider U () is a [(i1) — gH|—differentiable fuzzy function. Hence, we have

utti_gy - d€2

2-1. u(x,t) is [(i) — p]—differentiable with respect to ¢ and
ey R N G ) P L el
(- i © 9 (—1)c i
2-2. u(x,t)is [(i1) — p|—differentiable with respect to x and
u _ dngHU o) @ _ dii.gHU
it d¢ oz s
2-3. wy,, (x,t) is [(11) — p]—differentiable with respect to ¢ and
_ dzzi.gHU (%)2 _ 2 dzzi.gHU
o = T e ot e

Uy
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2-4. u, , (x,t)is [(it) — p]—differentiable with respect to z and

TLii.gH d§2 al, de °

So Equation (3) reduces to

di g U dignU & qU  ,d qU
-1 1.9 _ F 1.9 1.9 2.9 6
and
-1 Tn.gHd —_ F U g 1.9 2 711.9 7

Equations (6) and (7) are fuzzy ordinary differential equations in &. Solutions of such equations
usually depend upon some arbitrary constants that we can find them by initial conditions and some
auxiliary conditions are often used to obtain a fuzzy solution for this equation. Generally, the
boundary conditions

lim U(§) =w, lim U(&) = u,, (8)

£——o0 E—+o0

are usually imposed. Then, U is called wave front if u; # u,.. However, if v; = u,., the correspond-
ing wave is known as a pulse wave.

In this paper we consider the following auxiliary boundary conditions

2
lim U(¢) =0, lim v _ 0, i a

£ 5400 E—+oo d€ 5—1?00 d_§2 =0 ©)

Moreover, the traveling wave solution must be valid in the initial condition u(x,0) = f(z). Then,
by using auxiliary conditions (9), the fuzzy initial condition f(x) has to satisfies in the following
conditions:

Sp =0 I fu(@) =0, L fou() =0 (10

For this reason, in the following sections, the initial value is selected in such a way that conditions
(10) are applied.

4. The Traveling Wave Solution for Fuzzy Linear Partial Differential
Equations

In the following, in order to illustrate the efficiency of the proposed method, several important
equations of linear fuzzy partial differential equations are investigated and their traveling wave
solutions are presented.
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4.1. Fuzzy Linear Advection Equation

One of the simplest fuzzy partial differential equations is the fuzzy linear advection equation (or
fuzzy linear transport equation). Consider u is a quantity to be transported and the positive constant
a 1s the velocity. Consider the fuzzy advection

Uty = (_1>angH7 (11)

with fuzzy initial condition

u(z,0) = f(x). (12)
To obtain a traveling fuzzy solution for Equation (11), consider
u(z,t) =U(), &=ux—ct.
First, we consider U () is [(i) — gH|—differentiable. Then,
(—1)0% — (- )adi'z]l—lgU, = cd’*ggU S0t adi-ggU _
Two constants a and c are positive. Therefore, Proposition 2.8 implies

di.gHU
(c—a) & 0.
For non-constant U, we have di";g’ Y £ 0 which implies that ¢ = a. So any function U (x — at) with
sufficiently smooth U which satisfies in the initial fuzzy value (12), lim¢_,o, U(§) = 0 and [(i) —
gH]-differentiable, is a traveling wave solution. In fact, the traveling fuzzy solution of Equation
(11) is u(z,t) = f(x — at), such that u(x,t) is [(i1) — p]—differentiable with respect to ¢ and
[(i) — p]—differentiable with respect to .

0.

Similarly, consider U (§) is [(i1) — gH]—differentiable. Then, in this case, the initial fuzzy value
f(z) has to be [(i1) — gH|—differentiable at £ = = — ct and we obtain the traveling wave solution
u(z,t) = f(x— at) which is [(7) — p]—differentiable with respect to ¢ and [(ii) — p|—differentiable
with respect to z. For instant, let @ = 1 in Equation (11) and initial fuzzy function (12) is equal
f(z) = (3.8,7.7,9.3)(0.2)". This initial value satisfies the conditions in (10). Hence, the traveling
wave fuzzy solution is u(x,t) = (3.8,7.7,9.3)(0.2)**. We plot these functions in Figure 1, and as
you can see this solution is [(ii) — p|—differentiable with respect to ¢ and [(:) — p|—differentiable
with respect to x.

4.2. Fuzzy Linear Diffusion Equation

Consider the following fuzzy linear diffusion equation
Uty = Du:m:gHa (13)
with the initial condition

U(CL’, 0) = f(l’), (14)
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(c) Graph of ug,,; (,t).

Figure 1. Graph of u(z, ) = (3.8,7.7,9.3)(0.2)” " and its partial derivatives for o = % and0 < z,t < 1.

where f(z) € E. For a traveling wave fuzzy solution, we consider
u(z,t) =U(), with &=z — Dt. (15)

We want to find a fuzzy solution for Equation (13) such that u(z, t) will be [(i) — p]—differentiable
with respect to ¢ and [(i7) — p|—differentiable with respect to . For these reasons, by Case 2 in
Section 3, U(§) has to be [(i7) — gH|—differentiable, and therefore,
di; ontU d% o
—1)D2IZ" — D %I 16

COP= e =PO e e
After cancellation of D and rearrange this equation and using Corollary 2.3, we have the following
second order differential equation

%ﬂU@%MU_

=0. 17
e i (17)
By integrating Equation (17) once, we obtain
dii.oqU
e U =0, (18)

dg
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where (] is the integration constant. By using auxiliary conditions (9) when £ — +o00, we have
dii.guU
U = 24 =
(€)= =%
So the integration constant C is equal to zero and we have the following first order fuzzy differ-
ential equation

0.

dii e U
d§
that has the following fuzzy solution (Armand and Gouyandeh (2017))

U(¢) = Ce™,
which satisfies the condition U(£) = 0 when & — oco. Therefore
u(x,t) = Ce” @ PY,

Using initial condition (14), we can write

U =0,

C = f(z)e”,
so, we obtain the following fuzzy solution for the fuzzy linear diffusion equation
u(x,t) = f(x)e?". (19)

For example, for the fuzzy linear diffusion equation (13), consider D = 3 and the fuzzy initial
condition f(z) = (2.1,5.7,8.3)e*". Then by Equation (19), we have the following traveling wave
fuzzy solution

u(z,t) = (2.1,5.7,8.3)e = 3, (20)

This function and its first partial derivative with respect to ¢ and x are shown in Figure 2. These
figures show that u(x,t) is [(i) — p|—differentiable with respect to ¢ and [(ii) — p|—differentiable
with respect to z.

4.3. The fuzzy linear Convection-Diffusion-Reaction Equation

Consider the following fuzzy linear convection-diffusion-reaction equation

U, = (—1)a®ug,,, & D O gy, Sgur Ou, (z,t) € R x (0,00),

(21
u(z,0) = f(z),
where a, D and r are real positive constants. For a traveling wave solution to (21), we consider
u(z,t) = U(S), {=(z—at), (22)
di; o U di; ontU d% U
_1 n.g — _1 n.g D .9 U 23
(-1)a® i (—1)a® T ®Do i Ogr T O (23)
Then we have the following second order fuzzy differential equation
dz, o zU
Do _oreoU=0. (24)

dg?
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Figure 2. Graph of u(z,t) = (2.1,5.7, 8.3)e_r2+3t and its partial derivative fort = land0 < o < land 0 <z < 1.

By the method that described in Appendix 6 (B), Equation (24) has the following fuzzy solution
UE)=Croe VitaCyoeVrs, (25)
where (' and (5 are constants to be determined.
The auxiliary condition lim,_, U(§) = 0 implies that Cy = 0. So, we have
UE) =Cre V5E, = u(n,t)=Cre VBE), (26)
Moreover, by initial condition u(z,0) = f(z) we can write
Clef\/%(‘r) = f(z), = C;= f(x)e\/g(x).
The traveling wave fuzzy solution for Equation (21) is
u(z,t) = f(x)e\/g(x)ef\/%(%at). (27)
Now, consider the following fuzzy linear convection-diffusion-reaction partial differential equation

U,y = (—1)20 Uy, B 4O Ugg,, Ogrr 3O u, (x,t) € R x (0, 00),

u(z,0) = f(r) = (1.3,5.2,9.6) -
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Figure 3. Graph of u(z,t) = (1.3,5.2,9.6) 2\/:t fort=1land0<a<land0 <z <5.

1+1m2 €
Then, we have the following traveling wave solution

u(z,t) = (1.3,5.2,9.6) e2Vit, (28)

1+ 22

4.4. The Fuzzy Linear Klein-Gordon Equation

A simple modification of the fuzzy Klein-Gordon equation is the following equation

gty OgH Uzz,,; DU = 0, (:C,t) e R x (O, OO),
(29)
u(z,0) = f(z) € E.

To obtain the traveling wave solution for Equation (29), consider
u(z,t) =U(E), with &=z —ct,

where U (§) is [(i7) — g H|—differentiable. According to the process described Section 3 and using
Proposition 2.8,

dz U d? U
2 “ii.gH 1i.gH _
dgf2 @gH dg€2 EB U — 0
Therefore,
d% U
(= 1) d?; oU =0. (30)

Now, we determine a fuzzy solution for Equation (30) using method described in Appendix 6 (B)
as follows:
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e Consider ¢? < 1. Therefore, the fuzzy solution of Equation (30) is

U(f) = Cleiké s> Ogekg,

where ) and (5 are integration constants and k = L_  The auxiliary condition

V-1
limg o U(§) = 0 implies that Cy = 0, hence,
u(z,t) = Cre @t

Using the initial condition u(z,0) = f(x), we obtain the traveling wave solution of Equation
(29)

r—ct )

u(z,t) = f(x)e\/%ei(\/@;*1 .
e Now consider ¢? > 1. By applying the method which is discussed in detail in the previous part,
Cy .
U() = Ci cos(kg) & = sin(ke).

which by auxiliary condition limg_,o, U(€) = 0 we have C; = Cy = 0. So when ¢ > 1, the
fuzzy Klein-Gordon equation does not have any traveling wave solution.

5. Conclusion

In this paper, we obtain the fuzzy traveling wave solution of the partial differential equation by
considering the type of gH-differentiability. To demonstrate the efficiency of the method, the fuzzy
traveling wave solutions of the fuzzy Advection equation, fuzzy linear Diffusion equation, fuzzy
Convection-Diffusion-Reaction equation, and fuzzy Klein-Gordon equation are obtained. All re-
sults show that this method is a very powerful and efficient method for obtaining an analytical
solution for fuzzy partial differential equation.

6. Appendix
A. Linear Systems of Fuzzy Differential Equations

A system of equations of the form

Y1, (1) = aunyi(t) & .. & a1y (t) @ f1(2),
Yo, () = a2191(8) D .. @ aznyn(t) © fo(t),

Ynw (1) = @191 (1) © - © @y (t) © fu(t), (31)

where a;; are real numbers and f;(¢) are fuzzy functions, is called a first order linear system of
fuzzy ordinary differential equations with constant coefficient. Moreover, if the following fuzzy
initial conditions are satisfied in system (31),

y1(to) = A1, yalto) = As, ..., Yn(to) = An,
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then it is called the fuzzy initial-valued linear system, where A; are prescribed fuzzy constant
values.

Let us consider

(1) aip -+ Qip fi(t)
y(t) = : ; A= 1|1 |, ft) = :
yn(t) Anl *** Gnn fn(t)
Then system (31) can be written in matrix form as
Yo (t) = Ay(t) + f(1). (32)

If f(t) = 0, the fuzzy linear differential system (32) is homogeneous, otherwise it is nonhomoge-
neous. In the following, we express the fundamental theorem for solving homogeneous system of
fuzzy differential equations .

Definition 6.1. (Perko (2013))

Let A be an n X n matrix of real scalars. The matrix exponential, et is defined by

At A3
+

At
e =1+ At + 5 a0

The following statements hold

1. ey =1,

2. LA = Aet = eMAforallt € R;

3. e is an invertible matrix with inverse (e*)~! = e~ for all t € R.

Theorem 6.2. (Adkins and Davidson (2012))

A

Let A be an n x n matrix of real constants. Then, e“? is a well-defined matrix-valued function and

we have the following Laplace transform of ¢4
L[] = (sT — A7
The Laplace inversion formula is given by
eM = L7(sI — A)7Y.

Theorem 6.3. (The Fundamental Theorem for Linear Systems)

Let A be an n x n matrix of real constants. Then for a given y, € E”, the initial value problem

y, = Ay7 y(O) = Yo, (33)

has a unique solution given by

y(t) = ey
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Proof:

We will show that y(t) = ey, is a solution for initial value problem (33). For this reason, first,
by the properties of the matrix exponential that define in Definition 6.1, if y(¢) = e**y, we obtain

d
Vo) = = (M0 ) = Acyo = Ay(2),
for all ¢t € R. Moreover,
y(0) = Iyo = yo.

Thus, y(t) = ey is a fuzzy solution of the initial value problem. Now we want to show that this
is the only solution. Let x(¢) be any solution of the initial value problem (33) and

z(t) = ey, (34)
Now, define
2(t) = e Ma(t).
Using this fact that x(¢) is a fuzzy solution of (33), and Definition 6.1, we have the following
situations:
1. If z(t) is [(i) — gH]—differentiable, using Case 1-2 of Theorem 2.10 and Proposition 2.8,

2 () = el (1) O Ae™Ma(t)
= e MAx(t) Oy Ae M (2)

— ( Ae= A — Ae_At>m(t) =0.

2. If z(t) is [(i1) — g H]—differentiable, using Case 2-2 of Theorem 2.10 and Proposition 2.8 and
Corollary 2.3,

z;i.gH(t> = (—1)6_’4%;-'9,{(75) ® Ae M (t)
= oygAeMa(t) ® Ae Ma(t)

= ( — Ae At 4 Ae_At>x(t) = 0.

So z(t) is a constant. On the other hand,
2(0) = #(0) = wo.
Therefore, z(t) = yo and
2(t) = e Ma(t) = z(t) = ey,

So any solution of the initial value problem (33) is given by x(t) = y(t) = e*y,. This completes
the proof of the theorem. n
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B. Eigenvalue Problem for the Second Order Fuzzy Differential Equation

Consider the following fuzzy differential equation

W (6) ® Nu(t) =0,
(35)

U(to) = U, UlgH(t0> = Uq,

where A is a real number and where u; and wuy are two fuzzy numbers. We want to find a fuzzy
solution for Equation (35) for different value of \.

e If A = K? > 0, then the differential equation u});(t) ® K>u(t) = 0 can be rewritten as a system
of 2 first order linear equations by defining

yi(t) = u(t), walt) == uyg(t).

Therefore, we can write

Vi, () = g (1),

Yo, () = gy (1) = Sgn K ult),

and we obtain the following system of fuzzy first-order equations

Y1, (t) = ya(t), y1(to) = uo,

Ys,, (t) = Sor Ky (t),  ya(ty) = ui.

In this case

N R Bt et

Using Theorem 6.3, we have

o] = [ ity ) ]

Then we obtain the following fuzzy solution for Equation (35) when A = K2 > 0
u(t) = ug cos(Kt) ® U_K1 sin(Kt).

e A = —K? < 0, we have the fuzzy differential equation u});(t) ©4u K*u = 0. Using the same
method, we have the following system of fuzzy differential equation

Y1, (1) = ya2(1), y1(to) = uo,

Yo . (1) = K?ui(t),  ya(to) = .
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In this case

4|01 T cosh(Kt) + sinh(Kt) _
K?0 K sinh(Kt) cosh(Kt)
Therefore, the fuzzy solution of Equation (35) when A = —K? < 0 is obtained as follows

u(t) = ug cosh(Kt) & % sinh(Kt).

Kt_o—Kt

2

Moreover, cosh(Kt) = €+ and sinh(Kt) = ¢ , hence we have

2

eKt 4 o—Kt oKt _ oKt
(5 e
u(t) = ug 5 @ uq( e )
(B oy )k (10 et
(2 @f’HzK)e Y 3 Yok
Consider ¢; = (% OgH 2“—%) and ¢y, = <% ® 2“—;() Therefore,

u(t) = cre X @ eyt

e If A = 0, then we have the second order fuzzy differential equation u’g’ y = 0. For solving this
equation we use Theorem 2.7,

Uy (t) Ogrr lur =0 = wp(t) = u,
where ¢y is integration constant. Using this Theorem again gets
u(t) Ogm uo = urt,
so if u(t) is a [(i) — gH]—differentiable function, we have
u(t) = urt ® up.
And if u(t) is a [(#i) — gH|—differentiable function, we obtain
u(t) = wt o (—1)up.
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