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Abstract

In the paper we investigate the solvability of the inverse multidimensional boundary value
problem for the system of hyperbolic type equations. A method is proposed to reduce the
considered problem to some non infinite system of differential equations. The proposed method
allows one to prove the existence and uniqueness theorems for the multidimensional inverse
boundary value problems in the class of the functions with bounded smoothness.
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1. Introduction

The solution of various problems of physics is often necessary for restoration of the basic
characteristics of a studied phenomenon or process, if you know the mathematical formulation of
the problem. These characteristics are coefficients or unknowns in the right side of the
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differential equation, which can determine under some additional information, are called inverse
problems.

In the last twenty - thirty years, the theory of inverse problems has been enriched by considering
the problem of determining the coefficients of partial differential equations as a function of one
or several variables. The study of one-dimensional and multi-dimensional inverse problems
associated with the restoration of the coefficients of partial differential equations involved in
Lavrentev et al. (1980), Romanov (1984), Anikonov et al. (1988), Namazov (1984), Guliev
(2004), Isakov (2006) and others. The book of Lavrentev et al. (1980) is described widely recent
results on the uniqueness of integral geometry and inverse problems for differential equations in
partial derivatives. In the book of Romanov (1984), the inverse problem for second-order
equation and hyperbolic systems of first order equations, including kinematic problem of static,
dynamic, Lamb problem for the equations of the theory of elasticity and the problem of
electrodynamics.

In the paper of Anikonov et al. (1988), the example of a parabolic equation given way to explore
the problem of solvability for some nonlinear inverse problems for differential equations.
Considered here the inverse problem using the technique of Fourier transform can be reduced to
quite acceptable for the study of boundary value problem for nonlinear integro-differential
equation. In a study Bubnov (1987), author considered some inverse problems for hyperbolic
equations. The method which used based on the reduction of the inverse problem of nonlinear
infinite systems of differential equations, allows us to prove theorem existence and uniqueness
for solutions of multidimensional inverse boundary value problems in classes of functions of
finite smoothness.

In the book of Namazov (1984), author studied one-dimensional inverse problem for the
parabolic and hyperbolic type. He was assumed that the unknown coefficients of the equation
depend only on the argument t. There are theorems proved the existence and uniqueness of the
problems. In paper of Guliev (2004) using the idea of work Bubnov (1987), author investigate
the multidimensional inverse boundary value problem for integro-differential equation of
hyperbolic type in a bounded domain. In the book of Isakov (2006) using the tool of Carleman
estimates the author investigate the inverse problems for hyperbolic, parabolic and elliptic
equations and then proved the existence and uniqueness theorems for the solutions of the
considered problem.

In this paper, using the idea of work Bubnov (1987) discusses solvability of inverse boundary
value problems for hyperbolic systems of equations and then proved the existence and
uniqueness theorems for the solutions of the problem.

Note that the considered equation in this paper is called the Klein-Gordon equation. This relative
invariant quantum equation describing spineless scalar or pseudo scalar particle, which plays one
of the roles of the fundamental equation of quantum field theory. This system of equations
cannot be written as a single equation.
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2. Problem Statement and Preliminary Results

In the domain D; = Qx[0,T] consider the following problem

%— AU (x,1) = a(X)U (X, 1) + bOOV (X, 1) + f (X, 1) , (1)
%— AV (x,t) = a, (XU (x,t) + b, (x)V (x,t) + g(X,t) (X,t)eD; , (2)
U (x,0) = o(X), % =0, XxeQ, (3)
V (x,0) = w(X), % =0, XeQ, 4)
U(X,t) = F(x,1), V(X,1)=G(X,t), (X,t)el=5x[0,T], (5)
U T)=h(x), V(xT)=q(x), xeQ, (6)
oU (x,1) 0 oV (x,1) _0 xeO (7)
o ’ 2| , ’

where Q) is bounded domainin R", S=0Q¢€ C? , Nh<3,

n

AU (x,1) = 3" (00U, (1), > 8;(X) =2, (x) eC*H(Q),

i,j=1

'iaijgié:j Zﬂ|§2,ﬂ>0,¢()(), W(X)a f(Xat)a g(X,t), F(Xat)a G(Xat): h(X), q(x)

are given functions, and a(x), b(x), a,(x), b,(x), U(x,t), V(x,t) are unknown functions.
Definition:

The system {U (X,1), V(X,1), a(x), b(x), a,(x), bl(x)} is called the solution of the problem (1) -
(7), i1f it satisfies to following conditions

1. a(x), b(x), a;(x),b;(x) e WS (Q).

2. Functions U(x,t), and V(X,t) are continuous in closed domain D, together with all
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derivatives in the equations (1) and (2), respectively.
3. Conditions (1) - (7) are satisfied in usual sense.

Let's designate through Z,,0,(X) eigenvalues and eigenfunctions of the problem

Ag,(X) = _Z|Zg| (%), g, (X)|S =0. (8)

Then, from the general theory of elliptic equations it follows that Z, — o, | - o and g,(X)

form a complete set in W, (Q) W} (Q).

Condition I.

Let for T the domain €2 and for any integers N and | the following inequality be satisfied

z*n?

T2

. C.@

Z} -
Td

:51’

where ¢ = diam Q, Z| - eigenvalues of a problem (8) [see Bubnov (1987)].

Note. [See Bubnov (1987)]. Suppose that, for an operator Au=u,,Q={0<X<R;}, the

eigenfunction ¢, of the problem Ag* =-z/g,(X), g.(X)L =0 will be the function

XX 2

g,(x)= sinIRﬁ, Z, = A . Then, the condition I can be written in the form
0 0
20K K AT KT k21 TT K| Co@
R T°| T* IR} I TR, I[|R, || T R,R, 1| TR,

The last inequality is written on the basis of Liouville's theorem, provided that the — is
0

quadratic irrationality.

Lemma 1:

Let the condition I be satisfied and

%WEB@L%zg,WﬂAJ

Then, for VK there exists a solution of the Dirichlet problem
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Ab, (X) + by (X) = D, (X), bk(x)|s =0,

for which the estimation
b2(x)dx < - [@2(x)d
[ B 00dx < — [ @i
Q 1 O

1S true.

3. Reduction of the Inverse Problems to the Nonlinear Infinite System of
Differential Equations

Let us assume that operator A and functions @(X), w(X), f(X1), g(x,t),F(Xxt),
G(x,t), h(x),q(x) satisfy the following conditions

1.vU eV\;; (QNW, (Q)

j|AU(x,t)2dszj Zn:Uflxj(x,t)+U2(x,t)}dx, > 0;
Q

ol i,j=1
2. (1), g(x), DEF(xt), DEg(x.t) e L2((0.T); W, (Q))

f(x,T), g(x,T),eW,(Q), D f(x,t) =D/f(xt)

=0
=T ’

t=0

D g(x,1)| _ =D{g(x.1)

=0, (k=135);

t=0

3. F(61.6(x.0). DFF(x1), D'G(xt) e L2((0.T); W/A(S))

DfF(x,t) = Dth(x,t)H =0, Dth(x,t)tzo = Dth(x,t)H =0 (k=13,57);
4. p(x), () eW,' (), A(Ah(x)), A(Ag(x)eL,(Q),

vxeQ @(X)2w(X), h(x)=q(x);

FOO)|_, =e(X)|s, GY|_ =w (X, FXB|_ =h(X),, GXb)|_ =a(X);

5. [ACO|=|e()a(x) =y ()Oh(x)| = 6 > 0.

The following assertion holds:
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Lemma 2:

Let {U (X, 1),V (x,1), a(x),b(x),al(x),bl(x)} be a solution of the inverse problem (1) - (7). Then,
following relations are satisfied:

a(x) = (){q<x>un(x D), ~wOU, (6D, + D, 00},
b(x)=ﬁ{qo(x)utt(x,t)L_T—h(x)un(x,t)L_o+cD1(x)},
a,(x) = (){(x) V06D~ OOV, 06D, +D,00}
by (X) = ——{p(XNVy (x.1),_ — hOXNV (XD, + D3 (00}
A(X)
where

D,(x) = (= Ap(x) - f(%,0))a(x) + (Ah(X) + F (X, T)(x),
®,(x) = (Ap(x) + (x,0)h(x) - p(X)(Ah(x) + f(x,T)),
D, (x) = (Ag(X) + g (%, ) () — A()(Aw (X) + g(x,0)),
D, () = hO)(Aw (X) + g(x,0))— p(X)(Ad(X) + g(x,T)).

The proof of a Lemma 2 follows from (1) - (7).
Lemma 3:

If the functions Uk(x), \7k (x), k=0,1,2,---, are solutions of the following problem in the domain
Q

220,00~ AU, () = 20 ((X){ a(x )Zwm(x)+w(x>i(—1)mﬂéﬂm(x)+d>o<x>}
\2(( )){ ¢(x>2< 1)mz;0m<x>+h(x)i%ﬁm(x>+®l(x>}+ £ (%),
- 2\7k<x)—A\7k<x)=%{—q(x)im(x)w(xﬁ(—l)mwm(x)+<I>2(x)}

V (%)

A ){ P(X )Z( D", m(X)+h(X)iﬂanm(X)Jr@z(X)}Jrgk(X) )

U, (0], = R0, Vo] =G0, (k=012,..) (10)

from the class
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dx+2/16

m=0 W2 (@)

izﬁ;j[Au ol dx+z.f/1‘2

o0

~IA(AU, (x))

< +oo,

m=0 L (©)

dx+z,18j[Av ol dx+z/16

W ()

+ Z A
m=0

m=0

~ 2
A(AVm(x)ML <0 (D)
Then, the functions

U(x,t)= iU (X)cosAt,  V(xt)= ivk(x)cos A,

a(x )‘E{ q(x)iﬂiﬁk(x)w(x)i(—l)%ﬁk(x)+<D0(x>},
k=0 k=0

b(X) =—— { (X)Z( D* 40, (X)+h(X)Z/1kU (X)+®, (X)},
a,(x) = { i X)+t//(X)Z( D 2V, (X) + D, (x)} and
k=0

by(X) = Ax ){ P() Y (=D AV, () +h(0 Y AV, (X) +®3(X)}
k=0 k=0
are the solution of an inverse problem (1) - (7), where
A _kz f (X)—E]‘f(x t)cos A, tdt
kK — T b k - T ) } k )
2| 27
g,(X) = ?_([g(x,t)cos Addt, F() = { F(x,t)cos A, tdt,

;
G, (X) = %IG(X,t)cos Atdt, (k=0,12,....).
0

Proof:

From (9) - (11) we obtain, (1), (2), (5) and



360 M.A. Guliev and A.M. El-Hadidi

=0.

Therefore, to prove Lemma 3, it is required to establish that

_=a0.

Let

LY.

Then, for the function @(X)—@(X) = Z(X), W(X)—w(X)=Z(x) from (8), (9) we have

Z(X) 5
AZ(X) = (X){ tt tt :O_(Do(x)}
tt tt _(D (X)} (12)
Z(X)
AZ(X)‘W{ :O—qa(x)}
A( ) tt tt —(I) (X)}
Z(x)|, =0, Z(x)\S = 0. (13)

The uniqueness of the solution of the problem (12), (13) will be established below. Then, we
prove the solvability of (9), (10).

. =h(x), wr = A

We investigate the solvability of (9), (10).

Let us define by r,(X) and e, (x) (k=0,1,2,....) the solutions of the following problems

AT (x)=0, r (0] = R (%) (k=0,1,2,...),
I e < CUIF OO s (14)

Az, (X)=0, 2, ()|, =G, (%) (k=0,1,2,...),
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”aek (X)”i(ﬁ) < C1||Gk (X) \3\12%(5) : (15)

Let us designate U, (X) =U, (X)+1.(X), V. (X) =V, (X)+a&,(X) .
Then, from (9) and (10), we have

U, (0 +1(X)

=AU, ()~ AU, (x) = A

{—Q(X)i AU () + l//(X)i (=D" AU, (%)

+®(X) — Q(X)i ﬂ;rm(X)er/(x)i (_1)m,1rﬁrm(x)}
Vi () + 2, (X) S m g2 = .
+T{_¢(X)Z(_D lmUm(x)+h(x)Z/lmUm(x)+®l(x)—¢(x)Z(_1) A21(X)

+ h(X)i I (X)} + £, () + A1 (%),

m=0

U, () + 1 (%)

A0 = AV, (0 ==

{—Q(X)i AoV (X) + l//(X)i (=D)" AV (%)

+@,(X) ~ Q(X)i A (X) + l//(X)i D" Aoz, (X)}

+%{—¢(x)i(—l)mzévm<x>+h(x)iiﬂivmm+®3(x)—¢(x>§(—1)mﬂ;wm<x>

+ h(X)ilfna?m(X)} + 0, (X) + Az, (X), (16)
U =0, V(=0 (k=0,12,..). (17)
4. Existence and Uniqueness for the Problem (1) - (7)

Now we investigate problem (16), (17). We consider the following set of functions

B ={Uy(x),U,(X),.... U, (X),.0,), (Vg (%), V, (%), V (X),.) Uy (0] =0, V(%) =0

o R & R
(k - 0’1’2"")’ kz;ﬂfnuk(x)”iz(g) + ”UO(X)”i2 (©) < 3’ kz; %2"VK(X)”2|_2 ot ”\/O(X)HZL2 (©) < 3’
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2
<
L@ — R} )

Let us show that at suitable choice R, the problem (16), (17) is solvable in B. Let
(a)o(x),a)l(x),...,a)k(X),...), (ﬁo(x),ﬁl(x),...,ﬁk(X),...) be an arbitrary elements from B and
substitute it in a right hand side of (16). Then, we will obtain a function, which belongs to the
space L,(€2). Then, from Lemma 1, we have

iz o AU, (0

iz o AV ()

2 A|AU 00 Lo SR AN 00

Jui i< 2] {2N§w§<x>[ii;wm(x>j +2N§wf(x>(iﬂ,irm<x>]

m=1

+2N§rk2(x)(i,1;wm (X)j +25 (ON; (i 2ot (x)j + a)kz(x)(_q;o(()g)j

+rk2(x)(q;°(—(x);)j +2N§@f(x)[iﬂja}m(x)j +2N§@f(x)(iljrm(x)]

+2N§aei<x>(iz;wm<x>j +2N3aeﬁ<x>[iz;rm<x>j R0+ A2 (08
~ D, (X) D, (x)
+ oy (X)(—A(x)j &; (X )[ AX )j ]dx , (18)

J.Vk2(x)dx < %J.[ZNOZ@? (x)(i Akngm(x)] +2 Noza)kz(x)(i A, (x)j

o0

+2N7T, (x)[z J+2N (x)[iﬂ,;aem(x)j +a)k2(x)(q)2—(x)j

el A(X)

+rk2(x)[ )j +2N. @, (X)(iﬂ;@m(x)] +2N02a~),f(x)(i/1nﬁ&m(x)j

m=1

12NZe (x)(i e (x)) +2N§aeﬁ(x)[i,1nza~)m(x)] +@E(X)(®3(X)]

A(X)
+aeﬁ(x)[ﬁ))] +gk(x)+lkae (x)]dx, (k=0,12,..), (19)
where
N, = max H@ Jeeo] e Jhco
Ao 180 e, 1A o, 1A g

Now, multiplying the relation (18) by A}’ and summing over K from O to o0 , We obtain
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[ izku (0dx<ZINZCC,| | iZf @ (00X | iiﬁ(Aa)k(x))2 dx

k=0 1 k=0 0 k=0

+j2z,k @ (X)dx - Z/Ik W +jzﬂ,k of (X)dx- ZM
O k=0

+z/1k| [} -szk r, (x)dx+jZAk @k(X)dXIZ/lk Aw, (X)) dx
k=0 ) Hk=0 Q k=0 Q k=0
+jii‘k2a3§(x)dx-iii| :

Q k=0

+j2/1k &, (X)dx- Z/Ik”F( )WZ} 22

2(x)dx-iz.ﬂ )
k=0

{ | S Ao} (x)dx

O k=0

d)(x)2
A(X) |

= —12 221D (X) -2 _, 12,
+ /Ik K2 (X)dx |+ = [— /Ika) (X)dx+ | > Ak &, (x)dx
j z/lk f2 (x)dx+— j Z/lk r2(x)dx, (20)
1 O k=0 1 Q k=0
where
Z _ 1, k=0,
e k=12

Similarly from (19) we obtain

ji%fv;(x)d 44N2CC jiﬂzaﬁ(x)dxjiii(Aa}k(x))zdx

Q k=0 1 Q k=0 Q k=0
J.i ka)k(x)dxz/ik W/ +Iizlk203|f(X)dXi/_1:<2| y
Q k=0 O k=0 k=0
Wit (x)dxzxik | ii?@f(x)dxj > 7k (Ad, () dx
Q k=0 Q k=0 Q k=0
j ) @ (x)dx- zgk j ﬁ(x)dxiii |G, (%) @(La
Q k=0 Q k=0 k=0
2
+j213@5(x)dxz713 (X 5\,(%)}% (iz—(x) {J‘Z « @2 (X)dx
O k=0 s 1 (X) C( k=0

22,0

AX) |

Ms

k.

=
I
(=}

/1:< I (x)dx}L

Dizlzaﬁ(x)dx +Ii71izaeﬁ(x)dx}
( ) 0 k=0 O k=0
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+%ji/1k g, (x)dx+—jlek &, (X)dX .

1 k=0 1Qk0

From estimations (20), (21) and (16) we obtain

© 2
fzilszf(X)dKM{ +L,R+ 24 ; KR+%KL0+;—3

2
ak=0 51 1 1 1

— KR+—KL, +

2
1 1

jzﬂzvf (x)dx < -
Q k=0 51

0 o 2
[> 7 |Au, 0] dx<2[ Y 2502 (xdx +44NzC.C, {R?+ LR +2L§}
Q k=0

Q k=0

+11KR + 44KL, + 44L,,

o © 2
[ 7 |Av, (0| dx <2 > 2V (0dx + 44N2C,C, [R?Jr LR +2L§}
O k=0

Qk=

L,,

2

44N2C,C, [RZ LLR+ 2LZ} 11 44 44

1

+11KR +44KL, +44L, ,

where

K= max{

2=l

@, (x)
A(X)

@, (x)
| A(X)

D,(x)
| A(x)

D;(X)]
I A(X)

C(Q)}

c(Q) c(Q) c(Q)

2 2 P
W2%(S))dt -l-?‘([(

—||x\.>

+[ f(x, o[°

+|acx, [

272(5) L (Q) L, (Q)

Lemma 4:

Let conditions 1-5, | and Lz < 2 be satisfied. Then,
1

44N§CICZ[§+ LO} +11KR :%,

6
L, () + HD

L,,

21)

(22)

(23)

24)

(25)

L, Q))
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88N’C,C,L2 +44KL, +44L, < % and

(% ; 1}[204N§C1C2(§ . 2L0j +204K(C, + 1)} <1.

1

Then, there exists a solution of the problem (16), (17) in B and

2

°°— R
SDIIY VXCO
k=0

L, (Q)

&~ |0

. 2
YU <
k=0

L (Q)

L —g L —g
kzz(;/% ||AUk(x)||i2 o <R kz(;/’t ||AVk(x)||i2 o <R

Proof:
System (16) has the form
EZ, =L(Z,),

where L is determined by the right-hand sides of the system (16), and E an elliptic operator of
the left hand sides of (16), Z,(X)= {Uk(x),Vk(X)}, (k =0,1,2,...). But since E has a bounded

inverse, the system (16) can be written as:

Z =L(Z,), (26)
where

L=E'L, LZ)={LU,, V.(0). LU, ), V.(0) (k=01.2,..).

Take an arbitrary vector function (@, (X),...,®, (X),...), (@,(X),...,@,(X),...)€ B and substitute into
the right hand side of (16). Then, for the solutions U, (X)=L(®(X),®, (X)),
V. (X) =L, (®,(X),®, (X)) we obtain estimations (22) - (25). Hence, under the conditions of
Lemma 4, we get that ((Uk(X),...,Uk(X)...),(\/O(X),...,Vk(X)...))e B. This proves that, operator L
is contracting.

Let (a)l’k(x), 5Lk(x)) and (a)z’k(x), (cbz’k(x)) (k=0,1,2,---)e B. Then, the corresponding

solutions will be
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Uy, (0 = Li(@, (), @, (X)) ,
Vi (%) = Ly(@,, (), @, (X)) ,
U, () = Ly (@, (X),@,, (X)) ,
Vai (X) = Ly (@, (%), @, (X)) -
Let us denote that
U (0 =U, , () =U, (%), V() =V, (%) =V, (%),
@, (X) = @) (X) = @, (X), B (X) = @ (X) = D, (X).

Let's rewrite the relation (16) for U, (), V,, (X), @ ,(X), @ ,(X) and U, (X), V,,(X),
@,,(X), @,,(X). Further, subtracting the first relation to the second, under conditions of
Lemma 4, we obtain the following estimation

Iiﬂzuf(x)dx + jiﬂzvkz (X)dx + Iiii (AU, (x))2 dx +Iiii (AV, (x))2 dx

k=0 Q k=0 Q k=0

< a[ [ iz:fa)kz(x)dx+ [ ii?aﬁ(x)dm [ iii (Ao, (0f dx+ | iZﬁ (A@, (0 fdx |, 27)

k=0 Q k=0 Q k=0 0 k=0

where

a= [%+ 1]{204N50102[§+ 2|_Oj + 204KC1} .

1

From this we obtain the Lemma 4.

Theorem:

Let conditions of Lemma 4 be satisfied. Then, there exists unique solution of problem (16), (17)
(an inverse problem (1) - (7)) for which the following estimations are true

ii‘ﬁ”uk(x)
k=0

R 12 R
iz(Q) . Z’ éﬂk "Vk (X)"iz(g) < Z’
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gﬁﬁ [AU ;) <R ’kz_:;zi AV 9 <R

S ZAU, ()
k=0

\fV%(Q) + %zi”A(AUk(X))”i(Q) <RC,and
kZ(;EE”AVk(X)”ijI(Q) + %Zi”A(AVk (x))”iz(g) <RC.

Proof:

Lemma 4 implies the solvability of the problem (16), (17) in B. Thus, the first estimate of the
Theorem holds. Multiplying (16), by zlkon(X) and ﬂovk(x), accordingly, and take the sum
over k from 0 to oo, then, integrating in 2 and using the first estimation, we obtain

S AU 0, < cONSIR,
k=0

=\ —10 2
D Ak "Vk(x)”w; @ < CONStR.
k=0
Then, from (10) and this estimation, we get

i‘,zEHAUk(X)”vzvz1 ) < CONSHR,
k=0

izi”AVk (X)||i,21 oy < CONSR
k=0

Similarly, we can prove the following estimations
kz:(;’lk”A(AUk(X))IILZ ) < CONStR,

and

2

kz_:;zi”A(AVk (x)]|Lz oy < CONStR.

To complete the proof of the theorem, it remains to prove that the solution of (12), (13) is equal
to zero. Indeed, under the conditions of the Theorem we have
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[|AZ (0 dx+ [|AZ (x| dx < 12{N§Clc2 g + KCI} : D|A2(x)|2dx + HAZN(x)rdx} .

Then, AZ(x)=0, Z(x)|, =0 and AZ(x)=0, Z(x)|, =0, hence, Z(x)=0, Z(x)=0.

4. Conclusion

In the paper we investigate the solvability for the inverse boundary value problems for the
system of hyperbolic equations. The method based on the reducing of inverse boundary value
problem to some nonlinear infinite systems of differential equations is proposed. Given method
allows one to prove existence and uniqueness theorems of multidimensional inverse boundary
value problems in the class of finite smoothness functions.
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