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Abstract

In this paper, we obtain multisoliton solutions of the Camassa-Holm equation and the Joseph-
Egri (TRLW) equation by using the formal linearization method. The formal linearization
method is an efficient instrument for constructing multisoliton solution of some nonlinear partial
differential equations. This method can be applied to nonintegrable equations as well as to
integrable ones.
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1. Introduction

The direct linearization of certain famous integrable nonlinear equations was carried out in
[Rosales (1978)]. Solutions of the KdV equation were connected with solutions of the Hopf
equation by using formal series in [Baikov et al. (1989)]. Convergent exponential series were

284



AAM: Intern. J., Vol. 6, Issue 1 (June 2011) [Previously, Vol. 6, Issue 11, pp. 2025 —2032] 285

used in a variety of papers [Bobylev (1980), (1981), (1984); Vedenyapin (1981), (1988),
Mischenko and Petrina (1988)] for constructing solutions of the Boltzmann equations. The
possibility to adopt such series for some other equations was discussed in [Bobylev (1981)].
Fourier series were applied in the construction of solutions to the perturbed KdV equation in
[Nikolenko (1980)]. In this paper we consider the class of equations and systems containing
arbitrary linear differential operators with constant coefficients and arbitrary nonlinear analytic
functions of dependent variables and their derivatives up to some finite order under the
assumption that these equations possess a constant solution.

The formal linearization method consists of linearizing a nonlinear partial differential equation to
the system of linear ordinary differential equations, describing some finite-dimensional subspace
of the solution space of the linearized equation. It allows us to develop a very simple technique
of finding the linearizing transformation and to apply the method to nonintegrable equations as
well as to integrable ones; the solutions are in the form of exponential or Fourier series. We note
that a similar approach with a different technique was independently developed for the wide
class of evolution equations and the convergence of the constructed exponential series
investigated [Vedenyapin]. The multisoliton solution of the Klein-Gordon’s equation by using
the formal linearization method was also done [Taghizadeh and Mirzazadeh (2008)]. The aim of
this paper is to find multisoliton solutions of the Camassa-Holm equation and the Joseph-Egri
(TRLW) equation.

2. Formal Linearization Method

Let us consider equations of the following form

L(D,.D, .D, W(X,,X,.x;)=N[u], (1)
where
n K K, K
L(Dxl’sz’DX3) = Z Z Z Ik1kzk3D>i(1]D)I((zzD)i3 (2)
k,=0k,=0k;=0

is a linear differential operator with constant coefficients and
N[u]=N @U,u,,u,,...,u,),
0 pl+p2+p3u
u b=
5X lplax 2pzax 2p2

p :(pla P,, p3),

b
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is an arbitrary analytic function of u and of its derivatives up to some finite order p . We suppose
that Eq. (1) possesses the constant solution. Without loss of generality we assume that
ON [0]

N[u]=0, —=0, oNI0]_
ou ou,

N [0] _

aup

0, ..., 0.

We consider Eq. (1) in connection with the equation linearized near a zero solution:

L(D, D, ,D, W (X,,X,,X;)=0. (3)

Let L be the vector space of solutions of Eq. (3) and P" < L be the N-dimensional

w; =W, exp(«; S ), S =X;—q

X, —-b.x,, 1=L2,..,N.

Here @, ,b, and W, are some constants. The constants ¢&; = ¢; (&, ,b, ) are assumed to satisfy
the dispersion relation

I:(_aiai ,—a;b;,0;)=0.

N
The subspace P" = {ZC .. |C, =const} is specified by the system of N linear ordinary
i-1
differential equations

Wi w, i =1,2,...N.
dg

We use the following notation:

On

S O nsO
Wiy = W W52 W

N
5=(5,88y) 61236,
i=l1

It is obvious that the monomials a)fN yare the eigenfunctions of the operator (2):

I:(Dxl’sz’DXs)N(gN) = lgw (§N)

with the eigenvalues
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K, K, Ki

As = Z Iklk2k3 (_iai a9, )kl (_iai a0, )k2 (iai ) )kS-

K, =0k, =0k ;=0 i =

Theorem:

If A;3#0 for every multiindex O with positive integer components &, € Z ,,i =1,...,N,

satisfying the condition |0 |#0,1, then equation (1) possesses solutions connected with

solutions form P " by the formal transformation

U= 6", W W o), @)
n=1
where
¢n = Z (An )aW (6N) (5)
|6]=n

are homogeneous polynomials of degree N in the variables W ;. This transformation is unique

(for the first term ¢, € P N fixed).

Remark 1:
Here ¢ is the grading parameter, finally we can put & =1.

The proof of the theorem is constructive. Substituting (4) into (1) , expanding N [U] into the
power series in &, and then collecting equal powers of &, we obtain the determining equations
for the functions ¢, and show that if A5 # 0, then these equations possess the solution (5) with

the coefficients (A, ), uniquely determined through the coefficients (A,);by the recursion
relation. Thus, the theorem gives us the method for constructing particular solutions of equation

().
3. Application

3.1. Camassa-Holm Equation

Let us consider the Camassa-Holm equation [Kalisch and Lenells (2005)]:
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L(D,,D, )u(t,x)=-3uu, +2u u, +uu

XXX 2

L(D,,D,)=D, —-D,D? +2aD, . ©
For simplicity we look for a solution of (6) in the form
u =§le“¢n(w1,w2), )
-
where
W, =W, exp] éLézg(x—agn, i =1,2

is the basis of the subspace P ‘cL (let s; and W be some real constants). Substituting (7)

into (6) and collecting equal powers of & we obtain the determining equations for the functions
@, as follows

Lg =0,
n-1 n-1 n-1

L¢n :_3Z¢k Dx¢n—k +zz¢ka2¢n—k +Z¢k Dx3¢n—k9
k=1 k=1 k=1

nx2.

These equations possess the solution ¢, = Z(An )W é), 0 =(0,,0,), which can be

I6/=n
rewritten in this case in the following form
c k k 2
n_
by =2 AW W, (4,€P?), (8)
k=0

the coefficients A, can be found through Aé and Al1 (we can assume that either Aé = Al1 =1

or Aé = O,AI1 =1) by the recursion relation:

If Nn>2, 0<k <nthen
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3HZI 5 <J J -1 -m)A_,AY

=l'm

PSR N ) o (\/a 2 \/az (n—I—m))(\/a azam\/az;za(n—l—m))z&'_mﬁxﬂ'-

ﬂ“(k,n—k) I=I m 1

n-1 n-l _
+ Z<\/a —2a +J2a Zn-1-m)*A_ A

1= 0 aI

If k<0ork >N | then Akn =0.

Akny =@ — 205),/ k(k2—1)+(a -2« ),/ (n K)(n—k)*—1)
LAY 00 a2 (n—k)+a—(2a2+al) /a Zk(n—k).
al aZ aZ al

If a >2a,a,>2a,a,<0,a,<0, then ﬂ(k,n_k)io for every pair (K,n—K) with
k,neZ, ,nx>2, 0<k <n.

Remark 2:

If Aé =0, then ¢ € P' and we get from (7) the expansion for a 1-soliton solution. For

obtaining the N-soliton solutions, we must take ¢, € P".
3.2. Joseph-Egri (TRLW) Equation
We next consider the Joseph-Egri (TRLW) equation [Hereman et al. (1986)]:

L(D,,D, u(t,x)=-auu,,

. i ©)
L'(D,,D,)=D, +D, +D,D>.

In this case, the subspace P %is generated by the functions

w, =W, exp[V (x —at)], =12

Our procedure gives the solution
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where if N >2, 0<k <n, then

o n-1 n-l a _1 a 1 .
A== Y m e Y2 (n - -m)A LAY
(kn-k) Il m=0 & a,

If K<O0or k>n,then A’ =0.

Aeniy = \/ TTk (K~ 1)+ 2 \/a —1(n=k)(n—k)* ~1)
{((az - 1)\/ a - l(az + 2a1))(n - k)

+((a, —1)y/a, —1(2a, + a))k}k(n—Kk).

Here, either Aé = Al1 =1 or AO1 = O,AI1 =1.

If a,>1 and @, >1, then ﬂ,(
0<k <n.

In (10), if Aé =0, then we get
o’

a 2, 12(a, - 1) ¢ M e
U=g&w, — EW —ee=———L 2N ()" ",
@ ™ s o 2
where
cEa
=—Ww,.
12(a1—1)

In (t,X ) —variables we have

)=+ @D oy Ty atix,)
(04

1

where X, is arbitrary constant.

«n_k) = 0 for every pair (k,n—K) with k,neZ , n

(10)

>0,

(11)
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Then, (10) is a 2-soliton solution of the Joseph-Egri equation and (11) is a 1-soliton solution of
the Joseph-Egri equation.
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