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Abstract

The Navier—Stokes equations are fundamental in fluid mechanics. The finite element method
has become a popular method for the solution of the Navier-Stokes equations. In this paper,
the Galerkin finite element method was used to solve the Navier-Stokes equations for two-
dimensional steady flow of Newtonian and incompressible fluid with no body forces using
MATLAB. The method was applied to the lid-driven cavity problem. The eight-noded
rectangular element was used for the formulation of element equations. The velocity
components were located at all of 8 nodes and the pressure variable is located at 4 corner of
the element. From location of velocity components and pressure, it is obvious that this
element consists of 16 unknowns for velocities and 4 unknowns for pressure. As a result, the
unknown variables for velocities and pressure are 20 per each element. The quadratic
interpolation functions represent velocity components while bilinear interpolation function
represents pressure. Finite element codes were developed for implementation. The numerical
results were compared with benchmark results from the literature.

Keywords: Navier-Stokes equations; finite element method; steady-state solution; eight
node rectangular element; MATLAB

MSC 2010 No.: 35Q30, 35Q35, 76D05, 76M10

535


mailto:endalebdumath2016@gmail.com
mailto:vktmafma20@gmail.com
http://pvamu.edu/aam

536 Endalew Getnet Tsega et al.

1. Introduction

The Navier-Stokes equation is a set of nonlinear partial differential equations that describe
the flow of fluids, which represent conservation of linear momentum. It is the cornerstone of
fluid mechanics as noted by Cengel et al. (2010). It is solved jointly with continuity equation.
These equations cannot be solved exactly. So, approximations and simplifying assumptions
are commonly made to allow the equations to be solved approximately. Recently, high speed
computers have been used to solve such equations by replacing with a set of algebraic
equations using a variety of numerical techniques like finite difference, finite volume, and
finite element methods.

Finite element method is the most powerful numerical technique for computational fluid
dynamics which is readily applicable to domains of complex geometrical shape and provides
a great freedom in the choice of numerical approximations. It reduces a partial differential
equation system to a system of algebraic equations that can be solved using traditional linear
algebra techniques. In finite element method, the domain of interest is subdivided into small
subdomains called finite elements. Over each finite element, the unknown variable is
approximated by a linear combination of approximation functions called shape functions
which are associated with the node of the element characterize the element. The piecewise
approximations for elements are assembled together to obtain a global system to the whole
domain. One of the major advantages of the finite element method is that a general purpose
computer program can be developed easily to analyze various kinds of problems as noted by
Kwon et al. (1997). In particular, any complex shape of problem domain with prescribed
boundary conditions can be handled with ease using the finite element method.

Jiajan (2010) discussed the Galerkin finite element formulation of two dimensional unsteady
incompressible Navier-Stokes equations using the quadratic triangular element (6-nodes).
The pressure variable was located at the corner nodes and the velocity components were
located at all of the six nodes. Ghia et al. (1982) studied high Reynolds number solutions for
incompressible flow using the Navier-Stokes equation and the multigrid method. Persson
(2002) implemented a finite element based solver of the incompressible Navier-Stokes
equations on unstructured two dimensional triangular meshes. He solved the lid-driven cavity
flow problem for four different Reynold’s humbers: 100, 500, 1000 and 2000.

Glaisner et al. (1987) discussed finite-element procedures for the Navier-Stokes equations in
the primitive variable formulation and the vorticity stream-function formulations. Steady-
state solution of lid-driven cavity flow was obtained by the velocity-pressure formulation
using the nine-node rectangular element in their work. Taylor et al. (1981) and Smith et al.
(2014) used eight-noded rectangular element mesh to solve two-dimensional incompressible
Navier-Stokes Equations with FORTRAN programming language. Rhaman et al. (2014)
presented Galerkin finite element method to simulate the motion of fluid particles which satisfies the
unsteady Navier-Stokes equations through a programming code developed in FreeFem++.

Simpson (2017) used nine noded rectangular elements with two degree of freedom on each
node for finite element simulation of a coupled reaction-diffusion problem using MATLAB.
Khennane (2013) developed MATLAB codes for 4-nodded and 8-noded quadrilateral
elements for the linear elastic static analysis of a two dimensional problem using finite
element method.
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2. Governing Equations

For steady Newtonian incompressible fluid with no body forces, the governing equations for
two-dimensional flow are:
Continuity equation:
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where u and v are the x, y components of the velocity vector, p is static pressure, p is density
and x dynamic viscosity of the flowing fluid.

Using L and V as a characteristics (reference) length and velocity respectively, we define the
dimensionless variables
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The governing equations, Equation(1), Equation (2),and Equation (3) can be written in their
dimensionless form (ignoring the astrix ‘*’) as:

Z_Lu%:o, @)
X
2 2
ua—u+va—u=—@+i 8_[21+6_12J , (5)
ox oy ox Relox® oy
2 2
W 1[0 o) ©
oxX oy oy Relox® oy
where
U

is the Reynolds number.
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3. Formulation of Element Equations

To describe the structure of finite element programming of a steady-state solution of the
Navier—Stokes equations, let us consider a flow confined to a rectangular cavity driven by a
uniform horizontal velocity at the top. The velocities at the other three boundaries are set to
zero. Eight-noded rectangular elements are used to model the flow. We use all the 8 nodes of
each element to model velocities components u and v and the 4 corner nodes to model the
pressure p. Meshes are numbered in x-direction. Freedoms numbered are in the order u—p—v
as used by Smith et al. (2014) and Taylor et al. (1981).

=11y, v=0

u=0,v=0

u=0 v=0
Figure 1. Lid-driven cavity

Let us denote an element by Q. Shape functions for the rectangular elements are expressed in
terms of local coordinates & and n where

& =2(x-xc)l b, 1 =2(y-Ye)l4

Here, (Xc, Yc) | is the centroid of the
element, and b, € represent its
length in x v 6l uv 5 and y-direction.
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Figure 2. Eight-noded rectangular element
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Figure 3. Eight-noded rectangular elements mesh

Suppose the nodes 1, 2, 3, 4, 5, 6, 7, 8 have coordinates (-1, -1), (0, -1), (1, -1), (1, 0), (1, 1),
(0, 1), (-1, 1), (-1, 0) in the local coordinate system. Then, the general form of shape functions
for 4-noded bilinear rectangular element (considering corner nodes) using local coordinates is

M =a+b&+cn+dén.
()

The general form of shape functions for 8-noded quadratic rectangular element (considering
all nodes) using local coordinates is

N=a+b&é+cn+dé® +eén+ fn® +9&n+hén’. (8)

Using Kronecker-delta property of shape functions, from Equation (7) and Equation (8) shape
functions for 4-noded and 8-noded rectangular elements are
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Thus, the quadratic interpolation functions are used for velocity components while bilinear
interpolation functions for pressure. As a result, the unknown variables for velocities and
pressure are 20 per each element. Thus, the dependent variable u, v, and p are expressed as

c

I

=z
=

Il
[N

<
I

<

<

(11)

§e)
I
=
©

M- M

I
=

where u,, v, and p, are velocity and pressure values at the nodes.

Now, expressing Equation (4), Equation (5), and Equation (6) using these shape functions we
get
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Employing Galerkin weighted residual approach on Equation (13), we get
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Using Gauss-Divergence Theorem, we have
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i,j=1,2, ..., 8.
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Applying similar procedure for Equation (14), we get

8
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Employing Galerkin weighted residual approach on Equation (12) using the weight functions
M¢, we get
8 ON 8 ON
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1=1,2,3,4.

Due to the nonlinearity, the set of algebraic equations that will be obtained here cannot be
solved in a single shot, but an iterative solution is necessary. In such an iterative solution
nonlinear terms can be linearized in a number of different ways. The simplest possibility,
which will be used in this paper, is known as Picard linearization, in which the nonlinear
terms are replaced by

U—+V— >0 —+V—,
X oy OX oy
OV _ oV
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where U and v are approximate values for the velocity components.

We assume starting values Uy, Ug,,. . .,Ugg @Nd Vy,Vq,,. . ., Vg for the element and

The iteration process continues by replacing u,, and v, , k =1, 2, ..., 8, by the average of

velocity component values from the previous two iterations until tolerance is satisfied.
From Equation (16), Equation (17) and Equation (18), we get a system of equations in matrix
form as
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Here,
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4. Derivatives and Integrals Using Local Coordinates

Let N(&mn) be a shape function in terms of local coordinates. If x and y are the global
coordinates, then
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is the Jacobian matrix of the transformation of the global coordinate system to local
coordinate system.

Then, we have

oN oN
OX | _ 14 5/:
N =J on b (20)
oy on
5. Computing the Jacobian Matrix
Let N1(§m), N2(§m), . . ., Nn(&m), be the shape functions for an element in local

coordinates. If (X1, y1), (X2, ¥2),. . ., (Xn, Yn) are the global coordinates of the nodes of the
element and (x , y) is the global coordinate of a point on the element, then
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Hence, the Jacobian matrix of the transformation J is
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Formation of discrete finite element system requires evaluation of integrals over elements.
Except for simplest of element geometries, this integral cannot be evaluated analytically.
Hence, numerical integrations is the only alternatives. Gaussian quadrature is mostly
employed. For example, using calculus for coordinate transformation, a typical integral for a
two dimensional rectangular element can be evaluated as
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where J is the Jacobian matrix of the transformation, & and rn; are Gaussian quadrature
abscissa, and w; and w; are corresponding weights.

6. Global System of Equations

After developing governing equations for each element, assembly of the element equations
was performed in order to establish global system of equations for the whole domain. In
addition to the element equations, Global coordinates to nodes, elements connectivity, and
global degree of freedom for nodes are also used develop the global system equations.
Applying the boundary conditions, the modified global system of equations is obtained. The
MATLAB codes used for solution process are indicated in the appendix.

7. Results and Discussion

To illustrate the finite element method algorithm discussed in this paper, we considered a
square lid-driven cavity flow of length 1 unit. The boundary conditions are such that the flow
is driven by a unit horizontal velocity at the top boundary. The velocities at the other three
boundaries are set to zero. Eight-node elements are used to model the vector field of
velocities, and 4-node elements are used to model the scalar field of pressures. The flow is
simulated with Reynolds numbers 1, 10, 50, 100, 200, 500 and 1000 using the same mesh of
100 elements (803 nodes). The numerical results are presented here in terms of velocity
quiver plot and pressure contour at the Reynolds numbers. The results in this work were
generated by the series of finite element codes we developed. The computations had been

carried out with the convergence check of 107° (tolerance).

Table 1. Computational performance of five simulations performed for the cavity flow

Re 1 10 50 100 200 500 1000
Number of

) _ 21 22 26 29 35 47 147
iterations

Time Spent for

. 404 | 414 | 4.72 5.26 6.21 7.62 | 21.06
Iterations (sec.)
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As seen from Tablel, high Reynolds numbers require more iteration and elapsed time to

converge.
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(9)

Figure 4. (a) - (g) Velocity quiver and pressure contour plots at different
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8. Conclusion

In this paper, we discussed finite element solution of the two-dimensional incompressible
Navier-Stokes equations by the benchmark of square lid-driven cavity. Dirichlet boundary
conditions were imposed on every boundary of the domain. The finite element programming
codes were constructed to solve these equations. These programming codes are written using
MATLAB 7.10.0 (R2010a). The finite element programs consist of one main program and
nine sub programs. These programs with modification can be used to solve related fluid flow
problems. The codes for the geometry and the boundary conditions are original and very efficient.
The numerical results from finite element programming agreed with the numerical results
obtained from finite element analysis done by Ghia et al. (1982).
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APPENDIX

The Finite Element Programming Codes

1. The Main program

3Finite element program for 2D steady incompressibl

fHavier—-stokes equation

clear all;

clo=se 211;

clc;
THE=3:Ny=3;x0=0;xf=3;y0=0;yI=0.6;
Hx=10:Ny=10:=x0=0;xf=1;:v0=0;yf=1;
FH=5:Ny=5;=20=0;xf=1;v0=-1;vI=0;
Re=[1 10 50 100 200 500 1000]:
for j=1:length (Re)

tol=le-6;

maxit=1000;

erru=l;errv=1;

wnd= (Hx+1) * (Hy+1) ;

mnd= (Hx+1) *Hy+Hx* (Hvy+1) ;
nd=vnd+mnd;

neqg=2*nd+vnd;

ul=ones=s (nd, 1) ;

vi=zeros (nd, 1) ;
celem=connective (Hx, Hvy) ;
elemi=[celem(:,1:8)]:
elemd=[celem(:,9:12)]:
gdof=fungdof (Nx, Ny, x0, xf, v0, vI) :
nel=length(elemsd {:,1));
node=node4d (Nx, Ny, x0,xf, v0,vE) ;
ne=length ({celem(:,1)):

iter =0;

tic

while (or (erru>tol,errv>tol) & iter<=maxit)

iter =iter+l
F5teps. Assenbely
Fhssembly matrix

=

A=assemblymatrix (Nx,Hy, =20, xf, v0, vE,ul,v0,Re(j)):

Fh=senbly wector

b=azsemblyfluidvector (Nx, Ny, =0, =xf,v0,vE,Re(j)):

dx= (xf-=x0) /Ha:dyv=(vE-v0) /Hy;
bdof=funbdof (Nx,Hy) ;

nb=10* (Nx4HMy) ;
bv=zeros (nb, 1) ;

bv (2*Nx+4*Hy: 4% (Hx+Nvy) ) =1;
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% bv(4* (Nx+Ny)+1)=1;
:S5tepb.Applying boundary conditions
upv=zeros (neq, 1)
nec=length (bdof) ;
for i=linc
id=bdof (i) ;
upv(id)=bv(i)
end
freeNodes=setdiff (1l:neq,bdof);
b=b-L*upv;
35tepT7.50lve the system
upv (freelNodes) =4 (freclodes, freelodes) \b (freeNodes)
:5tepd.Post processing
w=upv (1l:nd) ;
p=upv (nd+1 :nd+vnd) ;
v=upv (nd+vnd+1 inedq) ;
erru=max (abs (u-ul))
errv=max (abs (v-v0))
uvel=(u+uld) /2:
wwel=({wv+vd) /2:

% invel {1:nd)=uvel;
% invel (nd+vnd+l:ineqg)=vvel;
% ul=invel (1:nd) ;
% vi=invel (nd+vnd+l :nedq)
% ud=u:
2 wvi=wv:
uld=uwvel;
vi=vvel;
end
fprintf {'u-velocity v—velocityin')

velocity=[u v];

disp(velocity):

fprintf ('pressurein')

disp (&)

figure

% subplot(l,2,1)
node=nodeds (Nx, Ny, x0,xf, vOo,vE) »
nodep=node4 (Nx, Ny, x0,xf, vO0,vE)
x=node (:,1):

v=node (1,2} 7

L = sgrtu."2+v."2):
quiver(x,v,a./L,v./L,0.4):

axis ([0 1.1 0 1.1]1):

xlabel ("x");

title(['Ee = ', numZstr(Re(j)) ', Velocity']l)
ylabel ("v"'

view(0,90)
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x=xl:dx:xf;
y=yO0:dy:vE;
[X, ¥]=meshgrid(x,v):
for i=1l:Hy+l
Mpi(di, :)=p( (Hx+1l)*1-Ix: (Hx+1)*1);
end
figure

title ("Re=100");

h=colorbar;

zet (get (h, "ticle'), "Sctring’', 'pressure') ;
¥xlabel("'x"):

viabel('y")

view (O, 90)

BT R R TR R

figure

%t subplot(l,2,2)
contourf (X, Y,HMp, 20)

title(['Ee = ', numZstr(Re(j))]1)
h=colorbar;

=zet (get (h, "ylabel'), "String', "'pressure ') ;
xlabel ("x'");
ylabel ("v"

view (0, 90) ;

end
toc

2. Mesh Generating Code

% 5S5tepl: mesh generating

close all;

clear all;

clec

Hx=5;Ny=5;x0=0;xf=1;y0=0;yf=1;

dx= (xf-x0) /Nx;dy=(yE-¥0) /Hy:
x1=x0:dx/2:xf;

XZ2=xl:id=x:xf;

vi=y0:dy:vf:

va=dy/2:dyv:vL;

®X3=x0:id=x:xf;

yv3=y0:idy:vE;

[X1,¥l]=meshgrid(xl,vl):
[X2,¥2]=meshgrid(x2,v2):
[X3,¥3]=meshgrid(x3, v3):

ul=zeros (length(xl),length(yl)):
u2=zeros (length(x2),length({v2)):
ud=zeros (length (x3),length({v3)):
figure

surf (x3,v3,u3', "FaceColoxr', "interp"):
view (0, 20)

hold on

pl=plot3 (¥2,¥Y2,u2","'.", 'markersize',25);
p2=plot3(X1,¥Y1l,ul',".', 'markersize’",25);
axis([x0 xf vO vE O 0.01]1):

Endalew Getnet Tsega et al.

surf (X, ¥,Hp, "FaceColor', "interp', "EdgeColor', "none') ;
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3. Global coordinates to nodes

function node=node48 (Nx, Hv,=x0,xf, v0, vE)

:(5ctep3:hA=s=signing global coordinates to nodes

$Hx=Nunber of elments in x-direction
iHNy=Number of elements in ¥y direction

$Lx=Length of rectanglar domain in =X direction

:(Ly=Length of rectanglar domain in y di
$noded4= coordinates of 4 node elements
3tnode8= coordinates of 8§ node elements

dx=(rf-x0) /Hx;dy=(vE-v0) /Hy;
wl=xO:dx/2:x£f;
vl=y0:dv/2:vEf;
HI=dr/2:du:xf;
y2=dy/2:dvivE;
[¥1,¥1l]=meshgrid(yl,=x1):

nodel=[¥1(:) X1(:)1:
[X2,¥2)=meshgrid(yvZ,x2):
node2=[¥2(:) X2(:)1:

nodel=numZstr (nodel) ;
nodeZ2=numZstr (node2) ;

node=gortrows (2etdiff (nodel,node2, "rows") , 2} ;

node=strZnum (node) ;

node=gortrows (node, 2) ;
node=sortrows (node, 1) ;
node=gortrows (node, 2) ;

4. Global node numbers Code

function celem=connective (Nx, Hy)
FHx=Nunmber of elments in X-direction
FHNy=Number of elements in y direction

%elemd=4 noded elements with global nodes
elemf=8 noded elements with global nodes

elemd=zeras (Hx*Ny,4);
for i=1:Hx*Hvy
r{i)=mod(i,HNx):;
gii)=(i-x(i))/ (Hx);
if ri{i)==0;
s(i)=1i+g(i)-1:
glse
s(i)=i+g(i):
end
end
for kK=1:HN=x
glems (k,1)=2*k-1;
elems (k,2)=2*k+1;
elemd (k, 3)=clemd (k,2) +3*HNx4+2;
elemd (k,4)=elemd (k, 1) +3*Nx+2;
end
for kE=H=+1:Hx*Hy

elemd (k,1l:4)=elemd (k-HNx,1:4)+3*H=x+2;

end
elemB=zeros (Nx*Ny,8) ;
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for kE=1:H=x
elems (k,1)=2*k-1;
elems (k,2)=2%k;
elems (k, 3)=2*k+1;
elems (k, 8)=elems (k,1)+2* (Hx+1) -k;
elemt (k, 5)=elems (k, 3} +3*Hx+2;
elemZ (k, 6)=elems (k,2)+3*Hx+2;
elemZ (k, 7)=elems (k, 1) +3*Nx+2;
elems (k,4)=elems (k,3)+1;

end

for k=H=x+l1l:HN=x*Ny
elemZ (k,l:8)=elems (k-Hx,1:3)+3*Hx+2;
end
celem=[elemZ(:,:) elemd(:,:)]:
end

5. Create global degree of freedom

function gdof=fungdof (Hx,Ny,=x0,=xf, y0, vI)
mnd= (Hx+1) *Hy+Hx* (Hy+1) ;
wnd= (Hx+1) * (Hy+1) ;
mnd= (Hx+1) *Hy+H=x* (Hy+l) ;
HE=vnd+mnd;
celem=connective (Hx,Hy) ;
elem3=[celem(:,1:8)]-
pnode=zeros (Nx*Nvy,4) ;
for k=1:Hx
pnode (k, 1) =NN+k;
pnode (k, 2)=HHN+k+1;
pnode (k, 3)=pnode (k, 2) +Hx+1;
pnode (k,4)=pnode (k, 3) -1;
end
for k=HNx+1:HN=x*Hy
pnode (k,1:4)=pnode (Kk-HNx,1:4) +Hx+1;

end
for e = 1:length{celem(:,1))
dofCounter = 0;
% u velocity DOF=s
for i = 1:8
dofCounter = dofCounter + 1:
gdof (e, dofCounter) = elemf(e,1):
end

% pressure DOFs
for i = 1:4
dofCounter = dofCounter + 1:;
gdof (e, dofCounter) = pnode(e,i):;
end
% v velocity DOF=
for i =1:8
dofCounter = dofCounter + 1;
gdof (e, dofCounter) =2*NN-mnd + elem8(e,i):

end

end
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6. Calculate local matrix for each element

function Aelem=flunidelemmatrix(coords, coordd,ud,v0,ERe)

Lelem=zeros (20,20) ;

Al=zeros (2, 8):

Lz2=zeros (&, 4):

Li=zeros (8, 8):;

Li4=zeros (4, 8);

LSs=zeros (4, 4):

Le=zeros (4, 8);

AT7=zeros (8, 8):

LB=zeros (8,4);

L9=zeros (2, 8):

Wx=5;:Ny=5; x0=0;xf=1;yv0=0; vIf=1;

celem=connective (Nx, Hv) !

elem8=[celem(:,1:8)];

elemd=[celem(:,9:12)]:

nel=length(elem8(:,1))

ul=one=(8,1) ;

vOi=zeros (8,1);

®p=[-sgrt (0.6) 0 =sgrt(0.6)]:

wp=[5/9 B8/9 5/9];

[gl,g2]=meshgrid (=xp, xp) !

ge=[g2i(:) gl(:)]:

[wl,wZ2]=meshgrid (wp,wp) :

wWw=W2 (1) .® wli:):

ngp=length (gp) :

for k=l:ngp
ksi=gpi(k,1):
eta=gp(k,2):
Hil,k)=-0.25*%(1-k=i)*(l-eta)*(l+k=si+etca):
Hi2,k)=0.5%(1-ksi."2)*(1l-etca);
Hi3,k)=-0.25*% (1+ksi)*(l-eta)* (l-ksi+eta):
Hi4,k)=0.5%(1+ksi)*(l-eta.™2):

N(5,k)= —-0.25% (1+ksi)* (1+eta)* (1-ksi-eta);
N(6,k)=0.5% (1-ksi."2)* (1l+eta);
N(7,k)= -0.25% (1-ksi)* (1+eta)* (1+ksi-eta);

N(8,k)= 0.5%(1-ksi)* (l-eta."2);
dN(1,1,k)=0.25% (1-eta)* (2*ksi+eta);

dN (1,2, k)=-ksi* (l-eta):
dN(1,3,k)=0.25% (eta — 1)*(eta - 2%ksi):;
dN (1,4,k)=0.5% (1l-eta."2);
dN(1,5,k)=0.25% (eta + 1)*(eta + 2%ksi):;
dN (1,6,k)=-ksi* (eta + 1);
dN(1,7,k)=-0.25% (1+eta) * (eta-2%ksi);
dN(1,8,k)=0.5% (-1+eta."2);
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end

for

dN(2,1,k)=0.25% (1-ksi) * (2*eta+ksi);
dN(2,2,k)=0.5% (-1+ksi."2);

dN (2,3,k)=0.25% (1+k=i) * (2*eta-ksi) ;
dN(2,4,k)= —eta*(l+ksi);

dN (2,5,k)=0.25% (1+k=i) * (ksi+2*eta) ;
dN (2, 6,k)=0.5% (1-ksi."2);
dN(2,7,k)=0.25%(1-k=i) * (2*eta-ksi);
dN (2,8,k)= eta* (ksi-1);
M{1,k)=0.25%(1-k=i)* (l-eta):
M(2,k)=0.25% (1+k=i) * (1-=ta) :
M{3,k)=0.25%(1l+ksi) * (1+eta) ;
M(4,k)=0.25%(1-ksi) * (1+eta) :

dM{1,1,k)=—-0.25%(l-eta);
dM(1,2,k)=0.25% (1-eta) ;
dM(1,3,k)=0.25% (l+eta);
dM(1,4,k)=—0.25% (l+eta);

dM(2,1,k)=-0.25% (1-ksi):
dM(2,2,k)= —0.25% (1+k=i):
dM{2,3,k)= 0.25% (1+ksi);
dM(2,4,k) =0.25%(1-ksi);

Endalew Getnet Tsega et al.

gE

in der. at kth gp

+({1/Re)* (gdN1 (1) *gdN1 (j)+gdN2 (i) *gdN2 (3) ) ) *detJacob8;

=1 :ingp
ubar = 0;
vbar = 0;
for i = 1:8
ubar = ubar + N{(i,k)*ua0 (i)
vbar = wvbar + Wi, k)*v0 (i) ;
end
Jacob8 (1, :)= dN{(:, :,E)*coord8(:,:)r3Jacobian
detJacobf8=abs= (det (Jacokbi) ) ;
gdN=Jacob8 (:, :)dN(:,:,k) s%2¥8 change of wvariable
gdN1=gdW (1, :) ;
gdN2=gdi (2, :) :
for i=1:8
for j=1:8
Blfi,f)=R1(i,j)+wik)=(H{i, k) *ubar*gdl1l(j)...
+H i, k) *vbar*gdN2 (j) ...
end
end
Ro=n1;

Jacobd (:,:)=dM(:,:, k) cooxrdd(:,:);
gdM=Jacob4 (:, :)\dM (=, :, k) :
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gdMl=gdM (1, =) :
gdM2=gdM (2, :);
detJacobd4 = abs(det (Jacob4)):
for i=1:8
for j=1:4
B2{i,jy=R2{i,3)+wik)*H (i, k) *gdMl(j) *detJacob4;
RB(i,j)=R8(1i,]J)+wik)*N(i, k) *gdM2 (j) *detJacob4;
end
end
Jacobg (1, )=dH(:,:,k)*coordd(:,:);
gdM=Jacob4 (:, :)N\dM (=, 1, k) :
gdMl=gdM (1, :):
gdM2=gdM (2, :)
detJacobd=abs (det (Jacob4d) ) ;
for i=1:4
for j=1:8
Ra(i,jy=R4({i,j)+wik)*M{i, k) *gdll(j)*detJacob4;
Re(i,j)=R6{i,j)+wik)*M{i, k) *gdl2 (j) *detJacob4;
end
end
end
Relem=[RA1 A2 A3;h4 A5 R6;RT RS AD];

7. Calculate local vector for each element

function belem~localfluidvector (celem)
n=length (celem(l, :}):
belem =zeros (2*n-4,1);

8. Assemble local matrices into the global

function f=assemblymatrix (Hx,Hy,x0,xf, v0,vE,a0,v0,ERe)
vnd= (Hx+1) * (Hy+1) :

mnd= (Hx+1) *Ny+H=x* (Hy+1) ;

nd=vnd+mnd ; Fvelocity nodes

negq=2*nd+vnd; % total number of degree of freedom

celem=connective (Hx,Hy) ;
elemd4=[celem(:,9:12)]:
elemf8=[celem(:,1:8)]:
node=node48 (Hx, Ny, x0,x£, v0,vE) -
gdof=fungdof (Hx,Hv,x0,xf, v0,vI):
n=2Z*length (celem(l, :))-length{elemad(1l,:)):
ne=length({celem(:,1}) ;3nunkber of elements
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=zeros (neq,nedq) ;
invel=zeros (neq,l):

o ot

invel (1:nd)=1;
%2 vO=invel (nd+vnd+l:neqg);
for e=line
Aelem=fluidelemmatrix (node (elemS8 (e, 1), 1), ...
node (elemd (e, ), ) ,ul (elemE (e, ), ), vO(elemEB (e, ), ) Be):
for i = 1:mn
for j = 1:n
Afgdof(e,i),gdofie,j))= A{gdof(e,i),gdof(e,]) ) +tRelem(i,j):
end
end
end

9. Assemble local vectors into the global

funection b=assemblyfluidvector (Nx, Ny, x0,xf, v0, vE, Re)
vnd= (Hx+1) * (Hy+1) ;
wnd= (Hx+1) * (Hv+1) ;
mnd= (Hx+1) *Hy+H=x* (Hy+1) ;
nd=vnd+mnd;
neq=2*nd+vnd;
celem=connective (Nx,HNv) !
elemd=[celem(:,9:12)]:
elem3=[celem(:,1:8)]-
node=node4s (Nx, Ny, x0,xf,v0,vE) ;
n=2*%length (celem(l, :))-4-
ne=length (celem(:,1)):
gdof=fungdof (Nx,HNv,=x0,xf,v0,vL):
b=zeros (neq, 1) ;
for e = 1line
belem=localfluidvector (celem) ;
for i = 1:n
b(gdofie,i))= bigdofie,i))+belem(i):
end
end
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10. Identify boundary nodes

function bdof=funbdof (Nx, Nv)
nb=10% (Nx+Nv) :
bdof=zeros (nb, 1) ;

for

end
for

end
for

end

for

end
for

end

for

end

=12 Hx+2
bdof (k)=k:

k= (2*Nx+3) :2: (2*Nx+3) +4% (Ny—-1)

if mod (Hx,2)==1
if mod((k-1)/2,2)==0

bdof (k) =bdof (k-2) +Hx+1;
else

bdof (k) =bdof (k-2) +2*N=x+1;
end
bdof (k+1)=bdof (k) +1;
el=e

if mod( (k-1)/2,2)==1

bdof (k) =bdof (k-2) +H=x+1;
else

bdof (k) =bdof (k-2) +2*N=x+1;
end
bdof (k+1)=bdof (k) +1;
end

=2 FHE4+ 144 *HNy-2 1 4% (Hx4+Ny)
bdof (k) =Ny* (3*Nx+2) - (2*Nx+14+4*Hy-2) +k;

=4% (Hx+4My) +1: 4% (Nx+Hv) +Hx+2
bdof (k)= bdof (k-1)+1;

k= (4% (Nx+Ny) +Nx+2+1) 1 2: (4% (Nx+Ny) +Nx+2+142% (Ny-2) )

bdof (k)= bdof (k-2)+Mx+1;

k=4 (Nx+Hy) +Hx+2+2) 12 (4% (Hx+Ny) +Mx+2+1+2% (Hy-2) )
bdof (k)= bdof(k-1)+1;

for k=((4* (Nx+Ny)+Hx+2+142% (Ny—-2) ) +1) : ( (4* (Hx+Ny) +Hx+24142% (Ny-2) ) +1) +Nx

bdof (k)=bdof (k-1) +1;

end
bdof (( (4% (Nx+HNy) +HNx+2+14+2% (Hy-2) ) +1) +Hx+1:10% (Hx+Hy) )= bdof (1:4* (Hx+Hy) ) +. ..

bdof ( ( (4% (Nx+Ny) +Hx+2+1+2% (Ny-2) ) +1) +Hx) ;
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