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Abstract 
 

The present paper deals with a theoretical investigation of the hydromagnetic peristaltic 

transportation with porous medium through coaxial asymmetric vertical tapered channel and 

joule heating which has been studied under the assumption of long wavelength 

approximations.  Exact analytical expressions of axial velocity, volume flow rate, pressure 

gradient, temperature and heat transfer coefficient at both walls were calculated. The effects 

of various emerging parameters, Hartmann number, Non-uniform parameter, Prandtl number, 

Heat generator parameter, Brinkman number, Porous parameter are discussed through the use 

of graphs. We notice from the figures that the temperature of the fluid increases in the entire 

vertical tapered channel with an increase in Magnetic field, Brinkman number, Prandtl 

number and Heat generation parameter. We notice that the temperature profiles are found 

almost parabolic in nature. Further, it can be noticed that the heat transfer coefficient 

gradually decreases and then increases with increasing values of the Hartmann number, 

Brinkman number, Prandtl number, and Heat generation parameter in the entire vertical 

tapered channel at the right wall. It can be seen that the heat transfer coefficient slowly 

decreases and then increases in the rest of the channel with increasing values of the Hartmann 

number, Brinkman number, Prandtl number, and Heat generation parameter in entire vertical 

tapered channel at left the wall. It can be observed that the coefficient of heat transfer gives 

the oscillatory behaviour which is due to the propagation of peristaltic waves.  
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1. Introduction 
 

Peristalsis is now well known to physiologists to be one of the major mechanisms for fluid 

transport in many biological systems. Peristalsis is a natural mechanism of pumping that is 

observed in the case of most physiological fluids, which is generated by a progressive wave 

of contraction or expansion moving on the wall of the tube. The peristalsis mechanism is seen 

in many biological systems such as movement of chyme in the gastrointestinal tract, the 

transportation of urine from kidney to bladder, the ducts efferentes of the male reproductive 

tract, swallowing of food through esophagus, blood circulation in the small blood vessels, 

movement of ovum in the female fallopian tube, transport of cilia, vasomotion of small blood 

vessels such as arterioles, the locomotion of some worms, transport of lymph in the lymphatic 

vessels, venules and capillaries and transport of bile in the bile duct.  

 

Recently, peristaltic fluid flows in asymmetric channel have gained the attention of 

researchers working in this field. Also, the peristaltic phenomenon is used in many industrial 

applications like sanitary fluids, blood pumps in heart-lung machines, and transport of 

corrosive fluids. There are many other applications of peristalsis such as the design of roller 

pumps, which are useful in pumping fluids without contamination due to contact with the 

pumping machinery. LATHAM (1968) made initial attempts regarding peristaltic mechanism 

of viscous fluid. Initial mathematical models of peristalsis obtained by a train of sinusoidal 

waves in an infinitely long symmetric channel or tube were introduced by Fung and Yih 

(1969) and Shapiro et al. (1977).  

 

After these studies, several analytical, numerical, and experimental attempts have been made 

to understand peristaltic action in different situations for Newtonian and non-Newtonian 

fluids. Some of these studies have been done by (Takabatake and Ayukawa (1982), 

Takabatake and Ayukawa (1988), Srivastava (1986), Srivastava and Srivastava (1984), 

Srivastava and Srivastava (1988), Srivastava et al. (1983), Siddiqui and Schwarz (1994), 

Ramachandra and Usha (1995), Elshehawey and Sobh (2001), Elbarbary (2000), Sobh 

(2004), Abd El Naby et al. (2004), Hayat et al. (2007), Ravikumar et al. (2010), Ravikumar 

and Siva Prasad (2010), Ravikumar (2013), Ravikumar et al. (2010), Ravikumar (2013), 

Ravikumar (2015), Ravikumar (2014), Ravikumar (2015), Ravikumar (2013)). Heat transfer 

is the transition of thermal energy from a region of higher temperature to a region of lower 

temperature.  

 

The transfer of thermal energy continues until the object and its surroundings reach the state 

of thermal equilibrium. The energy transfer by heat flow cannot be measured directly. 

However, the concept has physical meaning because it is related to the measurable quantity 

called temperature. Once the temperature difference is known, a quantity of practical interest, 

the heat flux which is the amount of heat transfer per unit time is readily determined. Heat 

transfer on the peristaltic mechanism is also important in many physiological applications as 

well as engineering. This mechanism may occur in obtaining information about properties of 

hypothermia treatment, blood pump in heart-lung machines, tissues, sanitary fluid transport 

and transport of corrosive fluids Nadeem and Akram (2011). Some more work on this topic 

can be seen in (Nadeem and Akbar (2008), Vajravelu et al. (2011), Srinivas and 

Kothandapani (2008), Seddeek and Almushigeh (2010), Hayat et al. (2014), Oahimire and 

Olajuwon (2014), Mehmood et al. (2012), Sengupta (2015), Saleem and Haider (2014), 

Tripathi and Beg (2014), and Radhakrishnamacharya and Srinisvasulu (2007).) 
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2. Mathematical formulation 

 
Let us consider the peristaltic flow of an incompressible viscous fluid with porous medium 

through a coaxial vertical asymmetric tapered channel under the action of a magnetic field. 

Asymmetry in the flow is due to the propagation of peristaltic waves of different amplitudes 

and phase on the channel walls. The heat transfer in the channel is taken into account. The 

flow is generated by sinusoidal wave trains propagating with constant speed c along the 

tapered asymmetric channel walls 

 

 







 ctXdXmbHY



2
sin2 ,                                                                            (1a)  

  







 




ctXdXmbHY

2
sin1 ,                                                                               (1b)                                                                                 

where b is the half-width of the channel, d is   the wave amplitude, 𝑐 is the phase speed of the 

wave and 𝑚𝐼(𝑚𝐼 < < 1) 
 is the non-uniform parameter, 𝜆 is the wavelength, t is the time and 

X is the direction of wave propagation. The phase difference 𝜙 varies in the range 0 ≤   ≤ π, 

  = 0 corresponds to symmetric channel with waves out of phase and further b, d and   

satisfy the following conditions for the divergent channel at the inlet bd )
2

(cos


.   

 

It is assumed that the left wall of the channel is maintained at temperature T0, while the right 

wall has temperature T1. 

 

  
 

Figure 1. Schematic diagram of the physical model 

 

 

The equations governing the motion for the present problem are 
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u and v are the velocity components in the corresponding coordinates, p is the fluid pressure

is the density of the fluid,  is the coefficient of the viscosity,  k1 is the permeability of 

the porous medium and k is the thermal conductivity, Cp is the specific heat at constant 

pressure, Q0 is the constant heat addition/absorption and T is the temperature of the fluid. 

 
Introducing a wave frame (x, y) moving with velocity c away from the fixed frame (X, Y), the 

transformations 

 

x = X-ct, y = Y, u = U-c, v = V and p(x) = P(X, t),                                                           (6) 

 

where u, v are the velocities in the x and y directions in the wave frame and p is the pressure 

in wave frame. 

 

Introducing the following non-dimensional quantities:  
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2
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}       (7) 

where 
b

d
 is the non-dimensional amplitude of channel, 




b
  is the wave number 

b

m
k





1  is the non - uniform parameter, Da is the porous parameter, Re is the Reynolds 

number, M is the Hartmann number, 
2b

k
K  . Permeability parameter, Pr is the Prandtl 

number β is the heat generation parameter, Br is the Brinkman number and Ec is the Eckert 

number.  

 

 

3.  Solution of the problem 
 

In view of the above transformations (6) and non-dimensional variables (7), Equations (2-5) 

are reduced to the following non-dimensional form after dropping the bars. 
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Applying long wave length approximation and neglecting the wave number along with low-

Reynolds numbers Equations (9 -11) become 
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The corresponding boundary conditions in dimensionless form are given by 

 

u = -1, θ = 0 at       txxkhy 2sin1 11 ,                                              (14a) 

u = -1, θ = 1 at   txxkhy   2sin1 12 .                                                        (14b) 

 

The closed form solutions for Equations (11-13) with boundary conditions (14a) and (14b) 

are 
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The coefficients of the heat transfer Zh1 and Zh2 at the walls y = h1 and y = h2 respectively, 

are given by

 
xyhZh 11  .                                                                                                                     (17)                

xyhZh 22  .                                                                                                                   (18) 

The solutions of the Equations (17) and (18) are 
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4.  Volumetric flow rate 
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Hence, the flux at any axial station in the fixed frame is found to be 

 

   21

1

2

1 hhqdyuQ

h

h

  .                                                                                        (22) 

 

The average volume flow rate over one wave period (T = λ/c) of the peristaltic wave is 

defined as  

 

   dqdyhhq
T

Qdt
T

Q

T

  1
11

21

0

.                                                                          (23) 

 

The pressure gradient obtained from Equation (15) can be expressed as  
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The pressure rise ∆𝑃 (at the wall) in the channel of length L, non-dimensional form is given 

by 
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. 

5.  Numerical results and discussion 

The primary object of this investigation has been to study Hydromagnetic peristaltic 

transportation with porous medium through coaxial asymmetric vertical tapered channel and 

joule heating point, The analytical expressions for velocity distribution, pressure gradient, 

temperature and heat transfer coefficient have been derived in the previous section. The 

numerical and computational results are discussed through the graphical illustration. 

Mathematica software is used to find out numerical results.  

 

Figure 2(a) presents the flow structure of the temperature (θ) for different values of Hartmann 

number (M = 1, 2, 3) with β = 0.5, Br = 0.1, Pr = 1, Da = 0.1, η = 0.5, P = -0.5, k1= 0.1,           

x = 0.6, t = 0.4, ε = 0.2,   = π/6,  = π/6. Indeed, the temperature of the fluid increases with 

increasing values of Hartmann number. Figure 2(b) depicts the temperature profile for 

different values of Br (Br = 0.1, 0.3, 0.5) with β = 0.5, M = 1, Pr = 1, Da = 0.1, η = 0.5, P = -

0.5, k1= 0.1, x = 0.6, t = 0. 4, ε = 0.2,   = π/6,  = π/6. It can be seen from the figure that the 

temperature of the fluid increases with increasing values of Br. We conclude that the 

temperature of the fluid increases with increasing values of M and Br. 

 

 
2(a) 

 
2(b)

Figure 2. Temperature (θ) profile for different values of M and Br 
 

Figure 3(a) shows that the temperature (θ) profile for different values of Prandtl number     

(Pr = 1, 1.25, 1.5) with β = 0.5, Br = 0.1, M = 1, Da = 0.1, η = 0.5, P = -0.5, k1= 0.1, x = 0.6,    

t = 0.4, ε = 0.2,   = π/6,  = π/6. Indeed, the temperature of the fluid increases with  

increasing values of Prandtl number (Pr). Figure 3(b) depicts the temperature profile for 

different values of β (β = 0.5, 0.7, 0.9) with Pr = 1, Br = 0.3, M = 1, Da = 0.1, η = 0.5, P = -

0.5, k1= 0.1, x = 0.6, t = 0.4, ε = 0.2,   = π/6,  = π/6. It was observed that the temperature of 

the fluid increases with increasing values of β. Finally, we notice that the temperature of the 
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fluid increases with increasing values of M, Br, Pr and β in the entire  vertical tapered channel 

(Figures 2 and 3). 

 

 
3(a) 

 
3(b)

Figure 3. Temperature (θ) profile for different values of Pr and β 
 

Figure 4(a) illustrates the flow structure of heat transfer coefficient at the wall y = h1 for 

different values of M (M = 1, 2, 3) with Br = 0.1, β = 0.5, Pr = 1, Da = 0.1, η = 0.5, P = -0.5, 

k1= 0.1, t = 0.4, ε = 0.2,  = π/4,  = π/6. We notice that heat transfer coefficient decreases in 

the portion of the channel x ∈ [0, 0.6] and then increases in the range x ∈ [0.6, 1] with 

increasing values of Hartmann number. In Figure 4(b), the effects of Brinkman number Br   

(Br = 0.1, 0.3, 0.5) on   heat transfer coefficient at the wall y = h1 with fixed Pr = 1, β = 0.5,    

M = 1, Da = 0.1, η = 0.5, P = -0.5, k1= 0.1, t = 0.4, ε = 0.2,   = π/4,  = π/6 is illustrated. 

Inspection of this figure indicates that the heat transfer coefficient decreases in the portion of 

the channel x ∈ [0, 0.6] and then increases in the rest of the channel x ∈ [0.6, 1] with 

increasing values of Br. 

 

 
4(a) 

 
4(b)

Figure 4. Heat transfer coefficient at the wall y = h1 for different values of M and Br 

 

Figure 5(a) displays the impact of Prandtl number Pr (Pr = 1, 1.25, 1.5) on heat transfer 

coefficient at the wall y = h1 with Br = 0.1, β = 0.5, M = 1, Da = 0.1, η = 0.5, P = -0.5,        

k1= 0.1, t = 0. 4, ε = 0.2,   = π/4,  = π/6. We notice that heat transfer coefficient decreases 

in the portion of the channel x ∈ [0, 0.6] and then increases in the rest of channel x ∈ [0.6, 1] 

with increasing values of Prandtl number (Pr). Figure 5(b) shows that the flow structure of 
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heat transfer coefficient at the wall y = h1 for different values of heat generation parameter β 

(β = 0.5 0.7, 0.9) with fixed Br = 0.1, M = 1, Pr = 1, Da = 0.1, η = 0.5, P = -0.5, k1= 0.1,   t = 

0. 4, ε = 0.2,   = π/4,  = π/6. It can be noticed that heat transfer coefficient decreases in the 

range x ∈ [0, 0.6] and then it is increases in the other portion of the channel x ∈ [0.6, 1] with 

higher values of β. 

 

 
5(a) 

 
5(b) 

Figure 5. Heat transfer coefficient at the wall y = h1 for different values of Pr and β  
 

Figure 6(a) shows that the heat transfer coefficient at the wall y = h2 for different values of M 

(M = 1, 2, 3) with Br = 0.1, β = 0.5, Pr = 1, Da = 0.1, η = 0.5, P = -0.5, k1= 0.1, t = 0.4, ε = 

0.2,   = π/4,  = π/6. We notice that heat transfer coefficient decreases in the portion of the 

channel x ∈ [0.1, 0.7] and then increases in the rest of the channel x ∈ [0, 0.1] [0.7,1] with 

increasing values of Hartmann number. Figure 6(b) presents the flow structure of heat 

transfer coefficient at the wall y = h2 for different values of Br (Br = 0.1, 0.3, 0.5) with fixed 

Pr = 1, β = 0.5, M = 1, Da = 0.1, η = 0.5, P = -0.5, k1= 0.1, t = 0.4, ε = 0.2,   = π/4,  = π/6. 

It can be observed from this figure that heat transfer coefficient decreases in the channel        

x ∈ [0.1, 0.7] and then  increases in the other range x ∈ [0, 0.1] [0.7,1] with increasing  

values of Br. 
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Figure 6. Heat transfer coefficient at the wall y = h2 for different values of M and Br 

 

The effect of Prandtl number (Pr = 1, 1.25, 1.5) on heat transfer coefficient at the wall y = h2 

with Br = 0.1, β = 0.5, M = 1, Da = 0.1, η = 0.5, P = -0.5, k1= 0.1, t = 0.4, ε = 0.2,  = π/4,     
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 = π/6 is illustrated in Figure 7(a). We notice from the figure that the heat transfer 

coefficient decreases in the channel x ∈ [0.1, 0.7] and then increases in the range x ∈ [0, 0.1]

 [0.7,1] with increasing values of Prandtl number. Figure 7(b) represents the flow structure 

of heat transfer coefficient at the wall y = h2 for different values of β (β = 0.5 0.7, 0.9) with 

fixed Br = 0.1, M = 1, Pr = 1, Da = 0.1, η = 0.5, P = -0.5, k1= 0.1, t = 0.4, ε = 0.2,     = π/4, 

 = π/6. We notice that heat transfer coefficient decreases in the range x ∈ [0.1, 0.7] and then 

increases in the rest of the channel x ∈ [0, 0.1] [0.7,1] with increasing values of β. Further, 

it can be noticed in all the Figures 4-7, the coefficient of heat transfer gives the oscillatory 

behaviour, which is due to the propagation of peristaltic waves.  

 

 
7(a) 

 
7(b) 

Figure 7. Heat transfer coefficient at the wall y = h2 for different values of Pr and β  

 

6. Conclusion 
 

Hydromagnetic peristaltic transportation with porous medium through coaxial asymmetric 

vertical tapered channel and joule heating is investigated under the assumption of long 

wavelength approximation. We conclude with the following observations: 

1. The temperature of the fluid increases in the entire tapered vertical channel with 

increasing values of M, Br, Pr and β. 

2. Heat transfer coefficient at the wall y = h1 decreases in the portion of the channel x ∈ 

[0, 0.6] and then increases in the other portion of the channel x ∈ [0.6, 1] with 

increasing values of M, Br, Pr and β. 

3. Heat transfer coefficient at the wall y = h2 decreases in the portion of the channel x ∈ 

[0.1, 0.7] and then increases in the channel x ∈ [0, 0.1] [0.7, 1] with increasing the 

values of M, Br, Pr and β. 
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