po Available at Applications and Applied
(d dm\ http://pvamu.edu/aam Mathematics:
L 4 Appl. Appl. Math. An International Journal
ISSN: 1932-9466 (AAM)

Vol. 12, Issue 1 (June 2017), pp. 143 - 161

On (Semi)Topological BCC-algebras

IF.R. Setudeh & 2N. Kouhestani

'Fuzzy Systems Research Center
University of Sistan and Baluchestan
Zahedan, Iran
Kouhestani @math.usb.ac.ir
&
2Department of Mathematics
University of Sistan and Baluchestan
Zahedan, Iran
f.rajabi setodeh @gmail.com

Received: November 23, 2015; Accepted: December 15, 2016

Abstract

In this paper, we introduce the notion of (semi)topological BCC-algebras and derive here con-
ditions that imply a BCC-algebra to be a (semi)topological BCC-algebra. We prove that for
each cardinal number « there is at least a (semi)topological BCC-algebra of order «. Also
we study separation axioms on (semi)topological BCC-algebras and show that for any infinite

cardinal number « there is a Hausdorff (semi)topological BCC-algebra of order o with nontrivial
topology.
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1. Introduction

Imai and Iséki (1966) introduced a class of algebras of type (2,0) called BCK-algebras which
generalizes on one hand the notion of algebra of sets with the set subtraction as the only
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fundamental non-nullary operation and on the other hand the notion of impliction algebra. Iséki
posed an interesting problem whether the class of BCK-algebras form a variety. In connection
with this problem, Komori (1983) introduced a notion of BCC-algebras which is a generalization
of notion BCK-algebras and proved that the class of all BCC-algebras is not a variety. Dudek
(1990) redefined the notion of BCC-algebras by using a dual form of the ordinary definition.
Further study of BCC-algebras was continued by Dudek (1995, 1998, 1992, 1990). In recent
years some mathematicians have endowed algebraic structures associated with logical systems
with a topology and have studied some their propertises. For example, Borzooei et al. (2011,
2012) introduced (semi)topological BL-algebras and studied metrizability and separation axioms
on them. Kouhestani and Borzooei (2014) introduced (semi)topological residuated lattices and
studied separation axioms 7, 73, and 75 on them. In Section 3 of this paper, we will define
(left, right, semi)topological BCC-algebras and show that for each cardinal number « there is
at least a topological BCC-algebra of order . In Section 4, we study some topological results
on BCC-algebras endowed with a topology. In Section 5, we will study the connection between
(semi)topological BCC-algebras and 7; spaces, when ¢ = 0, 1,2. We prove that for any infinite
cardinal number « there is a Hausdorff topological BCC-algebra of order o in which its topology
is nontrivial.

2. Preliminary

In this section we present some of the basic information and notations that will be used in the
text. Topological concepts used in this paper are from Bourbaki (1966) and BCC-algebras theory
can be found in Dudek (1990, 1992, 1995, 1998, 1999, 2000).

Topological Space

Recall that a set A with a family U of its subsets is called a topological space, denoted by
(AU), if A, € U, the intersection of any finite numbers of members of ¢/ is in U and the
arbitrary union of members of I/ is in U. The members of U/ are called open sets of A and the
complement of U € U, that is A\ U, is said to be a closed set. If B is a subset of A, the smallest
closed set containing B is called the closure of B and denoted by B (or cl,B). A subfamily
{Us : € I} of U is said to be a base of U if for each x € U € U, there exists an o € I such
that © € U, C U, or equivalently, each U in U/ is the union of members of {U,}. A subset P
of A is said to be a neighborhood of x € A if there exists an open set U such that x € U C P.
Let U, denote the totality of all neighborhoods of = in A. Then a subfamily V, of U, is said to
form a fundamental system of neighborhoods of x if for each U, in U, there exists a V, in V),
such that V,, C U,. A directed set I is a partially ordered set such that, for any ¢ and j of I,
there is a k € I with k > i and k > j. If [ is a directed set, then the subset {x; : i € I} of A
is called a net. A net {x; : i € I} converges to x € A if, for each neighborhood U of z, there
exists a j € I such that for all i > j, z; € U. If B C A and z € B, then there is a net in B that
converges to x.

A topological space (A,U) is said to be a:
(1) Ty-space if for each z # y € A, there is at least one in an open neighborhood excluding the
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other.

(2) Ti-space if for each x # y € A, each has an open neighborhood not containing the other.
(3) Hausdorff space if for each = # y € A, there two disjoint open neighborhoods U, V' of x and
Yy, respectively.

(4) Uryshon space if for each z # y € A, there are two open neighborhoods U,V of = and v,
respectively, such that U NV = ¢.

BCC-Algebra

A BCC-algebra is a nonempty set X with a constant 0 and a binary operation * satisfying the
following axioms, for all z,y, z € X:

B1) (z*xy)*(z*xy))*(x*x2)=0.

B2) 0xxz =0.

B3) zx0=u=z.

B4)zxy=0and y*x =0 imply x = y.

On any BCC-algebra X one define x < y < zxy = 0. It is not difficult to verify that this order
is partial and O is its smallest element.

In BCC-algebra X, the following hold: for any z,y, z € X,

BS) (xxy)*(z*xy) <z x*z.

(B6) z <y implies 2 <yx*xzand 2 xy < 2 *x 2.
(B7) (x*xy)*2z < xx*z.

B8) zxy < x.

(B9) (x*y)*z <z x*(yx*2).

B10) (z*xy) * (xx2) < x* (v *2).

BI1) (z*xy)*z < (z*xy)* (2 *xy).

Definition 2.1.
Let (X, *,0) be a BCC-algebra and I C X. I is called:

(1) ideal if 0 € I, and for each x,y € X, zxy el and y € [ imply z € I,
(2) BCC-ideal it 0 € I, and y € I, (x xy) xz € I, imply z * z € I.

Let (X, *,0) be a BCC-algebra and I a subset of X. Then:

(1) if I is an ideal, then [ is a subalgebra and if x € [ and y < z, then y € I,

(2) if I is a BCC-ideal, then it is an ideal,

(3) I is a BCC-ideal if and only if for each z,y € I, and z € X, xx 2z and z % ((z *x ) * y), both,
are in /, and

(4) if I is a BCC-ideal, then the following relation

c=lyesaoxycl yxael
is a congruence relation on X, i.e. =’ is an equivalence relation and for each a,b,z,y € X, if
r ="y and a =! b, then a x x =! bx*y. For each x € X, we consider /I = {y : y =! x} and
X/I={x/I]:ze X}
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3. Topological BC'C-algebras

Definition 3.1.
Let 7 be a topology on a BCC-algebra (X, *,0). Then:

(1) (X,*,7) is a (right) left topological BCC-algebra if x xy € U € T, then there is a (V)
W e T such that (x € V) ye W and (Vxy CU) 2« W C U. In this case, we also say that x
is continous in (first) second variable,

(2) (X, *,7T) is a semitopological BCC-algebra if it is a left and right topological BCC-algebra,
ie. if txy € U € T, then there are VW &€ T such that x € V,y € W and x * W C U and
V xy C U. In this case we also say that % is continuous in each variable separately,

(3) (X, *,T) is a topological BCC-algebra if * is continuous , i.e. if zxy C U € T, then there
are two neighborhoods V, W of x,y, respectively, such that V' «x W C U.

Example 3.2.
(i) Let X = {0,1,2,3} be a BCC-algebra with the following table:

*x10 1 2 3
0/j0 0 0 O
1{1 0 0 O
212 1 0 O
313 2 2 0

Then, 7 = {{0,1,2},{3}, X, ¢} is a topology on X such that (X, *,7) is a right topological
BCC-algebra that is not a topological BCC-algebra.

(ii) Let X = [0, 1]. Then X with the following operation is a BCC-algebra.
kY — 0, ifz<y
Y=\ 2, ifz >y

It is easy to prove that B = {{x} : 0 # z} U {X} is a subbase for a topology 7 and (X, *,T)
is a topological BCC-algebra.

Let (X, *,0) be a BCC-algebra. Then:

(1) a family €2 of subsets X is prefilter if for each U,V € (), there exists a W &€ 2 such that
W cuny,

(2) for each V C X and x € X, we denote

Vg ={ye X :yxz eV} V()={ye X:yxx,xxyecV}

Theorem 3.3.

Let Z be a prefilter of BCC-ideals in a BCC-algebra (X, x,0). Then there is a topology 7 on X
such that (X, *,7) is a topological BCC-algebra.
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Proof:

Define 7 = {U C X : Ve € U 31 € T st ©/I C U}. For each z € A and I € Z, the set
x/I € T because if y is an arbitrary element of z//, then y/I C x/I. It is easy to see that T is
a topology on X. We prove that * is continuous. For this, suppose z*y € U € T, then for some

I€Z, (xxy)/I CU. Now z/I and y/I are two open neighborhoods of = and y, respectively,
such that x/I xy/I C (xxy)/I CU. R

Theorem 3.4.

Let / be an ideal in BCC-algebra (X, , 0). Then there is a topology 7 on X such that (X, *,0,7)
is a right topological BCC-algebra. Moreover, if for each z,y,z € X, (x xy) *x 2 = (x * 2) *x y,
then (X, *,0,7) is a topological BCC-algebra.

Proof:

Let T ={U C X :Vx € U I[z] C U}. First we show that for any = € X, I[x] € T. Suppose
x € X and y € I[z]. Then, yxx € I. Take z € I[y]. By (B1) ((z*x)*(y*x))*(2xy) =0 € I.
Since [ is ideal and z x y and y * x both are in I, z * x is in I so. Hence, I[y] C I[z]|. This
implies that /x| € 7. Now we prove that  is continuous in first variable. Let xxy € U € T. If
z € I[x], then zxx € I. By (BS), (z2*xy)* (x*y) < zxx, hence z*y € I[x*y|. This proves that
I[z] xy C I[zxy] C U. Finally, let for each x,y,z € X, (z*y) * z = (z * 2) x y. We prove that
I[z] = I[y] C I[x = y], for each x,y € X. For this, suppose z,y € X and a € I[z] and b € I[y].

Then,
[(bxz)x(xxy)]x(bxy) =[(bxz)x(bxy)]x(xxy) < (z*y)* (xxy)=0.
Hence, (b*x) * (x *y) < bxy. Since bxy € I, we conclude that (b* x) % (z *y) € I. On the
other hand, we have
[(@axb)* (zxy)*(axx)=[(axb)*(a*xx)*(xxy) < (bxx)x*(z*xy).

This implies that [(a * b) % (z *x y)] % (axx) € I. Since a*xx € I, (axb) x (x *y) € I. Hence,
axb € Iz xy] and so I[z] = I[y] C I[x * y]. This proves that (X,*,0,7) is a topological
BCC-algebra. B

Theorem 3.5.

Let (X, *,0,7) be a topological BCC-algebra and a ¢ X. Suppose X, = X U{a} and T* =
T\{¢}. If 0 € NT™*, then there are an operation ® and a topology 7, on X, such that (X,, ®,7,)
is a topological BCC-algebra and 0 € N7,".

Proof:
Define the operation ® on X, by

rxy, ifr,yeX
a, fr=ayecX
0, ifereX,y=a
0, fz=y=a.

TRY =
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Assume that 7, = {UU{a} : U € T}U{¢}. It is easy to verify that (X,,®,0) is a BCC-algebra
and 7, is a topology on X,. Let x ® y € U U {a}. In the following cases we find two sets
VW eT,suchthat z € V,ye Wand VoW CUU/{a}.

Case 1. If z,y € X, then x xy = v ® y € U. Since x is continuous, there are V,W € T such
that v € V,y € Wand V«W C U If z; € VU{a} and z, € W U {a}, then z; ® 25 €
{z1 % 29,a,0} CU U{a}. Hence, VU {a} @ WU {a} CUU{a}.

Case 2. If r=aandy € X, thenz =a € {a} € To,y € X, € T, and {a} ® X, = {0,a} C
UuU{a}.

Case3.Ifr € Xandy =a,thenz € X, € T,y =a € {a} € T, and X,®{a} = {0} C UU{a}.
Cased. If r=y=a,thenz=y=a€ {a} €T, and {a} ® {a} = {0} CU U{a}.

Cases 1,2,3 and 4 prove that (X,,®,7,) is a topological BCC-algebra. But it is obvious that
0oen7: N

Theorem 3.6.
For any integer n > 4 there exists a topological BCC-algebra of order n.
Proof:

We prove the theorem by using mathematical induction. If n = 4, then the set X = {0, 1,2, 3}
is a BCC-algebra by the following table:

*x 10 1 2 3
0/0 0 0 O
11 0 0 O
212 2 0 1
313 3 30

If 7 = {{0,1,2},{0,1,3},{0,1}, X, ¢}, then T is a topology on X such that (X,7) is a
topological BCC-algebra and 0 € N7 *. Take (X,*,7) a topological BCC-algebra of order n
such that 0 € NT*. Let a ¢ X and X, = X U{a}. Then, by Theorem 3.5, there are the operation
® and topology 7, on X, such that (X,,®,7,) is a topological BCC-algebra of order n+ 1. B

Theorem 3.7.
Let « be an infinite cardinal number. Then there is a topological BCC-algebra of order o.
Proof:

Let X be a set with cardinal number «. Consider Xy = {xg = 0, 21, 72, ...} as a countable subset
of X and define the operation * on X, by

L0 iti=

U, ifd £
Then, (X, *,0) is a BCC-algebra. The set I,, = {0, x1,...,x,}, for any n > 1 is a BCC-ideal
of Xy. Since By = {I,, : n > 1} is a prefilter of BCC-ideals in X, by Theorem 3.3, there is a
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nontrivial topology 7y on Xy such that (X, *,7g) is a topological BCC-algebra. Now define the
binary operation o on X by

zxy, ifx,ye Xy

0, ifxe Xo,y & Xo
, if x & Xo,y € Xo
, ife=y ¢ Xo
, itz Fyay € Xo.

It is routine to check that (X,0,0) is a BCC-algebra of order o and the set B = Ty U {{z} :
x & Xy} is a subbase for a topology 7 on X. Since {0} ¢ T, T is a nontrivial topology on X.
In the following cases we will show that (X,0,7) is a topological BCC-algebra. For this, let
royeUe€B.

roy=

8 O 8

Case 1. If z,y € Xy, then zoy =z *xy € U € Ty. Since * is continuous in (Xy, 7p), there are
V., W € 7Ty containing x, y, respectively, such that V « W C U. Hence V o W C U which implies
that o is continuous in (X, 7).

Case 2. If © € X and y € X, then X, and {y} are two elements of 7 such that z € X,
y € {y} and Xyo0 {y} = {0} CU.

Case 3. If © € Xy and y € X, then z oy = 2 € U. Now {z} and X, both belong to 7 and
x € {x},ye€ Xy and {z} o Xg={z} CU.

Case 4. If x = y &€ X, then zoy =0 € U. Then {z} is an open set in 7 which contains x,y
and {z} o {z} ={0} CU.

Case 5. If t ¢ Xpand y & X, thenz € {a} € T and y € {y} € T and {z} o {y} CU.
Cases 1,2,3,4, and 5 show that the operation o is continuous in (X,7). B
Theorem 3.8.

Let (X,#,0,7) be a topological BCC-algebra and « be a cardinal number. If o > |X|, then
there is a topological BCC-algebra (Y, 0,0,U) such that o < |Y| and X is a subalgebra of Y.

Proof:
Suppose
I'={(H,®,0,U) : (H,®,0,U) is a topological BCC-algebra, X C H ® |x = x}.
The following relation is a partial order on I'.
(H,®,0,U) < (K,0,0,V) & HCK, Olg=®, UC V.

Let {(H;,®;,0,U;) : i € I} be a chain in I'. Put H = UH; and Y = U U;. If = and y are
two elements of H, then for some ¢ € I, x,y € H;. Define x ® y = = ®; y. We prove that
® is an operation on H. Suppose z,y € H; N H;. Since {(H;,®;,0,U;) : i € I} is a chain,
H; C H; or H; C H;. Without the lost of generality, assume that H; C H;. Then, ®;|y, = ®;.
So x®;y = x ®;y. This proves that ® is an operation on H. Now it is easy to see that (H, ®,0)
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is a BCC-algebra such that ®|x = *. On the other hand, since {(H;, ®;,0,U;) : i € I} is a chain,
U is a topology on H. We prove that (H, ®,U) is a topological BCC-algebra. Let t®y € U € U.
Then there is an ¢ € [ such that z ® y =z ®; y € U € U;. Since ®; is continuous in (H;,U;),
there are V, W € U; such that z € V, y € W, and V ®; W C U. This proves that ® is continuous
in (H,U). Thus, (H,®,0,U) is an upper bound for {(H;, ®;,0,U;) : i € I} in I". By Zorn’s
Lemma, ' has a maximal element. Suppose (Y, 0,0,U/) is a maximal element of I". We prove
that |Y'| > a. If |Y| < «, then for some nonempty set C, |Y UC| = «a. Take a € Y \ C and put
H =Y U{a}. Then it is easy to claim that H with the following operation is a BCC-algebra.

rzoy, ifx,yeyY
@y = 0, feeYy=a
a, fr=a,yeY
0, fr=y=a.

The set B = U U {{a}} is a subbase for a topology V on H. In the following cases we prove
that (H,®, V) is a topological BCC-algebra. Let z,y € H and x ® y € U € B.

Case 1. If U € U, then or z,y, both, are in Y orx € Y andy=aorx=y=a.If z,y €Y,
then since o is continuous in (Y,U), there are VW € U C B such that x € V, y € W and
VeW =VoW CU. Ifxe€Y and y = a, then Y and {a} are two open sets in V' containing
x and y, respectively, such that t®y € Y ® {a} = {0} CU. If z = y = a, then {a} is an open
neighborhood of z,y in V such that {a} ® {a} = {0} C U.

Case 2. If U = {a}, thenz =a € {a} e BandycY eBandz®yec {a} ®Y CU.

Thus by Cases 1 and 2, (H,®, V) is a topological BCC-algebra. But (H,®,)) is a member of
I which (Y, 0,0,U) < (H,®,0,V), a contradiction. Therefore, |Y| > « and X is a subalgebra
of Y.

Theorem 3.9.

Let o be an infinite cardinal number. Then there is a right topological BCC-algebra of order «
which is not a topological BCC-algebra.

Proof:
Let X be a set with cardinal number «. Suppose Xy = {xo = 0,21, 22, ...} is a countable subset
of X. Define
e 0, ife <y
! I Xi, if 7 > j

It is easy to prove that (X, *,0) is a BCC-algebra. If U; = {x;, x;11,Tit2, ...}, then B = {U; :
i=1,2,3,...} is a base for a topology 7, on X,. We prove that (X, *, 7p) is a right topological
BCC-algebra. Let z; xx; € U € Ty. If i < j, then x; x z; = 0 € U. Since X is the only open
neighborhood of 0, U = X,. Cleraly, x; € Xy and Xg xx; C U. If ¢ > j, then z; x x; = ;.
Since B is a base for 7y, x; € U; C U. Since i > j, U; xx; = U; C U. Therefore, (X, *,7p) is a
right topological BCC-algebra. But this space is not a topological BCC-algebra because x, € Uy,
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9 € Uy and w9 x 11 = x9 € Uy but Uy x U; € Us,. Consider X with the following operation

rxy, ifx,ye Xy

0, if z € Xo,y & Xo
, it & Xo,y € X
Cifr=y g X,
, itz Ay, y & Xo,

then (X, 0,0) is a BCC-algebra. By the proof of Theorem 3.7, we can claim that B = ToU{{z} :
x & Xy} is a subbase for a topology 7 on X such that (X,0,7) is a right topological BCC-
algebra. But o is not continuous in (X, 7) because * is not continuous in (X, 7;). W

Definition 3.10.

Toy=

8 o8

Let (X, *,0) be a BCC-algebra. A nonempty subset V' on X is preideal if for each x,y € X,
rx<y, yeVimply x € V.

Clearly, ideals, BCC-ideals and initial segments are all preideal.
Proposition 3.11.

Let (X,*,0) be a BCC-algebra. Then:

(1) the arbitrary union and intersection of preideals in X is a preideal in X,
(2) if V is a preideal, then 0 € V,

(3) if V' is a preideal, then for each = € X the set V[x] is a preideal,

(4) if V is a preideal, then V x X C V.

Proof:
The proof is easy. B
Theorem 3.12.

Let €2 be a family of preideals in a BCC-algebra (X, *, 0) such that it is closed under intersection.
If for each x € V € , there is a U € (2 such that U[zx] C V| then there is a topology 7 on X
such that (X, *,0,7) is a right topological BCC-algebra.

Proof:

It is not difficult to prove that 7 = {U C X : Vo € U, IV € Q s.t V[z] C U} is a topology on
X. Let U € 2 and z € X. We show that U[z] € T For this, suppose y € Ulz|; then y*xz € U.
Consider V' € Q such that V[y x 2] C U. Let z € V[y|. Since (z x z) % (y xx) < z*y and
zxy € V, we get that (z xz) * (y*xx) € V. Hence z x x € V]y*x x| C U. This shows that
y € V[y] C Ulz]. Therefore, U[z] is an open set for each U € € and = € X. Also, obviously,
the set B = {Ulz] : U € Q,2 € X} is a base for 7. Now we prove that  is continuous in the
first variable. Let xxy € Uz xy| € B. If z € Ulz], since (zxy)* (z*y) < zxx and zxx € U,
we conclude that (z*y) x (zxy) € U. So zxy € Ulx*y|. Thus, Ulz]*y C Ulx *y]. Therefore,
(X,*,0,7) is right topological BCC-algebra. B
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Theorem 3.13.

Let €2 be a family of preideals in the BCC-algebra (X, ,0) such that it is closed under inter-
section. Let for each x € V' € €, there is a U € Q such that U(z) C V. If for each z,y,z € X,
(xxy)*z = (r*z)*y, then there is a topology 7 on X such that (X, x,0,7) is a semitopological
BCC-algebra.

Proof:

Define 7 = {U C X : Vx € U, 3V € Q st V(z) C U}. Easily, one can prove that 7 is
a topology on X. At first we show that B = {U(x) : U € Q,z € X} is a base for 7. Let
x € U(a) € B. Then there exists a V' € € such that V' (z xa) and V(a * x); both are the subsets
of U. We show that x € V(x) C U(a). Let y € V(z). Then, y % x and z * y belong to V. Since

(yra)x(wxa) Syxz, (vxa)x(yxa)<axy,

we get that (y*a) * (z*a) and (x xa) * (y * a) both belong to V. Hence, yxa € V(z*xa) C U.
On the other hand, since

[(axy)*(a*xz)]*(xxy)=[a*xy)*(zxy)]*(a*xz) < (axx)*(axz)=0,

we have (a*xy) * (a*xz) <z*xy. Aszxy € V, we get that (a*y) * (a*x) € V. In a similar
fashion, one can prove that (axx)*(a*xy) € V. Hence, a*xy € V(axx) C U. Since a*y and y*a
both belong to U, we get that y € U(a). Thus we could show that U(a) € T, for each a € X.
Now it is easy to prove that B is a base for 7. In continuation we will prove that * is continuous
in first and second variable. Let x xy € V(x xy) € B. We show that V' (z) xy C V(z xy) and
xxV(y) CV(zxy). If a € V(x), then since

(axy)x(xxy) <axz, (xxy)x*(axy) <zx*a,

we get that (axy) * (r*xy) € V and (z xy) * (axy) € V. Hence, a*xy € V(x *y) and so
V(z)xy CV(xxy). If b e V(y), since

(xxb)*(zxy) <yxb (rxy)x(xxb) <bxy,
we get that x xb € V(z*y). Hence zx V(y) CV(zxy). A
Example 3.14.
(i) An algebra X = {0, 1,2,3} defined by the table

*x10 1 2 3
0/0 0 0 O
1|1 0 1 O
212 2 0 O
313 3 1 0.

is a BCC-algebra. Its preideals have the form {0, 1}, {0, 2}, {0, 1,3} and {0, 2, 3}. Let U = {0, 2}
and V' = {0,2,3}. Then V is not an ideal because 1x3 =0 € V but 1 € V. Also, V[0], V[2], U]3],
all, are the subsets of V' and the sets U[0], U[2], both, are the subsets of U. Hence, 2 = {U,V'}
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satisfies Theorem 3.12. Therefore, 7 = {W :Vox € W Ulz] C W or V]z] C W} is a topology
on X such that (X, x*,0,7) is a right topological BCC-algebra.

(ii) It is easy to verify that X = [0, 00) by

vy — 0, ifzx <y
y= x, if x>y,

is a BCC-algebra which is not proper. Let I,, = [0, n], for any n > 1. Then:

L[z] = I, ifx<n
T ), if x>

Now, if @ = {I,, : n > 1}, then () satisfies Theorem 3.13, and so there is a topology 7 on X
such that (X, ,0,7) is a semitopological BCC-algebra.

4. Some results on (left, right) topological BCC-algeras

Proposition 4.1.

Let (X,*,0,7) be a topological BCC-algebra. If U € T, then:

(1) if 0 € U, then for each x € X, there is an open neighborhood V' of = such that V « V' C U,
(2) if x € U, then for some V,W & T, containing = and 0, respectively, V « W C U,

(3) if 0 € U, then for each x € X, there are two open sets V' and W containing x and 0,
respectively, V « W C U,

(4)if 0 € U and z,y € X, then there are V,TW € T suchthatz € V,y € W and (VW )xV C U.

Proof:

We only prove (4). Let 0 € U and z,y € X. Since (z*y)*z = 0 and * is continuous, there are
two open neighborhoods V; and V5 containing x % y and x, respectively, such that V; x 1, C U.
Again, since * is continuous, for some open neighborhood V5 of « and an open set IV containing
y, we have Vo x W C V. Suppose V =V NV, thenz €V € T,ye W €T and

(V«W)«xV C (Vosx W)V CVy 5V, CU.
|

Proposition 4.2.

Let (X, *,0,7) be a right topological BCC-algebra. If 0 € U € T, then for each x € X there are
two open neighborhoods V' and W of 0 and x, respectively, such that V xx C U, and W xx C U.

Proof:
The proof is easy. B
Proposition 4.3.

Let (X, *,0,7) be a topological BCC-algebra. If 0 € N7, then B C X is open if and only if 0
is an interior point of B.
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Proof:

If B is open, clearly 0 is an interior point of B. Let 0 be an interior point of B and =z € B.
Since 0 is an interior point of B and x * x = 0, there is an open neighborhood V' of 0 such that
rxx =0¢&V C B. Since x is continuous, there exists an open set W containing x such that
W « W C V. By hypothesis, 0 € W, hence xt €¢ W C W «x W C V C B. This proves that x is
an interior point of 5. W

Proposition 4.4.

Let (X,*,0,7) be a left topological BCC-algebra which satisfies
Mrxxy=0&2x =y,

(2) if net {z; : i € I} converges to 0, then 0 belongs to it.

Then B C X is closed if 0 € B.

Proof:

Let0 € Band x € B.If x = 0, then z € B, so we assume that = # 0. Suppose {z; : i € I} is a
net in B which converges to x. Since * is continuous in second variable, the net {z*xz; : i € I}
converges to 0. By (2), there isan ¢ € [, suchthat x xz; =0. By (1), z =2, ¢ B. 1

Proposition 4.5.

Let (X, *,0,7) be a left topological BCC-algebra and / be an ideal in X. Then I is closed if 0
is an interion point of I, or 0 € {z; : j € J}, for each net {z; : j € J} which converges to 0.

Proof:

Letz € I, and {; : j € J} be anetin I which converges to x. Since (X, %, T) is left topological
BCC-algebra, the net {x * z; : j € J} converges to 0. Now if 0 is an interior poin of I, then
there is an open set U such that 0 € U C I. For some j € J, v *x; € U C I. Since I is an
ideal, z € I. If 0 € {x; : j € J}, for each net {z; : j € J} which converges to 0, then for some
Jj€J, x+xx; =0 € I which implies that z € 1. B

Proposition 4.6.

Let (X,*,0,7) be a semitopological BCC-algebra and / be an ideal in X. Then [ is open and
closed if 0 is an interior point of /.

Proof:

Let 0 be an interior point of I and = € /. Then for some an open neighborhood U of 0, we have
z+x =0¢c U C [. Since * is continuous in first variable, there is a V' € T such that z € V and
Vxax C I. Now for each y € V, y*x and x, both are in I, so y € [. This shows that x € V C [
and so [ belongs to 7. Since (X, 7) is left topological BCC-algebra, by Proposition 4.5, I is
closed. H

Proposition 4.7.
Let (X,*,0,7) be a right topological BCC-algebra. If all of elements of X are atoms, then
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0 € B, or B is closed, for each B C X which 0 ¢ B.
Proof:

Let B be a subset of X which 0 ¢ B. Suppose B is not closed. Then there is a € B such
that = ¢ B. Let {b; : i € I} be a net in B which converges to x. Since * is continuous in first
variable, the net {b; * = : i € I} converges to 0. Since z and b;, for each i € [, are atoms and
0 # x # b;, b; x x = b;. Hence, the net {b; : i € I} converges to 0, which implies that 0 € 5. B

Proposition 4.8.
Let (X, *,0,7T) be a topological BCC-algebra and I be a BCC-ideal in X. Then I is a BCC-ideal.
Proof:

Lety € I and x € X. Given a net {y; : j € J} in I which converges to y. Since * is continuous,
the net {y; *x : j € J} converges to y*z. Since [ is a BCC-ideal and y; € I, for any j € J, the
net {y;*x:j € J}isasubsetof I, so yxz € 1. Now suppose y € X and z, z € I. Then there
are nets {z; : j € J} and {2, : j € J} in I which converge to = and z, respectively. Since * is
continuous, the net {y* ((y*z;)*z2;) : j € J} converges to y = ((y*x) *z). Since for any j € J,
xj,z; € I and I is a BCC-ideal, y * ((y * x;) * z;) belongs to I. Hence y * ((y xz)* 2) € I. W

Proposition 4.9.

Let F' and P be two disjoint subsetes of a topological BCC-algebra (X, x, 7). If F' is compact
and P is closed and for any a € X, the map [,(z) = a * x is an open map of X into X, then
there is an open neighborhood V' of 0 such that (F' x V)N P = ¢.

Proof:

Letz € F C X\ P Since (x+0)*0 =2 € X\ P €T and = is continuous, there exist
W, Vo € T such that %0 € W, 0 € Vi and WV C X\ P. Also, there is an open neighborhood
Vi of O such that z« V3 CW. If V, = VyNVj, then (x % V)« V, C WV, C X \ P. Since
C ={xxV,:xz € F} is an open covering of the compact set F, there are z1 * V..., z, * V.,
in C such that F' C |J_, z; * V,. Suppose V = ('__, V,,. Then V is an open neighborhood of 0
such that for each y € F, y € x;%V,,, for some x;, and y*V C (z;% V)V C (x;xV,,)xV,, C
W Vy C X \ P. This proves that (F«V)NP =¢. &

Recall in a BCC-algebra (X, *,0), x Ay =y * (y *x) and it is commutative if Ny =y N\ .
Proposition 4.10.

Let (X, *,0,7) be a left topological commutative BCC-algebra. Then A is continuous in first
and second variable. Moreover, if % is continuous, A iS So.

Proof:

Let xt Ay € U € T. Since * is continuous in second variable, there is a V' € T such that y*xz € V'
and y x VV C U. Again, since * is continuous in second variable, there is an open neighborhood
W of x such that y« W C V. Now W is an open set which contains x and W Ay C U. Hence, A
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1s continuous in first variable. Since A is commutative, it is continuous in second variable. The
proof of the other case is similar. H

Proposition 4.11.

Let (X, *,0,7) be a semitopological BCC-algebra. Then for eacha € X, V € T and FF C X :
(1) the sets V(a) and V[a], both, are open,

(2) F(a) C F(a) and Fla] C Flal,
(3) if F is closed, then F'(a) and F'|a] are closed.

Proof:

(1) Let € V(a). Then x % a and a * x belong to V. Since (X, *,7T) is semitopological BCC-
algebra, there is an open set W containing = such that W x @ and a * W are two subsets of V.
Hence z € W C V(a). Similarly, we can show that V[a] is open.

(2) Let y € F(a). Then there is a net {z; : ¢ € I} in F(a) which converges to y. Since * is
continuous in each variable separately, the net {x; * a : i € I} converges to y * a and the net
{a*x; :i € I} converges to a *y. Since the nets {z; xa:7 € [} and {axx; :i € I} are in F,
we get that a x y and y * a, both, are in F. Hence, y € F(a). Similarly, F[a] C F|a].

(3) The proof is easy. B

5. Separation axioms on topological BCC-algebra

Theorem 5.1.

Let 7 be a topology on a BCC-algebra (X, *,0). If for any @ € X the map [, : X — X, by
lo(x) = a*z, is an open map, then (X,7) is a Ty space.

Proof:

Let x # y € X and U be an open neighborhood of 0. Then x * U and y x U are two open
neighborhoods of = and y, respectively. If x € y * U and y € x * U, then for some a,b € X,
r=yx*xa<yand y=uxx*xb<z Hence z =y, which is a contradiction. Therefore, x & y x U
or y & x x U. This shows that (X,7) is a Tj space. B

Theorem 5.2.

Let (X, *,0,7) be a right (left) topological BCC-algebra. Then (X, 7) is a Ty space if and only
if for any z # 0, there is a U € T such that x € U and 0 ¢ U.

Proof:

Let for any = # 0, there is a U € T such that x € U and 0 ¢ U. We prove that (X,7) is a Ty
space. Given x # y € X. Then z xy # 0 or y x x # 0. Suppose z * y # 0, then there exists a
U €T suchthat zxy € U and 0 € U. Since * is continuous in first variable, there is an open set



AAM: Intern. J., Vol. 12, Issue 1 (June 2017) 157

V' containing x such that V xy C U. y isnotin V because if y € V, then 0 = yxy € Vxy C U,
which is a contradiction. Hence, (X, 7)) is a Tj space. The proof of converse is clear. B

Theorem 5.3.

Let X be a BCC-algebra such that for any a € X \ {0}, there is a b € X such that 0 < b < a.
Then there exists a nontrivial topology 7 on X such that (X, *,0,7) is a T, right topological
BCC-algebra.

Proof:

Let X, = {r € X :a <z}, for any a € X. Since X = |J,. Xq, the set B ={X,:a¢€ X} is
a base of a topology 7 on X. Given a € X \ {0}, then there is a b € X such that 0 < b < a.
Thus, 0 ¢ X, and a,b € X,. This implies that topology 7 is not a trivial topology. Now we
prove that * is continuous in first variable. Consider z x y € X, and let z € X,. Since v < z,
by (Bs), zxy < zxy. Hence X, xy C X,,,. This proves that (X, *,0,7) is a right topological
BCC-algebra. To complete the proof we have to prove that this space is 7. Let « # 0. Then
there is a b € X such that 0 < b < x. The set X, is an open neighborhood of x such that 0 ¢ X.
Hence by Theorem 5.2, (X,7) is 7. B

Theorem 5.4.
If o is an infinite cardinal number, then there is a 7 right topological BCC-algebra of order «.
Proof:

Let (X, *, Ty) and (X, o, T) be right topological BCC-algebras in Theorem 3.9. Let 2 € X \ {0}.
If x € Xy, then for some i > 1, x € U; € T and 0 € U;. If x & X, then x € {z} € T and
0 & {x}. Therefore, by Theorem 5.2, (X, 0,7 ) is a T, right topological BCC-algebra of order
o i

Theorem 5.5.

If o is an infinite cardinal number, then there is a 7 topological BCC-algebra of order « in
which its topology is nontrivial.

Proof:

Let (Xo,*, 7o) and (X, 0,7) be topological BCC-algebras in Theorem 3.7. It is clear that T is
nontrivial. Let x € X \ {0}. If x € X, then for some n > 1, x ¢ I,,. Hence, z € x/I,, € T and
0Zx/I,. If v ¢ X, then v € {z} € T and 0 € {z}. Now by Theorem 5.2, (X,0,7) is a Tj
topological BCC-algebra of order o. B

Theorem 5.6.

Let (X, *,0,7) be a semitopological BCC-algebra. Then (X, 7T ) is a 77 space if and only if for
any x # 0, there are two open neighborhoods U and V' of x and 0, respectively, such that 0 ¢ U
and z ¢ V.
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Proof:

If (X,7) is 11, then the proof is obvious. Conversely, let for any x # 0, there are two open
neighborhoods U and V' of x and 0, respectively, such that 0 € U and x ¢ V. We prove that
(X, T) is a T} space. Given x # y, then zxy # 0 or y*xx # 0. Without lost of generality, assume
that = x y # 0. Then there are two open neighborhoods U and V' of x % y and 0, respectively,
such that x xy ¢ V and 0 ¢ U. Since * is continuous in each variable separately, there are W
and W, belong to 7 such that z € W, y € Wy and W xy C U and z « W, C U. But x € W,
because if x € Wi, then 0 = x xx € x x W; C U, a contradiction. Similarly, y ¢ W. Therefore,
(X,T) is a Ty space. B

Theorem 5.7.

Let (X,*,0,7) be a semitopological BCC-algebra. Then (X,7) is a T} space if and only if it
is a Ty space.

Proof:

Let (X,7) be a Ty space and = # y. Then, x xy # 0 or y * = # 0. Without lost of generality,
suppose x*xy % 0. Then there isa U € T such that xxy € Uand 0 ¢ U or 0 € U and zxy & U.
First assume that z xy € U and 0 ¢ U. Since (X, *,7) is a semitopological BCC-algebra,
there are two open neighborhoods V' and W of x and y, respectively, such that V' xy C U and
rxW CU But z € W because if v € W, then 0 = x xx € W C U, a contradiction.
Similarly, y ¢ V. Now if 0 € U and x xy ¢ U, then since z xx = yxy = 0 € U, there are
open sets V and W suchthat r € V,y e W and xxV C U and W xy C U. If x € W, then
xxy € Wy C U, a contradiction. Similarly, y ¢ V. Therefore, (X, 7) is a T} space. If (X, 7)
is T}, clearly it is 7. B

Corollary 5.8.

If « is an infinite cardinal number, then there is a 77 topological BCC-algebra of order o« which
its topology is nontrivial.

Proof:
By Theorems 5.5 and 5.7 the proof is clear. B
Theorem 5.9.

Let (X,*,0,7) be a topological BCC-algebra. Then (X, 7") is Hausdorff if and only if for each
x # 0, there are two disjoint open neighborhoods U and V' of x and 0, respectively.

Proof:

If (X,7T) is Hausdorff, the proof is clear. Conversely, let for each = # 0, there are two disjoint
open neighborhoods U and V' of z and 0, respectively. We prove that (X, 7) is Hausdorff. For
this, take = # y. Then zxy # 0 or y*x # 0. Without lost of generality, we suppose that xxy # 0.
Then there are two disjoint open neighborhoods U and V' of z % y and 0, respectively. Since *
is continuous, there are two open sets W and W; such that z € W, y € Wy and W « W, C U.
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IfzeWnNnW,;, then 0 =2x%z € W xW; C U, which is a contradiction. Hence, W N W, = ¢.
Therefore, (X, 7) is Hausdorff. W

Theorem 5.10.

Let (X,*,0,7) be a topological BCC-algebra. Then (X,7) is a 77 space if and only if it is a
Hausdorff space.

Proof:

Let (X,%,0,7) be a T; topological BCC-algebra. Given = # 0. Then there are U,V € T
such that x € U, 0 € V and = ¢ V and 0 ¢ U. By Proposition 4.1 (2), there are two open
neighborhoods W and W; such that z € W, 0 € Wy and W « Wy C U. If z € W N Wy, then
0= zxz € W=«W; C U, which is a contradiction. Hence W NW; = ¢. By Theorem 5.9, (X, T)
is Hausdorff. The converse is obvious. B

Corollary 5.11.

If o is an infinite cardinal number, then there is a Hausdorff topological BCC-algebra of order
« in which its topology is nontrivial.

Proof:
By Theorems 5.5, 5.7, and 5.10, the proof is clear. B
Theorem 5.12.

Let (X,*,7) be a topological BCC-algebra. Then (X,7) is Hausdorff if and only if {0} is
closed.

Proof:

Let {0} be closed. We show that for each a € X the set {a} is closed. Take a € X. By
Proposition 4.9, A is continuous, hence A~*(0) = {(0,0)} is closed in X x X. On the other
hand, since * is continuous, the map h : X — X x X by h(x) = (a * x,x * a) is continuous.
Hence h71(0,0) = {z : ax2z = x*xa = 0} = {a} is closed in X. Thus, (X,7T) is T;. By
Theorem 5.10, (X, 7) is Hausdorff. W

Theorem 5.13.

Let N be a fundamental system of neighborhoods of 0 in the topological BCC-algebra (X, x,0, 7).
The following conditions are equivalent.

(1) (X, T) is Ty space,

(2) (X, T) is Ty space,

(3) (X, 7T) is Hausdorff space,

4) NN = {0}.

Proof:

By Theorems 5.7, 5.10, (1), (2) and (3) are equivalent. We prove that (ii) and (iv) are equivalent.
If (X,7) is T; space and x # 0, then by Theorem 5.6, there is a U € N such that = ¢ U, hence
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x ¢ NN. Conversely, let NN = {0} and = # 0. Then there is a V' € A such that = ¢ V. By
Propsition 4.10 (1), U(z) is an open neighborhood of z. But 0 ¢ U(z) because x ¢ U. Thus,
U and U(z) are two open sets containing 0, x, respectively, such that = ¢ U and 0 ¢ U(x). By
Theorem 5.6, (X, 7) is T space. B

Theorem 5.14

The topological BCC-algebra (X, *,0,7) is an Uryshon space if and only if for any = # 0, there
are two open sets [/ and V' containing = and 0, respectively, such that U N’V = ¢.

Proof:

Let for any x # 0, there are two open sets U and V containing = and 0, respectively, such
that U N'V = ¢. We prove that (X,7) is Uryshon space. For this, suppose = # y. Then we
can assume that x * y # 0. Take two open sets U and V such that x xy € U and 0 € V
and U NV = ¢. Since * is continuous, there are open neighborhoods W and W; of z and v,
respectively, W x W, C U. If z € W NW,, then there are two nets {z; :i € I} and {y; : i € I}
in W and W, respectively, which converges to z. Now {x; xy; : i € I} is a net in U which
converges to 0. Hence 0 € UNV = ¢, a contradiction. This proves that (X, 7) is Uryshon space.
The converse is clear. Bl

Theorem 5.15.
The topological BCC-algebra (X, *,0,7) is a Uryshon space if and only if it is Hausdorff.
Proof:

Let (X, 7) be Hausdorff space and = # 0. Then there are two disjoint open neighborhoods U
and V' of x and 0, respectively. By Proposition 4.1 (2), there are two open sets W and W, such
that x € W and 0 € Wy and W « W; C U. We prove that W N, = ¢. Let z € W N Ww;.
Then there are two nets {x; : i € I} C W and {y; : i € I} C W;, which both converges to z.
Thus, {x; *y; : i € I} is a net in U that converges to 0 which implies that 0 € U. Since V is an
open neighborhood of 0, VNU # ¢, a contradiction. Now by Theorem 5.14, (X, 7T) is Uryshon
space. If (X, 7T) is Uryshon space, clearly it is Hausdorff. l

Corollary 5.16.

If « is an infinite cardinal number, then there is an Uryshon topological BCC-algebra of order
« in which its topology is nontrivial.

Proof:

By Theorem 5.15 and Corollary 5.11, the proof is obvious. l

6. Conclusion

In this note, we have studied (semi)topological BCC-algebras. We have proved that for each
infinite cardinal number « there exists at least a Hausdorff (semi)toplogical BCC-algebras of
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order v with nontrivial topology. In the future, we will investigate regularity, normality, and
metrizability on (semi)topological BCC-algebras.
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