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Abstract

In this paper, we consider an extension of the tribonacci polynomial, which we will refer to as
the generalized (p, ¢, r)-tribonacci polynomial, denoted by 7, ,,,(z). We find an explicit formula for
Ty.m (), which we use to introduce the incomplete generalized (p, ¢, r)-tribonacci polynomials and
derive several properties. An explicit formula for the generating function of the incomplete gen-
eralized polynomials is determined and a combinatorial interpretation is provided yielding further
identities.

Keywords: Tribonacci polynomials; Incomplete tribonacci numbers; Polynomial
generalization; Generating function; Combinatorial identity; Fibonacci
polynomials; Riordan array

MSC 2010 No.: 11B39, 05A15

1. Introduction

The tribonacci numbers are defined by the recurrence relation
Tn =1Ip—1+ Tn—2 + Tn—3a n > 37 (1)

with initial conditions Ty = 0 and 77 = T> = 1. Alladi and Hoggatt (1977) defined the tribonacci
triangle (see Table 1) to obtain several properties of tribonacci numbers.
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Table 1. Tribonacci triangle.

nfilo 1 2 3 4 5 6 7
0 |1

111

2 |1 3 1

3 (15 5 1

4 |17 137 1

5 |1 9 25 25 9 1

6 |1 11 41 63 41 11 1
7 |1 13 61 129 129 61 13 1

The sum of the elements along a rising diagonal of this triangle is given by the tribonacci number,
that 1s,

(. ZBn—u @)

where B (n, 1) is the n-th row and i-th column entry of the tribonacci triangle. In Barry (2006), an
explicit representation of the tribonacci numbers is given by

ne B0

=0 j5=0

Several generalizations of the tribonacci numbers have been considered. The tribonacci p-numbers
where p > 1 were studied by Kuhapatanakul (2012) and are defined by the recurrence

Tp(n+2) :Tp(n+ 1) +Tp(n) —|—Tp(n—p), n >0, “4)

with initial conditions 7}, (1) = 1 and 7, (i) = 0 for —p < i < 0. The tribonacci numbers are
obtained by taking p = 1. Similar to the tribonacci triangle, Kuhapatanakul (2012) constructed the
tribonacci p-triangle whose sum of elements along a rising diagonal is the tribonacci p-number.

A different generalization was considered by Hoggatt and Bicknell (1973) who defined the tri-
bonacci polynomials 7;, (z) by the recurrence relation

Ty (z) = 2*Tpy (z) + 2Tp—a (x) + T3 (), n >3, 5)

with initial conditions Ty (z) = 0, Ty (x) = 1 and T (z) = 2. Ramirez and Sirvent (2014) found an
explicit formula for the tribonacci polynomials by constructing the tribonacci polynomial triangle.
Then they introduced the incomplete tribonacci polynomials as

—1—]—1 o (i n—1
T(S <)<n ) 2n—2 3(14’])7 OS S\‘ J’ 6
ZO]ZO s 5 (6)
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and established several properties of these polynomials. In Shattuck (2015), a combinatorial in-
terpretation for () (x) was provided in obtaining an explicit formula for the generating function
of T (), which had been requested earlier in Ramirez and Sirvent (2014). Ramirez and Sirvent
(2015) later generalized the tribonacci triangle to the k-bonacci by using a family of Riordan arrays.
For other generalizations of the tribonacci and incomplete tribonacci polynomials, see Djordjevic
and Djordjevic (2016). Finally, we refer the reader to such works as Belbachir and Belkhir (2014),
Djordjevic (2004), Filipponi (1996), Pinter and Srivastava (1999), Tan (2018), and Tan and Ekin
(2015) for related results involving incomplete Fibonacci (and Lucas) numbers and polynomials.

Here, we first define the generalized (p, ¢, r)-tribonacci polynomials, which extend both the tri-
bonacci p-numbers and the classical tribonacci polynomials. (See Wang and Wang (2017), where
generalized (p, ¢)-Fibonacci polynomials are defined analogously.) We then construct the general-
ized tribonacci polynomial triangle and find a formula for the entries of this triangle. Using the
explicit formula for the generalized (p, ¢, r)-tribonacci polynomials, we introduce an incomplete
version of these polynomials and establish several properties. A formula for the generating func-
tion of the incomplete generalized polynomials is determined and a combinatorial interpretation is
provided which leads to some further identities.

2. Generalized (p, g, r)-tribonacci polynomials

Let p (z), ¢(x) and r (z) be non-zero polynomials with real coefficients, where at times we will
suppress the = argument.

Definition 2.1.

Let m > 3 be a fixed positive integer. The generalized (p, ¢, r)-tribonacci polynomials T;, ,,(z) are
defined by the recurrence relation

Tom(z) = p(2) Tno1m (%) + ¢ (2) Tn2,m(2) + 7 (2) Tnemm (), n>m, (N
with initial conditions 7§ ,,, () = 0 and T}, (z) = Fp 4 (z) fori =1,...,m — 1, where F, 4, (z) is
the (p, ¢)-Fibonacci polynomial (Lee and Asci (2012)) defined by

Fpgn () =p () Fpgn-1(z) + q(2) Fpgn—2(z), n =2, 3

with F, 40 () = 0 and F,  (z) = 1.

The m = 3,4, 5 cases of T}, ,,,(x) for the first few n are given in the following tables.

We note the following special cases of T}, ,,,(x):

(1) When m = 3 in (7), then we get the generalized tribonacci polynomials from Ramirez and
Sirvent (2015), the p = 22,q = z,r = 1 case of which corresponds to the original tribonacci
polynomials from Hoggatt and Bicknell (1973).

(2) The p = q = r = 1 case of (7) corresponds to the tribonacci p-numbers from Kuhapatanakul
(2012) where p + 2 is equivalent to our m. Note that the m = 4 and m = 5 cases correspond to
sequences A060945 and A079971 in Sloane (2010), respectively.
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Table 2. The terms of T}, 3(z)

Tn73 (a:)
0
1

3

P’ +q

p° 4+ 2pg + 7

p* +3p%q+ ¢* + 2pr

p° + 4p°q + 3pg® + 3p*r + 2qr

p° +5ptq + 6p¢” + ¢* + 4p°r + 6pgr + 1

N O Ul W~ O

Table 3. The terms of T}, 4(z)

T a(z)

0
1

3

P’ +q

p® + 2pq

P3P+ +r

p° + 4p°q + 3pg* + 2pr

8 + 5piq + 6p2¢® + ¢ + 3p*r + 2gr

p’ + 6p°q + 10p3¢% + 4pg® + 4p3r + 6pgr

0~ O U W N~ O

Now we define the generalized (p, ¢, )-tribonacci polynomial triangle. Let the entry in the n-th
row and i-th column of this array be denoted by B,,, (n, ) (z).

We define the B,,(n,i)(z) as follows. For integers i and n with 1 <i < n, let
By, (n,i) (x) = pBm (n—1,i) (x) + ¢Bp (n —1,i — 1) (z) + rBpy (n —m + 1,i — 1) (), (9)

where By, (n,0) (z) = p", By, (n,n) (z) = ¢" and B, (n,q) (z) = 0 for i > n.

The generalized (p, ¢, r)-tribonacci polynomial triangles for m = 3,4,5 are given in the tables
below.

Note that if p (x) = g () = r (z) = 1, then we get the tribonacci p-triangle (Kuhapatanakul (2012)),
while if m = 3 with p (2) = 22, ¢ (2) = z and r (z) = 1, we get the tribonacci polynomial triangle
(Ramirez and Sirvent (2014)).
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Table 4. The terms of Ty, 5(x)

Tn,5 (IL’)

0 1 O U W R O

0
1

3

p
p
p
p
p
p

3+2pq

> +4p3q + 3pg® +r
6 4 5p4q + 6]92q2 + q3 + 2pr
T 4+ 6p°q + 10p3¢® + 4pg® + 3p*r + 2qr

Table 5. The generalized (p, g, 7)-tribonacci polynomial triangle.

nfi| 0 1 2 3 4
0 | By (0,0)(2)
1 | Bn(1,0)(z) Bum(1,1)(z)
2 | Bn(2,0)(z) Bm(21)(z) Bm(2,2)(z)
3 | Bn(3,00(z) Bnm(3,1)(z) Bm(3,2)(z) Bm(3,3)(z)
4 | Bp(4,0)(z) Bpn(4,1)(x) Bm(4,2) (@) Bm(4,3)(z) Bm(4,4)(2)
Table 6. The case of m = 3.
nfi |0 1 2 3 4
0 |1
1 P q
2 | p* 2pq+r 7
3 p® 3p%q+2pr  3pg® + 2qr 7
4 | p* 4pPq+3p*r 6pi¢® +6pgr + 1% 4Apg® +3¢*r ¢!

By induction on n and the definition of B,, (n,) (z), we have

B, (n,1) (x)

(10)

-1
J 1

J=0

where the second binomial coefficient is taken to be zero if n < (m — 2)j.
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Table 7. The case of m = 4.

n/i|0 1 2 3 4 5
0 |1
1 P q
2 | p* 2pg ¢
3 P 3pPq+r 3pg® ¢
4 pt Aplq+2pr  6p3¢® + 2qr 4pg> gt
5 | p° Splq+3p*r 10p3¢* +6pgr  10p°¢® +3¢*r  Spgt ¢
Table 8. The case of m = 5.
nfi|0 1 2 3 4 5
0 |1
1 P q
2 | p* 2pg ¢
3 | 3 3pg® ¢
4 | pt Wa+r  6pP¢ apg® ¢t
5 p5 5p4q + 2pr 10p3q2 + 2qr 1Op2q3 5pq4 q5

Upon computing the generating function formulas of both quantities and comparing (which works
out to -——L,— in each case), we see that rising diagonal sums of the generalized (p, q,7)-

1—pr—qx?—ra™
tribonacci polynomial triangle are given by generalized (p, ¢, r)-tribonacci polynomials, i.e.,

[25]
T (z) = Y Bm(n—1—1i,i)(z). (11)
=0

Thus, the explicit formula for 7, ,,,(x) is given by
Ty (@) = ng zz: iN(n—1—i—=(m=2)J\ 1 9 (m-2); i~i i n>1 (12)
n,m = gl ,7 i b q ) - L

Remark.

Note that the (p, ¢, r)-tribonacci polynomial triangle corresponds to the Riordan matrix given by

1 gr + mm_1>

Bun (1, )iz =
[ m(nal)]n,zzo <1_p$a 1—pIL‘

where we refer the reader to Shapiro et al. (1991) for the definition. Therefore, by the summation
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property of Riordan matrices, the generating function for the row sum equals

1 1 B 1
l—pr -t 1= (p+ge—ramt

the m = 3 and m = 4 cases of which when p = ¢ = r = 1 correspond to the Pell number sequence
and to sequence A008998 in Sloane (2010), respectively.

3. Incomplete generalized (p, g, r)-tribonacci polynomials

Let m > 3. We define the incomplete generalized (p, ¢, r)-tribonacci polynomials using the explicit
formula for 7, ,,,(x) as follows.

Definition 3.1.
Let T.%),(z) be defined by

) (2) =

n,m

ZBm (n—1—1i,i)(x)
_ Z < ) <” —1—q _Z (m — 2)j>pn—1—2i—(m—2)jqi—jrj, (13)
=0 j=0

where n > 1 and 0 < s < |51 |. We will refer to T,(f,)n(x) as the incomplete generalized (p, q,r)-
tribonacci polynomial.

We have the following special cases of T,sf%@(x):

() T (@) =p™ Y, n>1,

(2) TT(Z17)n( ) p 1 + ( 2) pn73q + (n _ m) pnfm—l,r’ n>m,

3) TéLn; D, x) e, el

4) Tnm - Tnm () % 1% — 0m,3 (%2) qz 7“ if n is even;
Tom (2) —q =, if n is odd.

The terms of T,E?,Z@(x) for 1 <n < 6 are given in the following table.

The first few terms of the T,(f,ll(a:) for m = 3 and m = 4 are given in the tables below.

Proposition 3.2.

The incomplete generalized (p, g, r)-tribonacci polynomials Té,s?)n(x) satisfy the non-linear recur-

rence

T(s+1) (:L‘) ( )T(erl) ( ) ( )Tr(LS)Q m ( ) +7r (x) T(S)m7m (.’L‘) (14)

n,m n—1m n—
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Table 9. The polynomials T,([;)n(a:)

n/s | 0 1 2
1| Bn(0,0)
2 | B, (1,0)
3| Bn(2,0) B (2,0)+ Bn(1,1)
4 | Bn(3,0) Bum(3,0)+ B (2,1)
5 | By (4,0) B (4,0)+ B (3,1) By (4,0) + By (3,1) + B (2,2)
6 | By (5,0) B (5,0)+ By (4,1) Bu (5,0) + B (4,1) + By (3,2)
Table 10. The polynomials Tr(:g(x)
n/s |0 1 2
1 1
2 |p
30 pP+g
4 | p* PP +2pgtr
5 vt pt+spPat2r pt 3%+ 2pr + ¢
6 P> p° +4p3q+3p?r  p° 4+ 4piq + 3pPr + 3pg? + 2qr
Table 11. The polynomials Té‘j (z).
n/s |0 1 2
1 1
2 |p
3 | pPtg
4 | p* pP+2pg
5 |\ pt P +3pPq+r P 43pPq+r+ ¢
6 p° PP +4pdq+2pr  p® + 4piq + 2pr + 3pg®

and the non-homogeneous linear recurrence

(s

n,m (x> =D (.T)

T

(

Y im (@) +a(@) Ty (@) + 7 (2) T, (2)

q(z)Bn(n—3—s,8)(x) —r(x)Bp(n—m—1-—s,3) (),

wheren > m+land 0 < s < |21

(15)
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Proof:

In showing (14), one may assume s < | 252 |, for it is clear if s = |21 |. By (13) and (9), we have

pTEH 4+ qm, 1T

n —m,m
s+1

S S
=pY Bn(n—2-i,i)+q» Bn(n—3—ii)+rY Bpn(n—m-—1-ii)
=0 =0 =0

s+1 s+1
=pY» Bm(n—2-1ii)+q» Bm(n—2—ii-1)
=0 =1

s+1
—|—TZBm(n—m—i,i—1)
i=1

s+1
= (pBm (n—2—i,i) + qBm (n— 2 —i,i = 1) + By (n —m —i,i — 1))
=0
—qBp, (n—2,—1) =By, (n —m, —1)
s+1

=0

which gives (14). To show (15), first note that by (13) and (14), we have
s s s—1
> Bu(n—1-i,i)=pY Bm(n—2-i,i)+q) _ Bm(n—3—i,i)
i=0 i=0 i=0

s—1
+7Y  Bp(n—m—1—i,i).
i=0
The preceding equation may be rewritten as
S S S
> Bu(n—=1-i,i)=p» Bm(n—2—i,i)+q) Bum(n—3—iki)
1=0 =0 =0

S
—H“ZBm (n—m—1-—14,1)
=0
—q¢B, (n—3—s,5) —rBp(n—m—1-—s,s),
which implies

TE), (@) = pT ) (@) + qT, 0 (@) + 1T (@)

—1m

—qBn(n—3—s,5) —rBp(n—m—1—s,s). n
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Corollary 3.3.
If s > 0, then
T (@) = 3 (PTG (@) + ra TG (@), nz 254 1. (16)
=0
Proof:

Induct on s, the s = 0 case clear since T,(Li)l’m(x) =p"forn > 0.If s > 0and n > 2s + 3, then by
(14), we have

TS @) = PTEED @) 4 1T () + 0TS ()

= pTvg,sntl)( ) + TTTES)m+1 m(®) +4q Z <quT7§S 2; (53) + quTéS 221 131 1 m(I)>

s+1
+1
= pT}zfrng)( ) =+ 7,,Tn m+1, m + Z (pqlTnS 27; m ) + quT'rES 27;) m—+1 m($))

s+1
i+1
- Z <quTr(LS QZZ m) ) + rqués 211) m+1 m(x)> ’

which completes the induction. n

Theorem 3.4.

Let a,b > 0. Then the incomplete generalized (p, g, r)-tribonacci polynomials T,(fr)n(a:) satisfy

> (Drinw= (31 raw
(L e
(7

Proof:

From the definition Tésr)n () =37y Bm(n—1—1,1)(z), we have

1=

> (57t o= ()0 0+ (3 )0 ()t =+ () itk 0

s=0

- (2) B (n —1,0) (z) + <<11)> B (n—1,0) () + (2) By (n—2,1) (96)>

+ <<Z> By (n—1,0) () + @Bm (n—2,1)(z) + (Z) By (n—3,2) (cv))



n ((Z)Bmm_l,m (2) + (‘;)Bm<n_2,1> (@)t <Z>Bm<n_1_a,a> @;))
(522 e s+ [ 1) - ()t
peot (1) - ()] Br -1 -0 @,

where we have used Identity 5.9 from Graham et al. (1994) in the last equality. Thus, we obtain

> ()= [(10) - (1)) 1o

s=0 i=0

_ ‘ao <ZI;>B’” (n—1—14,4) (x) ao <bi1>3m(n—1—i,i) (z)

i =

:<‘b‘ﬁ>T7gﬁm(:p)— a0< i )Bm(n—l—i,i)(w),

which implies (17). [

Remark.

Formula (17) generalizes Proposition 5 in Ramirez and Sirvent (2014), reducing to it when m = 3,
a= {"T_lj, b=0,p=2?q=xand r = 1. Formula (14) reduces to Proposition 2 in Ramirez and
Sirvent (2014), upon taking the same values for m, p, ¢ and r.

4. Generating function formula for TT(LST)n (x)

In order to determine a generating function formula for T,Sfr)n(m), we will proceed in a combina-
torial manner. Given m > 3, let 7, = 7,,, denote the set of tilings of length n consisting of
squares, dominos and m-inos, where an m-ino is a 1 x m rectangular piece. When m = 3, mem-
bers of 7, correspond to the tribonacci tilings (see, e.g., Benjamin and Quinn (2003)). In what
follows, a longer piece will refer to either a domino or an m-ino. Define the weight of A € 7,
by wght()\) = p(V) g2 ypus(N) | where uy, up and usz record the number of squares, dominos and
m-inos, respectively, of A.

Given s > 0, let 4, ,,, = Hsl%(p, q,r) denote the sum of the weights of all members of 7,425 con-
taining exactly s + 1 longer pieces and ending in a longer piece. There is the following generating
function formula for ¢, ,.
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Lemma 4.1.

If s > 0, then
Zg o 2 q+ra"? ! (18)
= mm 1—pz '

Proof:

To find an expression for 4, ,,, let S denote the subset of 7,2, enumerated by ¢, ,,,. We first count
7w € S ending in a domino. Suppose 7 contains j m-inos and s — j + 1 dominos for some 0 < j < s,
and hence n +2s — mj — 2(s — j+ 1) = n — (m — 2)j — 2 squares. Upon selecting the positions
for the squares and the dominos, it is seen that there are () (e~ (m=2)i=2) possible tilings, each of
weight p"~(m=2i=245=i+1y7 Considering all possible j gives a total weight of

ZS: <5> (” +s—(m—2)j - 2)pn(m2)j2qu+1rj
— \j s
7=0

for all members of S ending in a domino. Upon finding a similar expression for the weight of all
members of S ending in an m-ino, we get

/s\ (n+s— m—2)7 =2\ o (m_2)i—2 s_i .
R

J=0

S

N Z (s) (n +s5—(m—2)j— m>pn—(m—2)j—mq3_jrj+1, n >0, (19)
=0V

where binomial coefficients with negative upper indices are taken here to be zero. Multiplying both
sides of (19) by 2", summing over » > 0 and interchanging summation implies
m—2)s

Zﬁ o q2?(q+7rzm2)  r2™(q+rz
n,m (1= pz)+t (1 pz)stl

which gives (18). ]

For m > 3, note that T}, ,,, = T}, ,n () 1s also given recursively by

Tn,m = an—l,m + an—2,m + TTn—m,ma n>2,
with Ty, = Tand Ty = T 1 m = - = T_(;n—2),m = 0. Define the generating function Rﬁi)(z) by
RW(z) = Z Tr(fr)n(x)z”, s> 0.
n>2s+1

Note that by the definitions, T;, ,,(z) is the sum of the weights of all members of 7,_;, while
T,gf%z(x) is the restriction of 7, ,,, () to those members of 7,,_; containing at most s longer pieces,
where 0 < s < |(n—1)/2].

We have the following generating function formula for RY (2).
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Theorem 4.2.
If s > 0, then

(«) T: (g2 + 12 ) Togm + 7 32 Togjm2™ 71 — 22 grrzm=2)*H
m (z) _ 2s+1,m qz rz 2s,m r =1 25— j,mZ z o

(20)

225+1 1—pz—qz2—rzm

Proof:

First note that the product ¢; ,,, 75, —25—; m gives the total weight of all members of 7,,_; containing
at least s + 1 longer pieces where the (s + 1)-st longer piece ends at position ¢ + 2s. Considering all
possible i gives the weight of all members of 7,,_; containing strictly more than s longer pieces.
Thus, by subtraction, we have

n—2s—1
Tygfr)n(‘r) = Tn,m - z Ei,anfQLsfi,ma n>2s+1. (21)
=0

To find an appropriate recurrence for 7,, = T;, ,,, consider whether or not there is a piece covering
the boundary between positions 2s and 2s + 1 within a member of 7,_1, and if so, whether or not
that piece is a domino or an m-ino. Note that in the latter case, the leftmost position covered by
the m-ino would be 2s — j for some 0 < j < m — 2. This leads to the following recurrence for
m < 2s+ 1:
m—2
Tn = Th—2sTos11 + qTh—2s1Tos + 1 Z T2sijnfm72s+j+1a n=>2s+ 1. (22)
j=0
By the values of 7;, when n < 0, formula (22) is seen also to hold for m > 2s+ 1. Multiplying both
sides of (22) by 2™, and summing over n > 2s + 1, gives

Z Tnzn:TQS—H Z Tn—2szn+qT23 Z Tr—2s—12"

n>2s+1 n>2s+1 n>2s+1
m—2
+r Z Tos—j Z Trm—2stj+12"

j:O n225+1

m—2
_ T23+1Z2S + (qz2s+l + sz+28_1)T25 + T'Zm_l Z T2S_jz2s—j Tm(z),
j=1
where Ty, (2) = 3_,50 Tam?" = 1oz~ Let L,(ﬁ)(z) denote the generating function in (18).

Multiplying both sides of (21) by 2", and summing over n > 2s + 1, then implies

n—2s—1
Rss) (Z) = Z Tn,mzn - Z 2" Z Ei,an7257i,m
n>2s+1 n>2s+1 i=0
m—2 A
=22 | Ther1 + (qz + rzm_l)Tgs +r Z Tgs,jzm_J_l Ton(z) — zQSLg;?(z)Tm(z),
j=1

from which (20) follows from (18). m
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Remark.

Letting m = 3 and p = 22, ¢ = x, » = 1 in formula (20) gives Theorem 0.9 in Shattuck (2015),
while letting m = 3 and p = ¢ = r = 1 gives Theorem 8 from Ramirez and Sirvent (2014).

5. Further identities for Té‘;)n (x)

Using the combinatorial interpretation for 78 “m(x) discussed above, it is possible to find additional
identities.

Proposition 5.1.

If n > 2 and s > 0, then

n—m-+1
Tr(zjzlm( )+TTT(L mzr2m( n+1+qulT’r(LS zlm +r Z p n m— z+2m(‘r)‘ (23)

Proof:

Let 7,**) denote the subset of 7,, whose members contain at most s longer pieces. Note first that
the left-hand side of (23) is seen to enumerate all members of 7% 1 ending in either a square or an

m-ino. On the other hand, if \ € 7:1 /1 ends in 4 squares preceded by a domino where 1 <i <n—1,

then there are piqu(f_;l,ZZ possibilities since the remaining tiles can contain at most s — 1 longer

pieces among them. Considering all ¢ gives all members of T .41 ending in a non-empty sequence
of squares preceded by a domino. Note that this corresponds to the first sum on the right side of
(23). Similarly, the second sum counts all members of 7;1(_?1 ending in a (possibly empty) sequence
of squares preceded by an m-ino. Finally, the p"*! term accounts for the all-squares tiling and
combining the previous cases gives (23). n

Taking s = |[n/2] in (23), and replacing n by n + 2, and p, ¢, r by c1, ca, c3, respectively, gives

n+1 n—m+3

_ .n+3 i i
ClTn+3,m + C3Tnfm+4,m =C + c2 § CllTnfi+2,m +c3 § CllTnfmfi+4,m
=1 i=0

n+3 n—i+1 i
=c'"F e E Terlm"'CS E Cl T m+4,m

t=m—3
m—4
(3 + crea + Tammes) + E A (ereaTivtm + 3Ti—maam) — €3 E CAy
i=1 1=0

When m = 3 in the last equality, one gets

n

ne.3 n—u
c1Tny33 +c3Thy13 = cf(c] +ciea +¢e3) + (cre2 +¢3) E et Tiv1,3,
=1
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which is equivalent to the case of Identity 77 from Benjamin and Quinn (2003) where p; = ¢; for
i = 1,2, 3. Considering members of 7;1(_?1 ending in a domino or an m-ino leads in a similar manner
as above to the following formulas for n > 2s and n > ms, respectively:

qTé?n_’Ll)( ) + TT’/'(L m—+2, m =D Z qunS 2’Lz+1 m + r Z qunS +2 m( ) (24)
and
qT?E,i;l) (.’L‘) + rT’r(zS 771-"—2 m =p Z TZTnS r:nJrl m + q Z TZT?ES TTZM, 1172 (25)

When m = 3, we were unable to find in the 11terature the formulas (24) or (25), in particular in the
complete case when s = [(n+1)/2].

Considering the number ¢ of dominos and the number j of m-inos among the final s pieces of a
member of 7., gives

s S s—i—j i ] 8 s—i—j
T ()= > p g <l eis j)T,E_S_iJ_)(m_l)j(:c), n>ms+1,  (26)
i=0 j=0 1

which generalizes Identity 0.7 in Shattuck (2015).
Let

> n—1—1
n—1-21 1
— >
= E p q < i ); n>1,
1=0
denote a polynomial analogue of the incomplete Fibonacci numbers.

Proposition 5.2.

If n > m, then

Tianl) = Fhw) 7 3 S (1T o) @7)
=0 j=
where a = min{s — 1, [i/2]}, and
(s) N e (Y (25—i+(m—2))/2)
Ty (@) = doq rﬂ< 2 )(an;mZ e (ac)—I—(Sm-), (28)
=0 j=8 J
mj=t (mod 2)

where 8 = max{0, [=27} and v = min{s, [i/m]}.

Proof:

To show (27), consider the leftmost position ¢ + 1 covered by the first m-ino piece (if it exists)

and the number j of dominos to the left of the first m-ino within A € 7,\*). There are pi~2¢i (Z;] )
possibilities for the pieces to the left of the first m-ino which itself contributes a factor of » towards
the weight. There are then T,ff - ZJ)FI m(x) ways in which to tile the remaining n — m — i positions
of A. Note that 0 < j < o in order for A to exist. Summing over all possible ¢ and j gives the weight
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of all members of 7;(5) containing at least one m-ino. From its definition, it is seen that there are
F,Ei)l(:r) possible tilings which do not contain an m-ino, from which formula (27) follows.

For (28), consider now the position i + 1 of the first square (if it exists) of A € 7;(5), where 0 < i <
n — 1, and the number j of m-inos to the left of the first square. Observe that j < s and mj < 1,
whence j < ~. Also, we must have mj = i (mod 2), in which case there are =2 dominos to the
left of the first square. Since j + i_mj < s, we have j > . The square in the (i + 1)-st position

contributes p towards the weight and the tiles beyond this position constitute a member of 7;1(“

where u = M+“ (note that j > 8 and mj = i (mod 2) implies u is a non-negative integer).

Considering all possible 7 and j then gives the first part of the sum on the right-hand side of (28).
On the other hand, if A contains no squares, then it is seen that there are

Y ) . n—mj
J

Jj=8
mj=n (mod 2)

i—1,m>

possibilities. Combining this case with the previous completes the proof of (28). n

The identities in the preceding proposition seem to be new also in the case m = 3. For example,
taking p =q=r =1and m = 3 in (27) and (28) gives

n+1_F(Sl+Z§:< ) T(Lsz]21)7 n > 2,

=0 7=0
and

T, = Z Z <5J> (n& P 16,), nz2,

— J
] =i (mod 2)

where T,(f) denotes the incomplete tribonacci number (see, e.g., Ramirez and Sirvent (2014)).

6. Conclusion

In this paper, we have considered a class of generalized tribonacci polynomials 7, ,,,(x) which
reduces to the usual tribonacci polynomials when m = 3 with p(z) = 22, ¢(z) = x and r(z) = 1.
We derive an explicit formula for 7, ,,,(x) as a doubly-indexed sum which allows one to define
and ascertain several properties of the incomplete generalized tribonacci polynomials T,gfr)n(a;). A
combinatorial approach is employed to determine a formula for the generating function of Té‘f%l(x)
for a fixed m and s, which extends earlier formulas from Ramirez and Sirvent (2014) and Shattuck
(2015). The combinatorial interpretation for T,(f,)n(x) is then used to prove further identities, several
of which appear to be new also in the case m = 3 (see, for example, formulas (24)-(28) above).
Perhaps it would be interesting to investigate incomplete versions of the generalized tribonacci
polynomials where the terms corresponding to the complete case do not satisfy a linear recurrence.
For example, one could replace ¢(x) with say ¢"~2 or r(z) with »"~™ in the defining recurrence (7)
and consider properties of the incomplete tribonacci polynomials that result. Finally, one might try
to find a combinatorial interpretation for the unsigned inverse matrix [B,,(n,1)] ;;>0 (see remark
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above for notation) when p = ¢ = r = 1, the m = 3 case of which has been studied by Yang et al.
(2013) and Ramirez and Sirvent (2018).
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