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Abstract

In this paper, we study the Q-conjugacy character table of an arbitrary finite group and introduce
a general relation between the degrees of Q-conjugacy characters with their corresponding
reductions. This could be accomplished by using the Hermitian symmetric form. We provide a
useful technique to calculate the character table of a finite group when its corresponding Q-
conjugacy character table is given. Then, we evaluate our results in some useful examples. Finally,
by using GAP (Groups, Algorithms and Programming) package, we calculate all the dominant
classes of the sporadic Conway group Co> enabling us to find all possible the integer-valued
characters for the Conway group Coa.
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1. Introduction

The group theory has drawn wide attention from researchers in mathematics, physics, and
chemistry. The mathematical chemistry, the symmetry and isomers, and the topological cycle
index have been researched using the computational group theory. They include not only the
diverse properties of finite groups, but also their wide-ranging connections with many applied
sciences, such as Nanoscience, Chemical Physics and Quantum Chemistry, see Cotton (1971),
Hargittai et al. (1986), Moghani (2009), Ladd (1989), Harris et al. (1989) and Liu (2012).
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The inspiration for this study is to provide a useful technique to calculate the character table of a
finite group when its corresponding O-conjugacy character table is given, and Moghani (2016) in
the Journal of Applications and Applied Mathematics. The reader is encouraged to consult
Aschbacher (1997), Kerber (1999), Lusztig (2014), Moghani et al. (2016), and Moghani (2010)
for background materials as well as basic computational techniques.

In Section 2, we introduce some necessary concepts and results, such as the maturity and Q-
conjugacy character of a finite group. In Section 3, we introduce in our main theorem that by
considering the O-conjugacy character table there is a useful and general relation between these
characters, their corresponding degrees, and the order of the group.

In some papers, we calculated the O-conjugacy character table of a finite group by knowing its
corresponding character table, see Moghani (2009), Moghani (2013), and Moghani (2016) but
there was no way to do conversely so far. We provide a useful technique to calculate the character
table of a group when its corresponding Q-conjugacy character table is given. Then, we evaluate
our results in some useful examples.

2. Q-Conjugacy Relation
Definition 2.1.

Let G be an arbitrary finite group and zi, z2 € G. We say z1 and z; are Q-conjugate if there exists ¢
€ G such that £ < z; >t = < z, >. Fujita showed that it is an equivalence relation on group G and
generates equivalence classes that are called dominant classes. Therefore, G is partitioned into
dominant classes, see Fujita (2007).

Throughout this paper we adopt the same notations as in ATLAS of finite groups. For instance,
we will use for an arbitrary conjugacy class of elements of order » the notation nX, where X = a,
b, c, .... See Conway et al. (1985).

Definition 2.2.

(a) A class function on a finite group G over field F, is a function from G into F which is constant
in conjugacy classes.

(b) A dominant class is defined as a disjoint union of conjugacy classes corresponding to the same
cyclic subgroups, which is selected as a representative of conjugate cyclic subgroups.
Moreover, the cyclic (dominant) subgroup selected from a non-redundant set of cyclic
subgroups of G is used to compute the O-conjugacy characters of G as demonstrated by Fujita.

Let G; be a representative cyclic subgroup corresponding to a dominant class K of G, then, |K| =
(IGle(1G;1))/INg; (G;)|, where ¢ is the Euler function. All O-conjugacy characters of a finite group
are class functions. Furthermore, they are constant on dominant classes too, see Fujita (2007).
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(c) Denote by c/(G) the set of all class functions on G, a Hermitian symmetric form (, ) on c/(G)
concerning the complex conjugation map on F = C:

(4 g) = Base ﬁ(é’f)‘(g)) , for L and y cl(G).

A character y is irreducible if and only if (7, x) = 1. The number of irreducible representations
of a group is equal to the number of conjugacy classes for a group, see Narasimha et al. (2018).

(d) Supposeyiy, ..., and yx are all the irreducible characters of a group G.
Let g; be representatives of the conjugacy classes of G fori=1, 2, ..., k. Then,
— lG|
iz 0 (90xi(g)) = 8ij 7 forall g, g, and any 7.

The irreducible characters form an orthonormal basis for the space of class functions and an
orthogonality relation for the rows of the character table, see Kerber (1999).

(e) The character table of a finite group G with irreducible characters A; fori=1, 2, ... n, satisfies
the following relations:

(i) For each character y and each ge G: 7(g) = y(g~b).

(i1) |G |= ™, 4:(1) %, wherein 2;(1) is called the degree of the irreducible character A;, see
Narasimha et al. (2018) and Kerber (1999).

Definition 2.3.

Suppose H be a cyclic subgroup of a finite group G. Then, the maturity discriminant of H denoted
by m(H), is an integer delineated by |Ng(H): C;(H)|.

The dominant class of K » H in the normalizer N (H) is the union of ¢ = % conjugacy classes

of G, where ¢ is the Euler function, see Fujita (2007).
Definition 2.4.

Let C(G) be the character table for an arbitrary finite group G with irreducible characters A; for
1=1, 2, ..., n. The Q-Conjugacy character table of G denoted by Cg with m number of integer-
valued characters is calculated:

(a) The O-Conjugacy character table of G is exactly equal with its corresponding character table
ie., Cg = C(G),if n=m, or t =1 in Definition 2.3 and group G is called a matured group.
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(b) If Cg # C(G) , then G is called an unmatured group such that m < n. There is at least one
integer-valued Q-conjugacy character like w in the Q-conjugacy character table of G such that
w = Zf(‘*;l Ax with reduction t,, = 2 in Definition 2.3 and 4,(1) = 2,(1) = ... = 4, (1).

From now on t,, is called the reduction corresponding to the reducible character w, see Fujita
(1998) and Moghani (2016). Furthermore, the author introduced the following theorems to
study the maturity property in the finite groups:

(c) The wreath product (similarly semi-direct product) of the matured groups again is a matured
group, but the wreath product (similarly semi-direct product) of groups is an unmatured group,
if at least one of the groups is unmatured, see Moghani (2009).

3. Theory

In this section, we introduce a new general relation between the Q-conjugacy characters and their
corresponding reductions for an arbitrary finite group. Hence, the well-known theorem in the
Character Tables in Section e (ii) of Definition 2.2 would be the special case of our main theorem.

Theorem 3.1.

Let G be a finite group and k be the number of unmatured characters in the O-conjugacy character
table of G (i.e., CGQ) with dimension m, like w; for 1< j < k <m, with reduction Tijs ie, wj=

T‘L' .
Zj=11 /1ij , then,
Y w (D 2=16l + 1y (r, — DA, 2 (1) + 1y, — DA +... + 1y, (1, — DA (D).
Proof:

First consider G to be a matured group, £ = 0. According to Definition 2.4, for each character, the
reduction is one and each Q-conjugacy character is an irreducible character and m=n, so the right
side of our result is | G | + 0, so we have a well-known property in character table of finite group:

?:1 /11‘(1)2:|G|-

Now let G be an unmatured group i.e., C g # C(G). Hence, G is a finite group with irreducible
characters A; in the character table C(G) for 1<i <n and the Q-conjugacy characters w,; for 1</ <
m in the O-conjugacy character table C g such that

m <n.

We prove the theorem by induction on k&, the number of unmatured characters. Let £ =1, there are
n-irreducible characters A; in C(G) for 1 <i <n such thatin C g: A1, Az... A, are matured characters
but w = ¥i_, 41 A; with the reduction7,, = n-p is an unmatured character such that A,,(1) =

Apaz(D) = ... = (D).
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In this case, according to the Definition 2.2 part e (ii), we try to simplify the left side of the
equation:
1w(1D? =2, (1D%+ (D% +. .. + (1D + 0(1)? = Ty 4(D)?

+2 ¥ps1<icjan MDA A) =161 + 2 Tpiicicjen 221D = |G
+ 225D (n-p)n-p+ D2 =1Gl+ 1, (r, = 1) 21 (D).

Suppose for the number of k number of the unmatured characters like w; for 1<j <k where, ur is
Ti.
the reduction of w; = Zj=11 /11']- such that 4; (1) = 2;,(1) == Al-rij (1) we have the

following relation:

Tt 0 (D) 2=16 [+ 7, = DA, (D) +73,(, — DA, D+ -+ 75, — DA, (D).
Now, we prove the above relationship for the number of k+1 unmatured w; for 1<j <k+1.
A similar discussion shows that by plugging the induction hypothesis:

mwe(D)2=1G 1+ 7y, — DA + 1, (r, — DAL +. .
+ Tik(rik - 1)/11](2(1)_{— 2 Zon#of rik+1 Aik+12(1)'

mwe(D)2=1G 1+ 7y, — DA + 1, (r, — DAL +. .
+ TiK+1(riK+1 - 1)/11'1'(+12(1)'

We provide an additional useful tool for study on the Q-conjugacy characters. The method exactly
works like what we often apply to calculate for the character table of an arbitrary finite group,
especially we provide a first step to calculate directly the character table of a finite group G when
its O- conjugacy character table is given. Our future work would be research to find more
techniques for the above target such as the orthogonality properties in the O-conjugacy character
tables similar to the well-known property in the Definition 2.2 part (d).

In this section, we consider some finite groups to evaluate our main result in Theorem 3.1.
Example 3.2.

The Q-conjugacy character table of C,, the cyclic group of order p (p prime) introduced by Fujita
(1998).

Consider Table 1, w, is an unmatured character with the reduction p -1, and the corresponding
dominant class D is the union of p -1 irreducible characters of degrees 1.
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Table 1. The Q-conjugacy Character Table of C,,, Fujita (1998)

-1
Cg la D= Ule C:f’
W, 1 1
('02 p-l -1

Hence, we have Y2_; w,(1)2 =1+ (p-1)> =p + (p-1) (p-2). It satisfies our result in Theorem 3.1.
Example 3.3:

The Q-conjugacy character of the projective linear group L,(8) of order 504 is introduced by the
author Moghani (2016) in the Journal of Mathematics Research, see Table 2.

There are only two unmatured characters w; and ws with the reductions of three, corresponding
two dominant classes D; = 7a & 7bC 7c and D> = 9a ' 9bU 9c.

Here, | L,(8) |=504. We have ¥'3_; w,(1) 2 = 1284 = 504 + 3(3-1) (7)> + 3(3-1) (9)%,

Table 2. The O-conjugacy Character Table of L, (8)

c? la 2a 3a D, D;

It satisfies our main result.
Example 3.4.

The Conway group Co: of order 495766656000 has sixty irreducible characters, see Conway
(1985). According to Moghani (2016) in the Journal of Applications and Applied Mathematics,
the Conway group Co: is an unmatured group.

For arbitrary z1, z2 € Co>. We say z1 and z; are Q-conjugate if there exists ¢ € Co> such that
t1 < z;>t=<z;>. This is an equivalence relation on the group Co: and generates equivalence
classes, called dominant classes.

By using the GAP (1995) program:

LogTo("Co2.txt"),
CharCo2:= CharacterTable(“co2”);
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M:= Display(TableOfMarksConwayGroup(2)),
Print(“M”);
Cong:=List(ConjugacyClassesSubgroups(co2),x->Elements(x)),

Len:=Length(Cong),cyclic:=[];

foriin [1,2..Len]do
if IsCyclic(Cong[i][1])then Add(cyclic,i);

fizod;

Display(CharCo2), Display(cyclic);
LogTo(),

Hence, Co: is partitioned into the fifty-six dominant classes as follow:

D;=1a, Dy,=2a, D;=2b, Ds= 2c, Ds= 3a, D¢ = 3b, D7 = 4a, Ds = 4b, D9= 4c, Djp= 4d, D;; =
4e, Di2=4f, Di3=4g, D14= 5a, Di5= 5b, Dis= 6a, Di7= 6b, Dis= 6c, D19= 6d, D29 = 6e, D2; =
6f, D22 = 7a, D23 = 8a, D24 = 8b, D25 = 8c, D2s = 8d, D27 = 8e, D2s = 8f, D29 = 9a, D3o= 10a, D3;
= 10b, D3> = 10c, D33 = 11a, D34 = 12a, D35 = 12b, D3s = 12¢, D37 = 12d, D3g = 12e, D39 = 12f,
Dyo=12g, D41 = 12h, Ds> = 14a, D43 = 14b U 14c, D4y = 15a, D4s= 15b U 15¢c, Dys = 16a, D47
= ]6b, Dys= 18a, Ds9= 20a, Dso= 20a, Ds; = 23a  23b, Ds> = 24a, Ds3; = 24b, Ds4 = 28a, Dss
= 30a, and Dss = 30b _ 30c, such that Co, = U35, D;.

Furthermore, there are exactly the fifty-six -conjugacy characters corresponding to the above
dominant classes with the following degrees:

1,23,253,275,1771, 2024, 2277, 4025, 7084, 19250, 20790, 12650, 23000, 31625, 31625, 31878,
37422, 44275, 63256, 182250, 113850, 129536, 177100, 184437, 212520, 221375, 2266888,
478170, 245916, 253000, 284625, 312984, 368874, 398475, 398475, 430353, 442750, 462000,
467775, 558900, 637560, 664125, 664125, 664125, 853875, 1288000, 1291059, 1771000,
1771000, 1835008, 1943040, 1992375, 2004750, 2040192, 2072576, and 2095875.

In Table 3, all the integer-valued Q-conjugacy characters for the Conway group Co: are stored,
see Safarisabet et al. (2013) for more details.

In Table 3, only @19, ®11, ®20, and @,g are reducible unmatured characters with the same
reductions that is two, we have

Y26, 0. (1)% = |Coa| + 2 (19250)* + 2 (20790)% + 2 (182250) + 2 (478170)>.
It again satisfies our main result in theorem 3.1.
4. Conclusion
In this paper, we study the Q-conjugacy character table of an arbitrary finite group and introduce

a general relation between degrees of the (-conjugacy characters with their corresponding
reductions. This could be accomplished by using the Hermitian symmetric form.
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We provide a useful tool for study on the O-conjugacy characters. The method exactly works like
what we often apply to calculate for the character table of an arbitrary finite group, especially we
provide a first step to calculate directly the character table of a finite group G when its Q-
conjugacy character table is given. Our future work would be research to find more techniques for
the above target such as the orthogonality properties in the O-conjugacy character tables similar
to the well-known property in the Definition 2.2 part (d).

Furthermore, we evaluated our main result on some useful examples like the projective linear
group L, (8) and the sporadic Conway group Coz of orders 504 and 495766656000, respectively.
Finally, by using GAP program, we computed all the dominant classes of the sporadic Conway
group Coo, enabling us to find all possible the O-conjugacy characters for the Conway group Co».
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APPENDIX

Table 3. The Q-conjugacy character table for the Conway group Co>

@1 1 1 1 1 1 1 1 1 1 1 1 1
o 23 9 7 -1 4 5 7 5 3 -1 3 -1
@3 253 29 13 -11 10 10 29 9 1 5 1 3
04 275 51 35 11 5 14 19 15 7 5 7 3
o5 1771 21 21 11 -11 16 91 5 5 5 5 3
96 2024 232 104 40 -1 26 8 24 24 8 8 8
®; 2277 219 133 -1 9 36 21 235 13 5 13 3
®g 4025 231 105 1 25 29 105 235 5 1 5 1
®9 7084 -84 -84 44 10 19 140 4 4 12 4 4
®10 19250 910 210 -30 80 -10 -14 10 58 2 -6 -14
@11 20790 630 42 90 54 0 42 -18 30 38 2 6
?12 12650 554 330 26 -40 59 -6 50 2 10 18 2
@13 23000 600 280 120 50 5 184 40 8 24 8 8
014 31625 265 .55 -55 35 35 377 25 -7 7 7 1
@15 31625 1385 505 145 35 35 41 45 53 1 5 25
®16 31878 378 518 26 45 45 42 26 26 -10 22 2
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