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Abstract

In this paper, we investigate a different type of the parallel transport frame in 3-dimensional Minkowski
space R3 by using the binormal vector field of a timelike regular curve as common vector field to
introduce, and we recall this frame as " timelike type-2 parallel transport frame". Also, we present new
spherical images and call them as timelike type-2 parallel transport spherical images by translating the
induced frame vectors to the center of unit Lorentzian sphere in 3-dimensional Minkowski space R3.
Additionally, we obtain the Frenet apparatus of these new spherical images in terms of base curves
timelike type-2 parallel transport invariants. Finally, interesting relations are expressed and illustrate an

example of the results.
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1.

In the Euclidean and Minkowski spaces, the characterization of a regular curve is one of the interesting
problems. The curvature x and the torsion t of a regular curve have an effective role in the solution of
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the problem. In fact, the curvature x and the torsion 7 of a regular curve have important rule in the
characterization of the shape and size of the curve. One of the mentioned works is spherical image of a
regular curve in the Euclidean space. It is a well known concept in the local differential geometry of
curves. Such curves are obtained in terms of the Frenet vector fields (Do Carmo (1976); O'Neill (1966);
O'Neill (1983)).

In 1802, Lancret proved that a unit speed curve a with k # 0 is a helix if and only if there is a constant
c such that T = ck. It is known that the helices in the Euclidean 3-space R is very important curves
since they have many general applications in physics and medical science. For example the structure
which is studied by Camci et al. (2009); Chouaieb et al. (2006); Cook (1979); Watson and Crick (1953).

Parallel transport frame was introduced by Bishop (1975) by means of parallel vector fields. Recently,
many research papers related to this concept have been treated in the Euclidean space (Bukci and
Karacan (2009)), in Minkowski space (Bukct and Karacan (2008); Bukci and Karacan (2008); Karacan
and Bukcu (2008); Solouma (2017)) and in dual space (Karacan et al. (2008)). Recently, this special
frame is extended to study the canal and tubular surfaces, we refer to (Karacan and Bukctu (2007);
Karacan and Biikcu (2008)). Yilmaz and Turgut (2010) are introduced a new version of Bishop frame
using a common vector field as binormal vector field of a regular curve in Euclidean 3-space E3 and
introduced a new spherical images. In this work, we introduce another type of the parallel transport
frame using common vector field as the binormal vector of Frenet frame in 3-dimensional Minkowski
space R3. We call it as "timelike type-2 parallel transport frame" of a timelike regular curves.
Thereafter, translating new frame's vector fields to the center of a unit Lorentzian sphere, we obtained
new spherical images. We call them as " timelike type-2 parallel transport spherical images" of timelike
regular curves. We name them by {;, ¢, and binormal parallel transport spherical images. Also, we
investigate their Frenet apparatus according to timelike type-2 parallel transport invariants. We establish
some relations on general helix and slant helix of spherical images and illustrate an example of main
results.

2. Basic concepts

The 3-dimensional Minkowski space R3 is Euclidean 3-space R provided with the standard metric
given by
(,)=—du? + du? + du?,

where (uy,u,,u3) is a rectangular coordinate system of R3. An arbitrary vector v € R3 can have one of
three Lorentzian causal characters; it can be spacelike if (v,v) > 0 or v = 0, timelike if (v,v) < 0,
and lightlike if (v,v) = 0 and v # 0. Similarly, an arbitrary curve w = w(s) can be locally spacelike,
timelike or lightlike if all of its velocity vectors w’(s) are spacelike, timelike or lightlike, respectively.
Let ¢ = {(s) be a regular curve in R3. If the tangent vector of this curve forms a constant angle with a
fixed constant vector U, then this curve is called a general helix or an inclined curve. The sphere of
radius > 0 and with center in the origin in the space R3is defined by

SE={x=(x1,%5,%3) ER3:(x,x) =12}

Let 3 = (s) be a regular curve parametrized by arc-length in R3 and {T,N, B, k, 1} be its Frenet
invariants, where {T,N,B}, k and 7 are moving Frenet frame, curvature and torsion of ¥(s),
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respectively. If y is a timelike curve, then the Frenet frame has the following properties (Do Carmo
(1976); Lopez (2014); O'Neill (1983)).

T'(s) 0 k(s) 0\ /T()
N'(s) | =1 x(s) 0 (s) || N(s) |, 1)
B'(s) 0 -—-12(s) O B(s)

where
—(T, T)=(N,N)=(B,B)=1and(T,N)=(N,B)=(T,B)=0.

The parallel transport frame is an alternative approach to defining a moving frame that is well defined
even when the curve has vanishing second derivative (Bishop (1975); Bukcu and Karacan (2008)).

Consider the parallel transport frame {T, E,, E,} of the timelike curve (s) such that T(s) the unit
timelike tangent vector, E;(s) is unit spacelike principal normal vector, and E;(s) the unit spacelike
binormal vector and

{_(T:T>=<E1'E1>=<E21E2>=1' (2)
(T:E1): <T,Ez>:(E1'E2): 0.

The parallel transport frame {T,E;, E,} is expressed ast the following (Bishop (1975); Bikcu and
Karacan (2010)).

T'(s) 0 ki(s) ka(s)\ [ T(5)
Ei(s) |=|ki(s) O 0 Ei(s) ). 3)
E;(s) ko(s) O 0 E>(s)

Here, we shall call the set {T,E;, E,} as parallel transport trihedra and k,(s) and k,(s) as parallel
transport curvatures. We can expressed the relation matrix as

T(s) 1 0 0 T(s)
Ei(s) | = <O cosI(s) sin 19(5)) N(s) |, 4)
E,(s) 0 —sind(s) cosV(s)/ \B(s)
where
9(s) = arctan (%), ky #0,
() =2 . ©

|k = i) + ik

In further researches, spherical images, the tangent and the binormal indicatrix and some
characterizations of such curves in Euclidean space and Lorentz-Minkowski spaces are presented (Ali
and Lopez (2011); Izumiya and Takeuchi (2004); Kula and Yayli (2005); Kula et al. (2010); Solouma
(2017)).
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3. Timelike type-2 parallel transport frame of a timelike regular curve
In this section, we define another type of the parallel transport frame using common vector field as the

binormal vector of Frenet frame. Let u = u(s) be a unit speed timelike regular curve in 3-dimensional
Minkowski space R3 with moving Frenet frame given by equation (1). Let us express a relatively

parallel adapted frame,
a ¢1 0 0 &\ /G
12| = 0 0 &||&), (6)
B &g & 0 B

we shall call this frame as "timelike type-2 parallel transport frame". In order to investigate the relation
between this frame and with Frenet frame, firstly we write B’ = —tN = &,{; + £,{,.

Then, we have

7=/’ +¢e2. (7)
We write the tangent vector according to frame {{;, {,, B} as

T =sind(s) {; — cosI(s) {5,
and differentiate with respect to s

T'=k N =9'(s)(cosI(s) {; +sinI(s) {,)+sinI(s) {; — cosI(s) (. (8)
Substituting {; = &, B and {; = &,B to Eqgn. (8), we have
kN =19'(s)(cos9(s){; +sinI(s) ().
In the above equation we take k(s) = 9'(s). So, we have
N = cos9(s) {; +sinI(s) (.

By consequence of the obtained equations, the relation matrix between Frenet and timelike type-2
parallel transport frames can be expressed

T sind(s) —cosd(s) 0\ /{4
(N) = (cos 9(s) sind(s) O) ((2> : 9)
B 0 0 1/ \B

Also, equation (7) can be written as

(10)

and so by equation (10), we may have
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£,(s) = tcosI(s),
{82 (s) = 7sind(s).

By this way, we conclude 9(s) = arctan C_Z) The frame {{;, {5, B} is properly oriented, and 7 and
1

I(s) = fOS k(s)ds are polar coordinates for the curve u = u(s). We shall call the set {{;, {5, B, &1, &,} as

timelike type-2 parallel transport invariants of the timelike curve u = u(s).

4. Spherical images of a timelike regular curve
4.1 ¢4-timelike parallel transport spherical image
Definition 4.1.

Let u = u(s) be a timelike regular curve lying fully on the timelike surface M in 3-dimensional
Minkowski space R3 with the moving frame {T, N, B}. If we translate of the first vector field of timelike
type-2 parallel transport frame to the center O of the unit Lorentzian sphere S2, we obtain a spherical
image Q = Q(¢(s)). This curve is called {;-timelike parallel transport spherical image or indicatrix of
the curve u = u(s).

Now, we can investigate Frenet invariants of {;-timelike parallel transport spherical image Q =
Q(g(s)). of atimelike regular curve u = u(s). Differentiating Q@ = Q(¢(s)). with respect to s, we get

, aod d
Q'(¢) =d—cd—§=£18andTQd—§=elB,
where
d
== (11)
Then,
Ta(s) = B(s). (12)

Differentiating equation (12) with respect to s, we obtain

dTq ds

Qs €161 + &305. (13)

dTq

Substituting equation (11) in equation (13), we get 2

=4+ (z_z) {,. Then, the curvature and principal
1
normal vector field of curve Q(¢) are respectively,

a9 = 2] = - & @

M) = ()6 + () &

and
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So, the binormal vector of curve Q(¢) is

Bqa () = Ta(s) X No(s) = (g_;?)(l + (%) (2.

1"Q Q

Using the formula of the torsion, we write a relation

(22
Tq = () (15)

£1-&3

Considering equations (14) and (15), we give:
Corollary 4.1.

Let Q = Q(¢) be ¢;-timelike parallel transport spherical image of the timelike curve u = u(s). If the
ratio of timelike type-2 parallel transport curvatures of u = u(s) is constant, i.e., (i—z) = constant, then

1
the ¢;-timelike parallel transport spherical indicatrix Q(¢) is a Lorentzian circle in the osculating plane.

Proof:

Let Let Q = Q(¢) be {;-timelike parallel transport spherical image of a timelike regular curve u =
u(s). If the ratio of timelike type-2 parallel transport curvatures of u = u(s) is constant, in terms of
equations (14) and (15), we have kg = constant and T = 0, respectively. Therefore, Q is a Lorentzian
circle in the osculating plane. m

Theorem 4.2.

Let O = Q(¢) be ¢;-timelike parallel transport spherical image of the timelike curve u = u(s). There

exists a relation among Frenet invariants of Q = Q(¢) and timelike type-2 parallel transport curvatures
of u = u(s) as follows

(i—i) — foc k3 Todg = 0. (16)
Proof:

Let Let Q = Q(¢) be ¢;-timelike parallel transport spherical image of a timelike regular curve u =
u(s). Then, equations (11) and (15) hold. Using equation (11) in (15) and by the chain rule, we have

1%(2)2? €1 dig(_)_ c?c(:)
2
1

RIRECH

From equation (14) and integrating both sides, we have equation (16) as desired. m

Ta =
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Theorem 4.3.

Let O = Q(¢) be {;-timelike parallel transport spherical image of the timelike curve u = u(s). If Qisa
general helix, then, the timelike type-2 parallel transport curvatures of u satisfy

s = constant.

(e3-€3)2
Proof:

Let Let O = Q(¢) be ¢;-timelike parallel transport spherical image of a timelike regular curve u(s).
Then Q is a general helix if and only if its curvature functions satisfying

(T—“) = constant,
KqQ

(see lzumiya and Takeuchi (2004)). Using equations (14) and (15) with applying in the later formula and
with simple calculation we will get the result which complete the proof. m

Theorem 4.4.

Let Q@ = Q(c) be ¢;-timelike parallel transport spherical image of the timelike curve u = u(s). If Qisa
slant helix, then, the timelike type-2 parallel transport curvatures of u satisfy

!

2(€2 ! 4

g2(=2 2_.2

[ (81) 3] (c=e) = ¢ = constant.
2_22)\2 12 3 2
(ef-ed?] e2](2) " +(e2-23)")

Proof:

Let Let Q = Q(c) be ¢;-timelike parallel transport spherical image of a timelike regular curve u(s).
Then Q is a slant helix if and only if its curvature functions satisfying

2 !
K T
—“3(K—“) = constant,
5 Q
(th-K3)?

(see Ali and Lopez (2011); Izumiya and Takeuchi (2004)). Substituting from equations (14) and (15) in
the later formula one can get the result directly we will get the result which complete the proof. m

Theorem 4.5.
Let Q = Q(¢) be ¢;-timelike parallel transport spherical image of the timelike curve 4 = u(s). Then the

timelike type-2 parallel transport curvatures of a timelike regular curve u satisfy the following
differential equation
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1A
#(2)
£ £1€2 _
7 g2 + =0.
Il RS

Proof:

Let Q@ = Q(¢) be ¢;-timelike parallel transport spherical image of the timelike curve u = u(s). Then, Q
lie on the surface of a Lorentzian sphere if and only if

2B =

(see Izumiya and Takeuchi (2004)). The key of the proof is to applying equations (14) and (15) direcltly
in the later formula, which ended the proof. m

Remark 4.6.

Considering 9 = fog Kq d¢ and using the transformation matrix, one can obtain the timelike type-2
parallel transport trihedra {{;q, {2q, Bo} Of the curve Q = Q(¢).

4.2 {,-timelike parallel transport spherical image
Definition 4.2.

Let u = u(s) be a timelike regular curve lying fully on the timelike surface M in 3-dimensional
Minkowski space R3 with the moving frame {T, N, B}. If we translate of the second vector field of
timelike type-2 parallel transport frame to the center O of the unit Lorentzian sphere SZ, we obtain a
spherical image B = B(¢(s)). This curve is called {,-timelike parallel transport spherical image or
indicatrix of the curve u = u(s).

Let B = B(¢(s)) be {,-timelike parallel transport spherical of a timelike regular curve u = u(s).
Differentiating B = B(¢(s)) with respect to s, we get

, dB d d
B'($) =gq = Tog = &2 B,
where
d
Z=g (17)

Similar to ; -timelike parallel transport spherical image, one can have

Tp(s) = B(s). (18)
Differentiating equation (18) with respect to s, we obtain

dTg dg

G ds €11 + &205. (19)
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Substituting equation (17) in (19), we get ddlf = (i—l) ¢, + {,. Then, we can express
2

Kp(¢) = |1 - (2)2, (20)

&2

M) = (22) ¢+ () o

&K B

and

So, the binormal vector of curve B(c) is

Bg(¢) = (;_i) ¢1 +( = )(2-

&K

By the formula of the torsion, we write

!
=)
&2 (82

2_.2 ¢
&2—¢&1

g = (21)

Considering equations (20) and (21), we give:
Corollary 4.7.

Let B = B(¢) be {,-timelike parallel transport spherical image of the timelike curve u = u(s). If the

ratio of timelike type-2 parallel transport curvatures of u = u(s) is constant, i.e., (8—1) = constant, then

€2

the ¢,-timelike parallel transport spherical indicatrix B(¢) is a Lorentzian circle in the osculating plane.
Proof:

Let Let B = B(¢) be {,-timelike parallel transport spherical image of a timelike regular curve u =
u(s). If the ratio of timelike type-2 parallel transport curvatures of u = u(s) is constant, in terms of
equations (20) and (21), we have kg = constant and Tz = 0, respectively. Therefore, B is a Lorentzian
circle in the osculating plane. m

Theorem 4.8.

Let B = B(¢) be {,-timelike parallel transport spherical image of the timelike curve u = u(s). Then,
there exists a relation among Frenet invariants of B = B(¢) and timelike type-2 parallel transport
curvatures of u = u(s) as follows

(z—:) + f(f k2 tpdg = 0. (22)
Proof:

Let Let B = B(s) be {,-timelike parallel transport spherical image of a timelike regular curve u =
u(s). Then, equations (17) and (21) hold. Using equation (17) in (21) and by the chain rule, we have
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From equation (20) and integrating both sides, we have (22) as desired. m

By uing the preivious method to proof the Theorems 4.3, 4.4 and 4.5, we can use these methods to proof
the following theorems.

Theorem 4.9.

Let B = B(¢) be {,-timelike parallel transport spherical image of the timelike curve u = u(s). If Bisa
general helix, then, the timelike type-2 parallel transport curvatures of u satisfy

T = constant.
(e3-¢2)2
Theorem 4.10.

Let B = B(¢) be {,-timelike parallel transport spherical image of the timelike curve u = u(s). If Bisa
slant helix, then, the timelike type-2 parallel transport curvatures of u satisfy

!
2(€1
[ i (82) ] ACRCIN = constant
3 —_— .
3

(e5-¢3)? 3 5_1 +(5 —£2) ]
Theorem 4.11.
Let B = B(¢) be {,-timelike parallel transport spherical image of the timelike curve u = u(s). Then the

timelike type-2 parallel transport curvatures of a timelike regular curve p satisfy the following
differential equation

!
_&1é& | _ 0
e

Remark 4.12.

Considering 9 = foc kg d¢ and using the transformation matrix, one can obtain the timelike type-2
parallel transport trihedra {{; 5, {,5, Bg} of the curve B = B(¢).

4.3 Binormal-timelike parallel transport spherical image
Definition 4.3.

Let u = u(s) be a timelike regular curve lying fully on the timelike surface M in 3-dimensional
Minkowski space R3 with the moving frame {T,N,B}. If we translate of the third vector field of
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timelike type-2 parallel transport frame to the center O of the unit Lorentzian sphere S2, we obtain a
spherical image ¢ = ¢(¢(s)). This curve is called binormal timelike parallel transport spherical image
or indicatrix of the curve u = u(s).

Let d = d(¢(s)) be the binormal timelike parallel transport spherical of a timelike regular curve u =
u(s). One can differentiate ¢ with respect to s

d dg

d'(¢) = dcds £1(1 + €,¢5,
and
d¢
Tcpg = &G + &03,
where
dag
I ef —¢&f

In terms of timelike type-2 parallel transport frame vector field given in equation (6), we have the
tangent vector of the binormal-timelike parallel transport spherical image as follows:

Tq)(C) = \/2—(51{1 + &03). (23)

In order to determine the first curvature and principal normal vector field of curve ¢. Differentiating
equation (23) with respect to s, we obtain

arg _[2&)] 4@
= 2_ .2 {1_ 2_g2
27€1

dg £5—&7

{o + (e + €5)B. (24)

Since, we immediately have

192 172
4@ | _|2E) e
@ = || 72| |22 e (25)
and
Ny(s) = — (2 4 DB
XY —K¢ 82_81 = |=—=|%+E+e)

So, the binormal vector of curve ¢ is
(51 + 522)(5251 - 51(2

1
K¢mk_ & 82_81

B¢(C) =

By means of obtained equations, we express the torsion by formula
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e1{3e)(e1e] +eaeh)—(e2+&3)[eh +ex (€2 +£3)]}
+ex{(e2+€3)[el +e1(e2+€3)]|-3e1(e16] +e285)} (26)

12 2
e4(22) " ~(e3-e7)(e3 e3)

T¢(C) =

Consequently, we determined Frenet invariants of the binormal-timelike parallel transport spherical
indicatrix according to timelike type-2 parallel transport invariants. In terms of equations (25) and (26),
we give:

Corollary 4.13.

Let ¢ = d(¢) be the binormal timelike parallel transport spherical image of the timelike curve u =

u(s). If the ratio of timelike type-2 parallel transport curvatures of u = u(s) is constant i.e., (2—1) =
2

constant, then the binormal timelike parallel transport spherical indicatrix ¢(¢) is a Lorentzian circle in
the osculating plane.

Proof:
The proof come directly from equations (25) and (26). =

Remark 4.14.

Considering 94, = foc K¢ d¢ and using the transformation matrix, one can obtain the timelike type-2
parallel transport trihedra {¢y 4, {24, By} Of the curve ¢ = d(c).

5. Examples
Example 5.1.
Let we consider a time-like regular curve u in R3 (see Figure 1)
p = u(s) = (V35,2 coss,V2 sins). (27)

One can calculate its Frenet apparatus as the following

(T = (\/_,—\/E sins, V2 coss),
Kk =42,
{123,

N = (0,— coss,— sins),

\B = (V2,V3 sins,—V3 coss).

Now we focus on the time-like type-2 parallel transport trihedra. Let us express 9(s) = fos V2dt =
V2 s. Since, we can write the transformation matrix
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T sinv2s —cosv2s 0\ /0
(N> =|cosvV2s sinv2Zs 0 ((z) :
B 0 0 1/ \B

By the method of Cramer, one can obtain timelike type-2 parallel transport trihedra of u as follows (see
Figures 2-4):

(1= (\/§ sin(\/z S) , —/2 sins sin(\/i s) — COS S cos(\/f s) , V2 coss sin(\/z S) —sins cos(\/z S) ),
{, = (—V3cos(V2s),V2 sinscos(V2s) — cosssin(vV2s),—V2 cosscos(V2s) —sinssin(vV2s)),
B = (\/2—,\/§ Sins,—\/§ coss).

P \_\‘_}“L‘6V/ﬁ

SO
,.*‘;’%Q’Q‘.-’?\Y?f"\! \’§~l
it \?’ Q’ﬁﬁk\

Jl}?.;/A\lA

Figure 2. ¢, -timelike parallel transport spherical image of u = u(s)

o
1

N N N N 1
1 o

1

Figure 3. ¢,-timelike parallel transport spherical image of u = u(s)
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Figure 4. Binormal-timelike parallel transport spherical image of u = u(s)

Example 5.2.

Let we consider a time-like regular curve w(s) = (\/3—5, 25v2 cos (25—5) ,25+/2 sin (25—5)) (see Figure
5). Then it is easy to show that the Frenet frame of the curve w = w(s) is given as follows:

T(s) = (\/3—, —V/2 sin (%),\/? cos s (i)),

( 25
{N(s) = (0, — cos (25—5),— sin (25—5)),

LB(S) = (\/2—,\/§ sin (25—5),—\/§ cos (25_5))

Also the curvature functions are expressed as:

(
k@=£.
Lr(s) = g .

In order to form the transformation matrix, we also need U9(s) = fos (;/—g) dt = (2—‘/3) s. The
transformation matrix for the curve w = w(s) has the form

ry [n(E) —eos () 0
) ao() =) ()
0 0 1

By the solution of the system above, we have time-like type-2 parallel transport spherical images
of the unit speed curve w = w(s), see Figures 6, 7 and 8.
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V2s
\/—sm< 5T >
Ry 2s S 2s
= <{ — R ) - J— —_— ’)
(=32 sm(25 sm( oc > cos(25)cos< oT ),
2s /S 2s
2 cos (ﬁ) sin (E)—sm (E) cos f) )
( 2s )
—\/§C05<¥>,

-

Il
N
N
%)
P
=
|
—
o
o
A

¢ <\/22_55> — cos (255) sin <\/2_L55>,
_\/— cos (255) cos <ZS> — sin (285) sin <\/2_i5$>}

B = (V2.3 sin (55), ~¥3 cos 55))

100

Figure 5. The timelike curve w = w(s)

Figure 6. {,-timelike parallel transport spherical image of w = w(s)

505
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Figure 8. Binormal-timelike parallel transport spherical image of w = w(s)

6. Conclusion

As a conclusion of our results, by using the binormal vector field of a timelike regular curve as common
vector field a timelike type-2 parallel transport frame has been. Also, a new timelike type-2 parallel
transport spherical images introduced by translating the induced frame vectors to the center of a unit
Lorentzian sphere in 3-dimensional Minkowski space R3. Additionally, the Frenet apparatus of these
new spherical images are obtained in terms of base curves timelike type-2 parallel transport invariants.
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