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Abstract

In this research work our aim is to determine some contiguous relations and some integral
transform of the k-generalised hypergeometric functions, by using the concept of “k-Gamma
and k-Beta function”. “Obviously if k — 17, then the contiguous function relations become
Gauss contiguous relations.
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1. Introduction

The hypergeometric function, acting as a strong tool in mathematical analysis and its
applications allows us to solve many interesting problems. Various extensions and
modifications of the hypergeometric function have been given by many researchers like
Rainville (1965). In past one-decade Diaz et al. (2005, 2007) introduced k-Gamma function
and k-Beta functions and proved a number of their properties. They also studied k-
hypergeometric functions based on Pochhammer k-symbols for factorial functions. These
studies were extended by Mansour (2009), Kokologiannaki (2010) etc. and explained and
established the scope of k-gamma and k-beta functions. Mubeen et al. (2014) defined some
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contiguous relations of k-hypergeometric functions. Mittal et al. (2018) defined some results
on k-wright functions. Joshi et al. (2018) defined an Integral Representation of Generalized k-
Mittag-Leffler functions of the type GE.% . (z).The number of useful results have been

investigated by several authors. The purpose of this paper is to present contiguous relations
with integral transform of the k-generalized hypergeometric functions.

This paper has been systematized as follows. The Section 2 is dedicated to some definitions
and preliminaries. The section 3 is devoted to Contiguous functions for k-generalised
hypergeometric function with more than one parameter. Section 4 contains the Main result in
which we define nine theorems with proofs in detail and the last section 5 consists of the
conclusion.

2. Definitions and Preliminaries:

The integral representation of k-gamma function and k-beta function studied by Diaz et al.
(2005, 2007) are

L(2) = [ t" e kdt—krlr() Re(z)>0,t>0,k>0, (1)
where
I (z+k) =2l (2)
and
LX) (y) _11 eyt
B (xy)= ray) - k.([t (1—t)k dt, Re(x) > 0,Re(y) > 0. )

The k-Hypergeometric function defined by Mubeen and Habibullah (2012) is

(a,1), (b,k)
2F1,k(a’b;C;Z) =2 Fl,k A
(c.k)
=, (@), (), 2" 3
nz;‘ O {7]<Lc#0,-1-2,..} (3)

The generalised k-hypergeometric function is given as

forRe(a)>0,Re(c)>0,Re(b)>0,k >0,m>1meZ",

(a,k), (:} k) (b;kkjtwkj

m+1" mKk
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and

for Re(a)>0, Re(c)>0, Re(b)>0,k >0,m>1meZ",

ERICRREES
ey |

3. Contiguous functions for k-generalised hypergeometric function with
more than one parameter

If we increase or decrease one and only one of the parameters of k-generalised
hypergeometric function by £k ; then the resultant function is said to be contiguous to , F, , . If

we substitute m =3 in equation (4) then it becomes

(a,k),(%,k)(b;k'kj,[b+32k’kj

Fo=.F z
(%’kj,(c;k’kj,[wr;k,k]
w( )n,k b b+k b+ 2k )
;a(cgg)ﬁgkg} jﬁ‘ingj higiis o
3ok 3 ok 3 ik
Further,
O 0

(a B k)n,k (b)sn,k Z_n
n=0 (C)3n,k nt

(8)
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In the similar manner we can also definefr, (c-),F, (b-),F (b+),F(c+). For simplicity we
rewrite the equation (6) which is as follows:

Fo= 200 ©)
where "

(cj (c+kj [c+2kj nt (c),, nv
3n,k 3 n,k 3 n,k |

Since a(a+k)  =(a) , (a+nk), by using this result in equation (7) we obtain
= (a+nk
F(an)=3 2 " 5,0 (11)
n=0

Similarly, we rearrange the term in equation (8) by (a-k)(a),, =(a+(n—1)k)(a—k)nyk, then
it becomes

Fan)-3 K s (12)

S(a+(n-1)k) ™

Again, by the help of differential operator k6 = kz (d/dz), we get the following result

(k@+a)F, = (k6’+a)z( s (D)o z"

©). o =aFR (a+). (13

Similarly, for other parameters, we have

(3k@+b)=bF, (b+). (14)
(3k@+c—k)F, =(c—k)F (c-). (15)
4. Main Results: Contiguous Relations for k-Hypergeometric Function

Since there are five contiguous functions to a given function , F;, , therefore, we obtain the
different type of contiguous function relations for k-hypergeometric function, |:3‘k for all
a,b,ceC,Re(a)>0,Re(b)>0,Re(c)>0,z|<1 and K >0. By subtracting equations (14)
and (15) from equation (13), we obtain the following two relations given in equations (16)
and (17) respectively.

Relation 4.1.
(3a—b)F, =aF (a+)-bF (b+). (16)
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Relation 4.2.
(3a—-c+k)F, =aF (a+)—-(c—k)F (c-). 17)

Proof:

Relation 4.1 and 4.2 can be by using equation (11) and equation (12).

Relation 4.3.
(a-k)(© —-&)=kz (a_(i:)_(;(_)?t)_(i)_k)(ﬁ +c(b—c)F (c+)), (18)
where
(a—k,k),(g,kj (%—k kj (b+32k—k,kj
Sk =aFai 1z,
S 55w
and
(a,k),(g,kj (%—k kj (b+32k—k,kj
Q =,F, ;2
S (5]
Proof:

Let us consider

d - a (b_Zk)nk Zn
k& =kz— K
5= Z (c-2k),,  n!

_ w (@a=K)pr(b—2Kk)3pi z™t
=k 2 2n= (c—2K)3p (-1’ (19)
By changing the index n+1 to n in above expression, we have

= (a_k)n+1k(b_2k) n+1),k Zn

=kz) ()

~ (c— 2k)

(a—k)(b—2k)( e 3nk(b+3nk) z"
(c—2k)(c— nZ::; )3n,k (c+3nk) (n)!

=kz
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If we replace

(a—k)(b—2k)(b—k)

=K 2k (oK)

(b+k) (b+k)
3 3
(b+2k) —>(b+2k)—k,(c+k) _)(c+k)_k,
3 3 3 3
(c+2k) . (c+2k)

3 3

a—a-—Kk,

—k,

in equation (13), we obtain

(k6)& =(a—k)(Q —&).

Finally, equating the equations (19) and (21) we get the desired result.

Relation 4.4.
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(F+c*(b—-c)F (c+)).  (20)

(21)

(a=k)(s —Ay) =kZ(a_k)(b_Zk)(b_k)((c—k)Fk(c—)+2(b—c+k)Fk)

where

and

Proof:

Let us consider

Ay :4F3,k

Sk :4F3,k

(c—2k)(c—k)

_(a-k)(b—2k)(b-k)

(c—2k)(c—k)

sy

S5 (555 ]

© (a—k b-k n
k@Ak :kziz( )n,k( )3n,k Z_
dz & (c:—2k)3n’k n!

- (a_k)n,k(b_k)3n,k 2"t

(a—k,k),[%,k},[%,kj,(b+32k —k,kj

(a'k)’(%’kj’(b;k’kj,(b+32k_k7kj .

n=1 (C_2k)3n,k (n_l)!’

ct(b-c)(k+b-c)F (c+), (22
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changing index n+1 to n, we get

:kzi(a_k)mlk(b k) 3(n+1)k Z

N G T B O]

(b)a,, (b+3nk)(b+(3n+1)k) 7

eIk
e z < ™ crank) ()

[3nk +(2b—ck) =K +b_C)J5n,k

(2K (b=2K)(

)

(c+3nk)

(a—k)(b—2k)(b—k)
(c—2k)(c—K)

x(3kOF, +(2b—c+k)F +c(b—c)(k+b—c)F (c+))

=kz

(2K (b=2K)(b-k)
(c—2K)(c—K)

x((3k@+c—k)F, +2(b—c+k)F +c™(b—c)(k+b-c)F, (c+)),

using the result (3k@+c—k)F, =(c—k)F, (c-), in above expression, we have

(a—k)(b—2k)(b—k)

(c—2k)(c—k)
x((c=k)F (c-)+2(b—c+k)F +c™*(b—c)(k+b—c)F (c+)). (23)

=kz

Finally replacing

(b+2k) _)(b+2k)_k’(c+k) _)(c+k)_k,(c+2k) _)(c+2k)
3 3 3 3 3 3

a—a-—Kk, -k,

we obtain
(k0) &, =(ak)g, —(ak)A,, (24)

after comparing equations (23) and (24) we get the desired result.

Relation 4.5.
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= kz%(aﬁ(aﬂ—aﬁ +%(b—c+3a) F +%c1(c—b)(c—3a) F (c+)j,

c—2k)(c—k)
(25)
where
(a,k),(ikj,(ﬂ—k,k}(b”k—k,kj
3 3 3
Ny =4F3,k 2
S [(£5% ]
3 3 3
and
(a+k,k),(E,kj,(M—k,kj,[b+2"—k,kj
3 3 3
Sk 4F3,k ;Z
(555 w5 ]
3 3 3
Proof:

We follow the same process which we applied in relations 4.3 and 4.4.

Further, we also presenting few interesting and useful theorems which are as follows:

Theorem 4.6.

If Re(b) > 0,Re(c) > 0,]z| <1 and k > Othen the following result holds true.

EUIGa )

. .
€13 F3,k 2

REENED
SENENIEN

-.F, 1|2 (26)

Proof:

Consider left hand side of the equation (26) and using equation (5) by puttingm =3, we have
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_ = ( 1 T20 L ( )Snk Z

o (D (b)snk( )

"2 Z(n)i(0),,

& () (), (B)gns z°

_;): n=0 s! (C)3n,k n!

b b+k b+ 2k

R |

:iﬂ:s 1 (_SZI) '

G

Theorem 4.7. (k-Beta Transform)

If k >0,Re(a) > 0,Re(b) > 0,Re(c) > 0,|z| <1, then the subsequent result holds true.

(a+b,k) (9 kj (H kj [b“k kj
A 3 3

By | 4 Fax ;Z ;a,b

(S50 (=)

3 3 3

(a,k)1(g,kj,(b+k,kj’(b+2k’kj
3 3 3 (27)

=8, (ab)| 4 F5y 'z

eI

Proof:

Applying Beta function in the left side of the equation (27), we have

(a + D)k (B)3ni (z )" dt
(C)3nk n!

1Y a b
—f (e t(1— )k ?
kJo

n=0

Interchanging the order of summation and integration and using the definition of beta
function
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B, (a+nk,b)(a+b),, (b),, (2)'

2, G ’

n=0 n!

and after simplification, we get the desired result.

Theorem 4.8. (Kummer’s confluent k-generalised hypergeometric function)

If a,b,ceC,k>0,Re(a)>0,Re(b)>0,Re(c)>0,|z| <1, then the subsequent result

holds true.
(a,k),[glkj(bw’kj’(b+2k’kj
3 3 3
R 4
(E,k]'(““k ’kj'(CJFZk ,k]
3 3 3
) ()
3 3 3 _ (28)
=, kK 'z
S
3 3 3
Proof:

Consider left hand side of the equation (28), we have

GO | s

ank Z

" k 2k ’ ZZW””
S5 )

Replacing z = Z and taking limit a — «in above equation, we have
a

= Lima_mi (a)”'k (b)3nvk [;jn

n=0 (C)3n,k n! ,

further simplification reaches to desired result.

Theorem 4.9. Laplace Transform of k-generalized Hypergeometric Function:
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If a,b,ceC,k>0,Re(a)>0,Re(b)>0,Re(c)> o,t

489

< 1,then the following result holds

true.
(a,k)(g’k)(b;k,kj’(b+32k,kj
U WA
[E,k]’(wk ,kj,(c+2k 'kj
3 3 3
(a,k),(k"‘)’(%'kj’(bgk’kj'(b+32k'kj (29)
e 5|
: S
EICIE
Proof:

Using the Laplace transforming left side of the equation (29), we get

(a)n,k (b)Sn,k (Zt)n dt = i%ﬂz_n]:e“t”dt,

(C)Sn,k : n n!

© 0

o3,

0 n=0

3n,k

k
Put st = u? in above expression and simplify, we get

- (a)n,k (b)3n,k Zn 1

:Z (C)3n]k n! knsn+1

(a,k),(k,k),(%,k),(b;k,kj,£b+32k,kJ

I, (nk +k)

w | N

5. Conclusion

In this current investigation, we established and evaluated some contiguous function relation
by using k-parameter in hypergeometric function. We also established some useful and
interested integral transforms in terms of k-hypergeometric function. The approach presented
in this investigation is general but can be extended to establish other properties of special
functions.
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