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Abstract

In this paper, we study some useful results of ordered (p, ¢)-lateral ideals in ordered ternary semi-
groups. Also, some properties of (p, ¢)-lateral simple ordered ternary semigroup have been exam-
ined. Further, we characterize the relationship between minimal (resp., maximal) ordered (p, q)-
lateral ideals and (p, g)-lateral simple ordered ternary semigroups.
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1. Introduction

The idea of investigation of n-ary algebras i.e. the sets with one n-ary operation was given by
Kasner (1904). In particular, n-ary semigroups are known as ternary semigroups for n=3 which
was introduced by Lehmer (1932) with one associative operation. Kerner (2000) expressed many
applications of ternary structures in physics. Now ternary have structures become a highly active
area of research. A number of different ternary structures are widely studied from the theoretical
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point of view and for their applications to many subjects of pure and applied mathematics by many
mathematicians. For instance, Akram et al. (2015) introduced a ternary structure known as bi I'-
ternary semigroup as a generalization of I'-semigroup. Akram et al. (2016, 2017) defined N-fuzzy
sets and V- intuitionistic fuzzy sets in bi I'-ternary semigroups. Yiarayong (2019) introduced the
notion of ternary left almost semigroups. Ali et al. (2019) introduced po-bi-ternary I'-semigroups
and studied the relationship between minimal po-bi (¢, (&, ), 5)-quasi-I'-ideals and («, (£, (), 5)-
quasi simple po-bi-ternary I'-semigroups.

Ideal theory in ternary semigroup was studied by Sioson (1965). He also defined regular ternary
semigroups. The properties of quasi ideals and bi-ideals in ternary semigroups was studied by Dixit
and Diwan (1995). Dubey and Anuradha (2014) defined m-right, (p, ¢)-lateral and n-left ideals in
ternary semigroup and gave their characterizations.

Tampan (2009) gave the definition of ordered ternary semigroup and characterized the minimality
and maximality concept in ordered ternary semigroups using ordered lateral ideals. Abbasi and
Khan (2017) studied generalised ideals in ternary semigroups.

2. Preliminaries

To start with we need the following.

A non-empty set S with a ternary operation S x S x S — S, written as (1, T2, T3) — [T1, T2, T3],
is called a ternary semigroup if it satisfies the following identity, for any x1, x5, 3, x4, T5 € S,

[[legxg]l’4$5] = [$1[$2$3$4]$5] = [[I1$2[$3J]4ZE5H.
For non-empty subsets A, B and C of a ternary semigroup S, let
[ABC] := {[abc] : a € A,b € B,and c € C}.

If A = {a}, then we write [{a}BC] as [aBC| and similarly if B = {b} or C' = {c}, we write
[AbC| and [ABc], respectively. For the sake of simplicity, we write [x1x923] as x;x923 and [ABC]
as ABC.

Definition 2.1.

By Dixit and Diwan (1995), a non-empty subset 7" of a ternary semigroup S is called a ternary
subsemigroup of S if TTT C T.

By Sioson (1965), for any positive integers m and n with m < n and any elements
L1, T2, T3ereennn.. Zop and x9, 1 of a ternary semigroup, we can write

[.Tlxgl’g ......... ZEQn_H] = [.Il,ZL’Q, l’g..[[Im$m+1xm+2]$m+3$m+4 ...ZL’Qn+1].
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Definition 2.2.

By Iampan (2009), a ternary semigroup S is called a partially ordered ternary semigroup if there
exits a partially ordered relation < such that for any a,b,x,y € S, a < b = ary < bry,ray <
xby, and xya < xyb.

Example 2.3. 00a
Let us define the following S:{ 0b0 |:a,bce Ny } Here Ny, the set of all non-negative
c00

integers is an ordered ternary semigroup under the ordinary multiplication of numbers with partial
ordered relation <y, is "less than or equal to". Now we define partial order relation <g on S by,
forany A, B € S,

A <g Bif and only if a;; <, b;;, for all ¢ and j.

Then, it is easy to verify that .S is an ordered ternary semigroup under usual multiplication of
matrices over Ny with partial order relation <g.

For H C S we denote (H| the subset of S defined by

(H={s€S|s<h,forsomeh € H}.

Theorem 2.4.

Let S be an ordered ternary semigroup. Then the following hold:
1) AC (A], forall A C S.

2)If AC B C S, then (A] C (B].

3) ((A]] = (A], forall A C S.

4) (A|(B](C) C (ABC, forall A, B, C C S.

Definition 2.5.

By Iampan (2009), a non-empty subset / of an ordered ternary semigroup S is called an ordered
lateral (respectively, ordered left, ordered right) ideal of S if

(1) SIS C I (resp., SSI C 1,155 C I),and

@) (I]=1.
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Example 2.6. 000

Consider Example 2.3. Let M; = { 0a0 |:a € Ny } Then, M, is an ordered lateral ideal of
000

S.

Remark 2.7.

If a non-empty subset M of an ordered ternary semigroup .S is an ordered right as well as ordered
left ideal of S, then M need not be an ordered lateral ideal of S.

Example 2.8. 040

Let us define S= bOc |:a,b,c,d e Ny } Then, S is an ordered ternary semigroup under the
0d0
usual multiplication of matrices over Ny with partial order relation <g, as defined in Example 2.3.

000

Let M = { a0b |:a,be Ny } . Then, we can easily verify that M is an ordered right as well
000

as ordered left ideal of S but M is not an ordered lateral ideal of S.

Proposition 2.9.

Let S be an ordered ternary semigroup and a € S. Then, the principal ordered lateral ideal gener-
ated 'a’ is given by M (a) = (SaS U SSaSS U {a}].

Definition 2.10.

By Kellil (2016), an ideal I of an ordered ternary semigroup S is called idempotent if I3 = I.

3. Main Results

Definition 3.1.

Let S be an ordered ternary semigroup. Then, an ordered ternary subsemigroup M is called an
ordered (p, ¢)-lateral ideal of S’ if

(1) (SPMSTU SPSMSST) C M, and
(2) (M] = M, where p, q are positive integers and p + ¢ is an even positive integer.

Remark 3.2.

Every ordered lateral ideal of an ordered ternary semigroup .S is an ordered (p, ¢)-lateral ideal, but
every ordered (p, q)-lateral ideal of an ordered ternary semigroup .S need not be an ordered lateral
ideal.
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Example 3.3.

Let S be a set of all strictly upper triangular matrices of order 6 over N, the set of all non-negative
integers, i.e.

S = {(aij)6><6 ’ Q35 = 0if s 2 j and Qi € NQ if7 < ]},

where N is an ordered ternary semigroup under the ordinary multiplication of numbers with par-
tial ordered relation <y, is "less than or equal to". Then, .S is an ordered ternary semigroup under
the usual multiplication of matrices over Ny with partial order relation <g, as defined in Example
2.3.

Consider

(/000000 )
000000
000400
000000
000000

L \000000 )

ca € Ny

Then, it is easy to see that M, is an ordered ternary subsemigroup of S and M., is an ordered
(1, 3)-lateral ideal of S. Now,

(/0000ab )
0000cd
000000
000000
000000

L \000000 )

SMgenS | ) SSMigenSS = ca,b,¢,d € No p & Miygen.

Therefore, Mg, is not an ordered lateral ideal of .S.

Lemma 3.4.

Let {M; : i € I} be a family of ordered (p, ¢)-lateral ideals of an ordered ternary semigroup S.
Then, (., M; is also an ordered (p, ¢)-lateral ideal of S if (., M; # 0.

Theorem 3.5.

Let S be an ordered ternary semigroup. Then, every ordered (p, ¢)-lateral ideal is an ordered (p +
p1,q + qq)-lateral ideal of S, where p; and ¢, are non-negative integers and p; + ¢; is even.

Proof:

Let M be an ordered (p, ¢)-lateral ideal of S. Then, (SPMS?U SPSMSS?) C M and (M] = M.
Now we have following two cases.

Case 1: If p; and ¢ are odd, then p; = 2p, + 1 and ¢; = 2¢> + 1, where p, and ¢, are non-negative
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integers. It follows that SP* = §?P=T! C S and S = S?©=T! C S. Now,

Sp+p1 \ [ Qe9ta ) 9P+ SN[ SS9t = §p2patl N gat+2¢2+1 | ) gpt2petl G )\ G §a+2g2+1
— SpS2p2+1 ) r Q26241 Gq |y §p §2p2+1 G )T G G242+1 Qg
C SPSMSSTUSPSSMSSS1
= SPSMSSTU SP~1SSSMSSSSIt
C SPSMSSTU SP-LSMSST
= SPSMSSTU SPMS1
C M.

Case 2: If p; and ¢, are even, then p; = 2p3 and ¢; = 2¢3, where p3 and g3 are non-negative integers.
It follows that SP* = S?Ps and S® = S2%. Then, we have

Sptp1 N fSata |y Sptri QNS St — Sp+2ps MSquQqs U Sp+2pa SMSS‘H?‘IS
— SPS2Ps M S0 59 U SP.S?P3 S M 5§45 5
C §p=1G2ps+1 \j§2as+1 Gg—1 | §pG2ps+l |1 G2a5+1 g
C SP1SMSSI1 U SPSMS ST
CSPMSTUSPSMSSY

C M.
Hence, in all the two cases and by assumption (M|= M, M is an ordered (p + p1,q + ¢1)-lateral
ideal of S. [
Corollary 3.6.

Let S be an ordered ternary semigroup and A be an ordered ternary subsemigroup of S. If A is an
ordered (p, ¢)-lateral ideal of S, then for any positive integer n:

(1) A will be an ordered (np, nq)-lateral ideal of .S,

(2) A will be an ordered (p", ¢")-lateral ideal of S.

Lemma 3.7.

For any non-empty subset A of an ordered ternary semigroup S,

(1) (SPSASS?U SPASY) is an ordered (p, ¢)-lateral ideal of S,

(2) (U1 A" (skip A, when i is even) U (SPSASS? U SPAS is the smallest ordered (p, ¢)-
lateral ideal of S containing A.

Proof:

It is easy to verify that (SPSASSY U SPASY] is an ordered ternary subsemigroup of .S. To show
(SPSASSTU SPASY is an ordered (p, q)-lateral ideal of S, we have
SP((SPSASSTU SPAS)STU SPS((SPSASST U SPASY)SSY
C (SPI((SPSASSTUSPASY) (ST U (SPI(S]((SPSASSTU SPAS)(S](S1]
C (SP(SPSASSTUSPAST)STU SPS(SPSASSTU SPAST)S ST
= (SPSPSASSIST U SPSPASISTU SPSSPSASSISST U SPSSPASISSY. (1)

As we know that, here p + ¢ is even, thus we arises following two cases.
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Case 1: If p and q are odd, then S? C S and S? C S. Now from Equation (1)

SP((SPSASSTU SPAS))STU SPS((SPSASST U SPAS)SS
(SPSPSASSISTU SPSPASIST U SPSSPSASSISST U SPSSPAS1S S|
(SPSSASSSTU SPSASSIU SPSSSASSSST U SPSSASSS]
(SP~1SSSASSSSTL U SPSASSTU SPSSSASSSSTU SPLSSSASSS ST
(SP~1SASSI1 U SPSASSIU SPSASST U SP1SAS ST

(SPASTU SPSASSTU SPSASST U SPASY

— (SPASTU SPSASSI).

101NN

Case 2: If p and ¢ are even, then S? = S§?™ and S = S5?", where m and n are positive integers.
Now again from Equation (1), we have

SP((SPSASSTU SPAS)ST U SPS((SPSASST U SPAST)S S

(SPSPSASSISTU SPSPASISTU SPSSPSASSISST U SPSSPASIS S|
(SPS2m+LASH1Ga | Gp§2m AS2nGa |y SPS S+ A G2+l G Ga | P G2+l A G2nt1Ga]
(SPSASSTU SP-1552m 4525 Se-1 U SPSSASSST U SPSASS

(SPSASST U SP-18§2m+1 AG2n+1Ga-1 |y SP-1§SFASSSSI—1 U SPSASS
(SPSASSTU SP1SASS1 U SP1SASSI U SPSASSY

(SPSASSTU SPASTU SPASTU SPSASSI

= (SPSASSTU SPASI).

1NN N

Therefore, in all these cases (S?SASS? U SPASY is an ordered (p, ¢)-lateral ideal of S.

(2) Let M = (JH47" AP U (SPSASSIUSPASY)] and , y, 2 € M. Clearly, A C M. Now we have
following two cases.

Case 1: 7, y, z € (7" A7]. Then there exists a, b, ¢ € ((J'"7" A?) such that z < a, y < b and
2 < ¢ It implies xyz < abc and abe € A™. If m < p + q — 1, we have abc € ((J/277" A?) and
then zyz € (U4 A7 . If m > p + g — 1, then abc € (SPSASSI U SPASY). Tt implies zyz €
(SPSASSTU SPASY).

Case2: z,y, z € (SPSASSTU SPASY. Tt is easy to show that zyz € (SPSASS?U SPASY).
Therefore, (| J57~" AP U (SPSASS? U SPASY) is an ordered ternary subsemigroup of S.

Using part (1), it is easy to verify that ((J/77"' A U (SPSASSY U S?AS is an ordered (p, ¢)-
lateral ideal of S.

Finally, it remains to prove that M is the smallest ordered (p, ¢)-lateral ideal of S containing A.
For this, suppose that M is an ordered (p, ¢)-lateral ideal of S containing A. Then,

(Up+q—1 AU (SPSASSTU SPASY)]
(Up+q 1Mz U (SPSM;SSTU SPM,S9)]
C My UM,
C M.
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Hence, (/777! A" U (SPSASSY U SPASY)] is the smallest ordered (p, ¢)-lateral ideal of S con-
taining A. n

Furthermore, for any a € S, M(a)= ((S?SaSS?USPaS?) U{a,a?, ...aPT4~1}] (skip a’, if 7 is even).

Theorem 3.8.

Let A and B be two ordered ternary subsemigroups of an ordered ternary semigroup S such that
A C Band B? = B.If Ais an ordered (p, ¢)-lateral ideal of S. Then, A will be an ordered lateral
ideal of B.

Proof:

Suppose A and B are two ordered ternary subsemigroups of S such that A C B and B® = B. If A
is an ordered (p, ¢)-lateral ideal of S, then SPSASS? U SPAS? C A and (A] = A. Now we have
BAB U BBABB = BAB* U B3 BABB? or B3AB U B*BABB?. Proceeding in this way, we
get BABU BBABB = BPAB?U BPBABBY. Now,

BABUBBABB = B?PAB?U BPBABB?
C SPASTU SPSASST
C A

This shows that A is an ordered lateral ideal of B. n

Definition 3.9.

An ordered ternary semigroup S is total if any element of S can be written as the product of three
elements of S, that is, S® = S.

Corollary 3.10.

If S is a total ordered ternary semigroup, then every ordered (p, ¢)-lateral ideal of S will be an
ordered lateral ideal of S

Corollary 3.11.

Let S be an ordered ternary semigroup. If an ordered (p, ¢)-lateral ideal I of S is idempotent, then
I will be an ordered lateral ideal of S.

Definition 3.12.

An ordered (p, q)-lateral ideal of an ordered ternary semigroup S is called minimal ordered (p, ¢)-
lateral ideal of S if it does not properly contain any ordered (p, ¢)-lateral ideal of S.

Definition 3.13.

An ordered (p, ¢)-lateral ideal of an ordered ternary semigroup S is called maximal ordered (p, q)-
lateral ideal of S if it is not contained in any other proper ordered (p, ¢)-lateral ideal of S.
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Definition 3.14.

Let S be an ordered ternary semigroup. Then, S is called an (p, ¢)-lateral simple if S is a unique
ordered (p, ¢)-lateral ideal of S.

Example 3.15.

Consider an ordered ternary semigroup S as given in Example 2.8. Then, S is an (p, ¢)-lateral
simple ordered ternary semigroup.

Theorem 3.16.

Let S be an ordered ternary semigroup. Then, an ordered (p, ¢)-lateral ideal M is minimal if and
only if (SPaS?U SPSaSS = M forall a € M.

Proof:

Suppose an ordered (p, ¢)-lateral ideal M is minimal. Let a € M. Then, (S?SaSS? U SPaS? C
(SPSMSS?TU SPM S C (M] € M. By Lemma 3.7, we have (SPSaSS9U SPaS7 is an ordered
(p, q)-lateral ideal of S. As M is minimal ordered (p, ¢)-lateral ideal of .S, therefore, (S?Sa.SS? U
SPaS? =M.

Conversely, suppose that (SPSaSSY U SPaS9 = M for all a € M. Let M be any ordered
(p, q)-lateral ideal of S contained in M. Let m € M. Then m € M. By assumption, we have
(SPSmS ST U SPmSY = M for all m € M. Now, M = (SPSmSS? U SPmS9] C (SPSM'SS? U
SPM' S C M'. This implies M C M. Thus, M= M. Hence, M is minimal ordered (p, q)-lateral
ideal of S. -

Theorem 3.17.

Let S be an ordered ternary semigroup. Then, S is an (p, ¢)-lateral simple if and only if (S?a.S? U
SPSaSS9 = Sforalla € S.

Proof:

Assume that S is an (p, ¢)-lateral simple ordered ternary semigroup. We have that S is a minimal
ordered (p, ¢)-lateral ideal of S. By Theorem 3.16, (S?aS? U S?SaSS%) = S forall a € S.

Conversely, suppose that (S?aS?U SPSaSS = S for all a € S. By Theorem 3.16, S is a minimal
ordered (p, ¢)-lateral ideal of .S, and therefore S is an (p, ¢)-lateral simple. n

Definition 3.18.

Let S be an ordered ternary semigroup. An element a which satisfy the condition (SPaS? U
SPS5aS S = S is called an (p, q)-lateral simple element.

Theorem 3.19.

Let M be the set of all (p, ¢)-lateral simple elements of an ordered ternary semigroup S. If S\ M
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is non-empty, then S \ M is the maximal ordered (p, ¢)-lateral ideal of S.

Proof:

Let S\ M = M’ such that M # (). We have to show that M  is a maximal ordered (p, q)-lateral
ideal of S. On the contrary, suppose that M  is not an ordered (p, ¢)-lateral ideal of S. Then,
there exists m € M, s; € SP and s, € S? such that s;ms, ¢ M. It implies s;msy, € M and so
(SP(s1ms2) ST U SPS(s1msg) S8 = S.

Now
S = (SP(s1ms2)S9U SPS(s1ms2)S S
(SPSPmS157 U SPSSPmS1S S|

C
C (SPmST U SPSmSS9.

This shows that m € M, which is a contradiction. Thus, syms, € M.

Let m € M and s € S such that s < m. If s € M, then S = (SPsS9 U SPSs559] C (SPmS? U
SPSmS S and so m € M, which is a contradiction and hence s € M ". Therefore, M is an ordered
(p, q)-lateral ideal of S.

Now let M" be any ordered (p, ¢)-lateral ideal of S such that M is properly contained in M. Then,
there exists m € M~ \ M’ such that (S?PmS? U SPSmSS9] = S, so S = (SPmS? U SPSmSSY C
M" . Therefore, M = S and hence, M is a maximal ordered (p, q)-lateral ideal of S. n

Lemma 3.20.

If M(y,q) is an ordered (p, ¢)-lateral ideal of S and B is an ordered ternary subsemigroup of S and
if B is an ordered (p, ¢)-lateral simple such that B N M, 4 # 0, then B C M, .

Proof:

Suppose that B is an ordered (p, ¢)-lateral simple such that B N M, # 0. Leta € B N M, ).
By Lemma 3.7, we have (BPaB? U B’ BaBBY] N B is an ordered (p, ¢)-lateral ideal of B. This
implies that (B?aBYUBPBaBBYNB = B.Hence, B C (B?aBU B?BaBBY| C (BP M, 4 BIU
BPBM, BB € Mip,q), 50 B € Mp). L

Theorem 3.21.

Let S be an ordered ternary semigroup. If an ordered (p, ¢)-lateral ideal M, 4 of S is an ordered
(p, q)-lateral simple ordered ternary semigroup, then M, ;) is a minimal ordered (p, ¢)-lateral ideal
of S.

Proof:

Suppose that M, ;) is an ordered (p, ¢)-lateral simple. Let A, ;) be an ordered (p, q)-lateral ideal
of S such that A, o) € M,q). Then, A¢, oy N M, 4 # 0. Hence, from Lemma 3.20, we have M, ;)
C A(p.q)- Therefore A, 4y = M, q), 50 M, ) is a minimal ordered (p, ¢)-lateral ideal of S.



AAM: Intern. J., Vol. 14, Issue 2 (December 2019) 1167

Alternative method. Let )/, ;) be an ordered (p, ¢)-lateral simple. By Theorem 3.17, we have

(Mg) q)aM(qp oY M(I; o Mp.gaM, q)M( o) = Mpq) for all a € M, ,). For every a € M,q), we
have M(pg) M(I;U q)aM(qp ) U M(p ) M(p q)aM(pyq)M(p q)] (SpaSq U SPSGSSq] (SPM(p,q)Sq U

SPSMp,g)SSY € Mg Then, (SPaS?USPSaSS| = M, 4 forall a € M, 4. By Theorem 3.16,
M, q) 1s minimal. ]

4. Conclusion

In this paper, we study some results and properties of ordered (p, ¢)-lateral ideals and (p, ¢)-lateral
simple ordered ternary semigroups. Based on the results of this paper some further work can be
done on (p, g)-lateral ideals and (p, ¢)-lateral hyperideals in other ternary structures like bi I'-
ternary semigroups and ternary semihypergroups.
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