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Abstract

While investigating the Exton's list of twenty one hyper-geometric functions of four variables
and the Sharma's and Parihar's list of eighty three hyper-geometric functions of four variables,
we noticed existence of new hyper-geometric series of four variables. The principal object of this
paper is to introduce new hyper-geometric series of four variables and present a natural further
step toward the mathematical integral presentation concerning these new series of four variables.
Integral representations of Euler type and Laplace type involving Appell's hyper-geometric
functions and the Horn's series of two variables, Exton's and Lauricella’s triple functions and
Sharma and Parihar hyper-geometric functions of four variables are established.
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1. Introduction

Admittedly, the first basic problem in the study of multiple Gaussian hyper-geometric series
(in n variables) involves the construction of the set of all such distinct series. There are many
papers on this subject in the literature (for example Ahmad (2013), Appell and Kampé de Fériet
(1926), Erdelyi et al. (1953), Exton (1976), Niukkanen (1983), Saran (1954), Srivastava (1985),
Srivastava and Karlsson (1985) and Srivastava and Manocha (1984)). The problems concerning
the construction of the sets of all distinct Gaussian hypergeometric series when n =4, become

more and more involved. In addition to the Lauricella series F{",..., F$" some examples of

quadruple Gaussian hypergeometric series are considered by Exton (1972), (1973) and Karlsson
(1976) studies certain 2m-dimensional series which, for m =2, would belong to the set of
Gaussian hypergeometric series when n =4. Exton (1982) introduced twenty distinct triple

hyper-geometric functions namely X. (i =1, 2, ..., 20). By the motivation of double and triple

1085


mailto:jihadalsaqqaf@gmail.com
mailto:mgbinsaad@yahoo.com
http://pvamu.edu/aam
http://pvamu.edu/aam

1086 M. Bin-Saad and J. Younis

hyper-geometric functions, Exton (1976) defined twenty one complete hyper-geometric functions
of four variables by symbols K,,K,,...,K,,;. Sharma and Parihar (1989) introduced eighty three

complete hyper-geometric F“,FV ..., FY of four variables. Each quadruple hyper-geometric
series in Exton (1976) and Sharma and Parihar (1989) is of the form

q
X @)= A(m,n, y z'u
()= ngplqo( pq)m,n,pq,

where A(m,n, p,q)is a certain sequence of complex parameters and there are twelve
parameters in each series X @) (‘eight a’s and four ¢’s ). The 1st, 2nd, 3rd and 4th parameters
in X “(.) are connected with the integers m,n, p and , respectively. Each repeated parameter
in the series X “(.) points out a term with double parameters in A(m,n, p,q). For example,
X%(a,a,,a,,a,,a,8a,a,,8) means that  A(m,n,p,q) includes the term

@)min @) piq @) in (@), (@)~ Similarly, X “(a,a,a,a,8,3,,8,,3,) points out the term
(@) aminsa (@)n(85),(@,),.., and X “(a,8,a,,8,,a,8,,8,,8,) shows the existence of the term

(&) 2m+nsp (@2) pinszq - Thus, it is possible to form various combinations of indices. There seems to

be no way of establishing independently the number of distinct Gaussian hyper-geometric series
for any given integer n >2 without stating explicitly all such series. Thus, in every situation
with n =4, one ought to begin by actually constructing the set just as in the case n =3 (see
Srivastava and Karlsson (1985)). Motivated by this fact the fact that only a comparatively small
number of quadruple Gaussian hyper-geometric series have appeared in the literature Bin-Saad
and Younis (2018a), (2018b) and Bin-Saad et al. (2018a), (2018b) introduced a number of new
quadruple series together with their basic properties.

2. New quadruple series and their integral representations

By using the conventions and notations above, we introduce the following five new quadruple
hypergeometric series:

X ¥(a,,a,8,,8,,8,,8,,8,,8,;C,,C,,C,,C,;X, Y ,Z,U)

$ onina @a(@)y@us X"y 200" "

_m,n,p, =0 (Cl)m+r|+p(C2)q m' nl p q' ,

X 7 (a8,,8,,8,8,8,,8,,8,iC,,€1,C1,C4iX Y 1 Z,U)
_ > (a1)2m+n+q (aZ)n(a3)p(a4)p+q ﬂy_nﬂﬁ
m,n;qzo (Cl)n+p (Cz)m(c3)q m! n! p' q ! ' (2)

X §(8,2,8,,8,,8,,8,,85,8,iC;,C;,C,,C4;X, Y ,Z ,U)
& (a1)2m+n+p+q (az)n (as)p (a4 )q ﬂﬁiﬂ

>

misao  Comin(€2)p(C3), m!nlptql’

©)
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X 3 (2,8,,85,8,,8,,8,,85,85;C;,C5,C;,C1 X, Y ,Z ,U)
2 (8o (B0 (80), (80)q (35), (3), x™ y" 2P u®

2y (CYRMHCI mtnt plql’ @
X ¥(a,,a,,a,,8,,a,,8,,8;,8,C,C,C,C;X,Y,Z,U)
_ i (a1)2m+n (aZ)n (aS)p (a4)q (aS)P (as)q ﬂy_nﬂﬁ ) (5)

m,n,p,q=0 (C)m+n+p+q m! n! pl q'
where the numerator and the denominator parameters are separated via a semicolon.

This paper is devoted to obtain several integral representations for these new quadruple functions
defined above. In subsection 2.1, we present five integral representations of Euler-type for each

series Xi(“) (i=26, 27, 28, 29, 30) in terms of Appell's functions of two variables F, and F;, the
Horn's functions H, and H, of two variables, the Gaussian hyper-geometric function , F,, the
Exton's triple series X,, X5, X4, X5, Xy, X7, Xig, Xy @nd X,, (see Exton (1982)), the

Lauricella's triple series F.®',F, and Fy, and the quadruple series FY, F¥, FY¥, X and

FC("). In the subsection 2.2, Laplace-type integrals are obtained for each series Xi(4) (i = 26, 27,
28, 29, 30).

2.1. Integral Representations of Euler-Type

We recall Gaussian hyper-geometric function,F, defined by (see Srivastava and Karlsson
(1985))

;R (ab ;c;x):g %% (Ix|<1).

Appell's hypergeometric functions F, and F, of two variables and the Horn's series H, and H,
of two variables are given by

Fab cio e y)= 3 RO (),

F.(ab,c,d e ;x,y)=mz:;0(a)’" (lze);(C)m (@), ;—mli—nl ( max { [x |, |y }<1),

m,n=0 (C)m+n m IF' 2 4
and

H4(a,b .c.d ;le): i (a)2m+n(b)n x™y"

2 e @y e (Kl<nlyl<s, ar=(s-1y%),

Respectively, (see Srivastava and Karlsson (1985)). Exton's triple functions x ,, X;, Xg,
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Xg, Xigr X7, X 51 X, @and X,y (see Exton (1982)) are defined as follows:

and

Z (a)2m+2n+ (b) x™ yn zP
X,(ab;c,d,e;x,y,z)= Womiznp®Ip Xy 2
’ m,;pzo(c)m(d)n(e)pm!n!p!

k) b m n p
X,@,b;c,d;x,y,z)= Z Mx_y_z_,
m,n, p=0 (C)mm(d)p m!n!p!

= (a)2m+n+ (b)n(c) Xm y" Zp
Xs(a,b,c;d, e;x,y,z2)= > d P ,
: m,n, p=0 (d)mm(e)p m!n!p!

. . < (a)2m+n+p(b)n(c)p Xm yn Zp
X@boeid e foay.0= 2 g @), minipl

> 8)am b na+pC myhzP
Xg@b,cid, ex,y,z)= Y @m0 ©)s ( )px_y_z_

m,n,p=0 (d)m+p(e)n m!n!p!’

© a Cc m n,p
X17(a,b,c;d,e,f ;X,y,Z)Z z ()2m+n(b)n+p( )pX_Iy_Z_
n

m,n,p=0 (d)m (e)n(f )p

2 ()., (0), (), (d), x" y" 2°
X ,b, ’d, XY, — m+n n p piii,
s@.b,c.d;ex,y,2) ,%‘Lo O TNt

> (a)2m+n (b)n C d mynhop

Xp@b,c,d;e,f;x,y,z)= i (a)zm*”(b)”(c)"(d)i’ﬁy_nﬁl

m.n,p=0 (e)m+p(f )n mlin! p'

Lauricella’s triple functions Fé3)1 F. and F; (see Saran (1954)) are given by

and

Fa¥(a,, a,,8,,b,b,,by00x,y,2) = Y

> (ai) m (az) n(aa)p (bl)m (bz)n (bs)p ﬂ y " ﬁ

m,n,p=0 (C)m+n+p mlin! pl

» (a b) . (c d moyn o
F.(a,b,ac,cd;ef fx,y,z)= > @0y )0 (), x" y 27

m p=0 €)n)a., min!p!

d b d mon oo p
F.(ab,ac,d,cief f;x,y,z)= > @) . p®) 0 (C)np(d), x |y|Z|
m,n,p=0 (e)m(f)nﬂ, minip:!

Sharma and Parihar hyper-geometric functions of four variables F\¥, F%and F"are as follows
(see Sharma and Parihar (1989)):
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Fi9(a,2,,2,,8,,0,b,,b,,0,:¢,,C,,¢,,C,iX, Y, U)

_ i (afl)m+n (az)p+q (bl)m.m (bz)p (bB)q ﬂy_n££
m.n.p.q=0 (Cl)m+p(C2)n+q minlplg I

F5(34)(ai‘al'aZ'a'o"bl'bl’bZ'bs;Cszvcvcz;X:ynz u)
N (ai)m*'” (az)l’ (as)q (bl)m+n (bz)p (b3)q ﬂy_nﬂﬂ,
m.n.p.g=0 (C1)m+p(02)n+q mintplqg!

and

F(a,a,,8,,8,,b,,b,,b,,b.:¢,,€,,C,,CiX, Y ,Z ,U)
_ i (al)m+n (az)p (aG)q (bl)m+n(b2)p (b3)q Xm y" z P Uq
m,n,p,g=0

(Cl)m+p+q(cz)n mnl plql

Lauricella hyper-geometric function of four variables Fé“) is recalled (see Srivastava and
Karlsson (1985)) :

S a b NURVUP LT
F(;(4)(a,b;01,02,03,04;X,y,Z,U)= z ( )m+n+p+q( )m+n+p+q y

nisas (), (), (Cs)p (04)q mintplq!’

where

(\/;-i- y+\/2+\/a<1).

Now, by means of the Gauss hyper-geometric function , F,, Appell hyper-geometric functions
F, and F,, Horn’s functions H, and H, of two variables, Exton's triple series X ,, X,, X, X,

, Xygr Xy Xy Xy and X,,, Lauricella's triple series F{®',F, and F,, and quadruple series
FO RY, EY, x¥ and Fé4), we investigate some further integral representations of Euler-
type for X, (i =26, 27, 28, 29, 30) as follows:

I'(c °0 L\ _g\Gal
><ég"(ai,al,as,al,f:y,az,614,614:01,<:1,cl,cz;x,y,z,u)=r(a)r(ﬁxj0 (e) (1-e)
1

(6)
<X 7 (al’ 8, 8,,8,8,8,,8,8,,¢C,-a,a,8,C,, X (1_e"’) yerzend )d ”
(Re(a) >0, Re(c,—a)>0);
4 4T (a, + r a,+a,
X5 (8,2,,8,,8,,8,8,,8,,8,C1,C;,C,Ci X, Y Z,U) = F(aigafl(aag))F(gs)F(a))
V4 T 1 ! ; 1
XJ.OEJ-OE (SInZa)afE (Cosza>a37§ (SInZ ﬂ)a27§ (COSZ ﬂ)a‘ri (7)

x X 3(a1+a13,a2 +a,;¢,,C,; X sin*a, y sin® & sin® B +2 cos’ a cos® B, u sin® & cos® ﬂ)dadﬂ,
(Re(a)>0,i =1,2,3,4);

where X, is Exton function of three variables;
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(4) . . r
X 26 (al’al'aG'al’al’aZ’aA’a4'cl'cl’cl’02’X Y.z ,U) =

(a,)T(c,—a,) (S -R)*™"
<[ (a=R)" (S —af ™ (a-T ™ [(s -R) (a-T )~(S =T ) (@-R)y "
XX 15 (8,,8,,84;C,, Co5 AX, AU, A2 )da,
o SRRTIE o) eT) (S-R)(a-T) (8)
[(S-R)(a-T)~(s-T)(a-R)y] = [(S-R)(@-T)-(5-T)(a-R)y]’

. (R-T)(S -a) J
[(S-R)(a-T)-(s-T)(a-R)y]

(Re(a,)>0, Re(c,—a,)>0,T <R <S);
where X, is Exton function of three variables;

r'(c,)(1+M)*
I'(a,)I(c,-a,)
<[ @ (1-a)™" (14 M) [(1+M a)-(1+M )au "

X 2(a,,8,,8,,8,8,8,,8,,8,1C;,C;,C;,C,5X, Y ,Z,U) =

XX18(31132133’1+34_C2;C1;(Ai)zx’A‘iy’ﬂzz)da 9)
_ (1+Ma) =_(1+M)a
{Aﬁ [(1+Ma)—(l+M)au]J? (1-a) J

(Re(a,)>0,Re(c,-a,)>0,M >-1);
where X . isExton function of three variables;
r)
I'(a;)T(a) T (c, -2, ~a)
XJ‘: I: c(r—.\\rl (1_a)c1*32*1 ﬂarl (1_ﬂ)c1’32*33*1 (1_a y )*31 [1—(1—0.’) ﬁ 7 ]—a4

(1-a)(1-8)x u
(1—ay)2 ’(1—ay)|:1_(1_a)ﬂz:|jdadﬂ'

(Re(a,)>0, Re(a,) >0, Re(c, -a,) >0, Re(c, —a, —a,) > 0),

X ég)(ailaivas'aivaivaz’a4!a4;C1’C11C1-Cz;Xvy 'z ,U) =

(10)

><H4 a,,a,,C, —a, —a;,C,;

where H, isExton function of two variables;

I'(a+a,+a,+a,)T(c,)
a)I'(a,) I ()0 (a,) T (a)r(c,~a)
L @) oot 1) i) g g

XFC(A)(ai+a2+a3+a4 aiJrazJ“aﬁa“ﬂ;cz,a,cl—a,c3;ﬂjx ALY Az ,ﬂyjdadﬂdydg’,

X $(a,a,,84,8,,,8,,8,,3,,C,,C,,C;,C5 X, Y ,Z,U) = o

(11)

2 ' 2
(h=4a’B 7 A =4a By (1-a), =4y (1-B)(1-7)(1-¢), Ay =4a By (1-7)),
(Re(a)>0(i=1234),Re(a)>0,Re(c,—a)>0),

where F* isLauricella function of four variables;
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I'(a,+a,)I(a, +
XSkaﬁp%ﬁy%ﬁpm34%£DQ£gXJ,Lu):F@S?(a?résrzf)
2 4

ﬂa21
N TR

2
xxz(a1+a4,a2+a3;cz,c3,c; @ X et apy + 2 Jdad/},

Y (+a) (ra) (+a)(1+8) (L+a)(1+p)
(Re(a,;)>0,i =1,2,3,4),

where X, is Exton function of three variables;

@ CT(e)(S-T)*(R-T)*™
X,/ (a,a,8,,a,8,8,,8,,8,;C,,C;,C;,CqiX, Y ,Z ,U) = F(az)l"(cl az)( )Crarl
A, (@R (s —af ™ (@-T ) [(8 -R)(a-T)~(s T)(a-R)y]"
xX 17(8,,84,85; €, C3,C, — 855 AX, AU, A7 )da,.
. (S-R) (a-TY - (S-R)(a-T) |
[(S-R)(a=T)=(s-T)(a=R)y ] [(S-R)(a-T)-(S-T)(a-R)y]
(R-T)(S-a)

PR TG T @R)y])

(Re(a,)>0, Re(c,~a,)>0,T <R <S);

I'(c,)

X z(?)(awayae'aivai'az!a4la4;C2101'C1’c3;X Y,2,u) =m
4 3 T4

x J': (e )a" (1-e )Ca_a"_1 (1-ue™ )_al

xX 19| 81,8,,85,1+8, —C4;C,,Cy; (l_uxea)z ' (1_{1 e_a) 1 (lz_ee—a)Jda’

(Re(a,)>0,Re(c,—a,)>0);

where X 19 isExton function of three variables;

2T(c,)M*
I(a)T(c,-a)

l+a-2c,

X ¥(a,a,,a,8,8,8,,8,,8,,C,,C;,C;,CoiX, Y ,Z,U) =

V.4 1 1
= . a—— Co—a—— .
x_[z (smzoz)1 2 (cosza)z "2 (cosza+M S|n2a)
0
. . c,—a;—1
x[(cosza+M SInZa)+M 2% smzatanza]z '
xF, (1+8,—C,,a,,1+a,—C,,8,,8,,8,;C;,C,,C;; AU, 2,4y )da

M (cosza+ M sinza) tan’ o
A=-

[(COSZaJrM sinza)+M 2x sinzatanza]

(Re(a,)>0,Re(c,—-2a,)>0,M >0);

1091

(12)

(13)

(14)

(15)
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where F, is Saran function of three variables;

r'(c,)(S-T)*(R-T)"™
[(a) (e, —a) (S -R)™™"
<[, (a=R)* (S —a)f ™ (a=T ) [(s -R) (a~T )~(S -T ) (a-R)z ] "
Xs(a,8,,8,;C,,Cy; AX, A4y, AU )da,

(S -R) (a-T) (S -R)(a-T) ] (16)
[(5-R)(@-T)~(s-T)(a-R)z] " [(S-R)(a-T)=(s-T)(a-R)z])

(Re(a,)>0, Re(c,—3,)>0,T <R <S),

X ) (@,a,8,,8,8,,8,,3,,8,C;,C;,C,,C5i X, Y, Z ,U) =

a-—

A=

2!/12:

where X, isExton function of three variables;

2T(c,)(1+M
X §5 (2,8, 8,8, 8,8, 85,8,1C;,C1,C,,C5X , Y ,Z,U) = F(ii)((c _a))
2

xj'f (sinza)ar% (cosza)craz% (1+M sin?a)"™
><|:(1+|V| sin‘a)-(1+M )y sinza]_al
xX g(a,,85,8,;C,—a,,C,,Cq; AX, 4,2, AU )da
(1+M sin® o) cos’ & (1+M sin® )
_[(1+|v| sin‘a)~(L+M )y sina | e [(1+M sin®a)-(1+M )y sin’a] |

(Re(a,)>0,Re(c,-a,)>0,M >-1);

(17)

where X, is Saran function of three variables;

X 9(80,2,,2,,80,8,, 8, 20,8,10,,0,.C, C5iX, Y 2 U) = )T )

<[l @t (LM a) 7 [(1-a) (LM a)+ (1M Y aix [
x[(1+Ma)-(1+M )ay |~
xF, (1+a1 —-C;,8,,8,,C,,C;; A2, AU )d o

(1+M)(1+Ma)a
(=) (1M a) (1M Yo' || .
(Re(a,)>0,Re(c,~a,)>0,M >-1);

A=-

where F, is Appell function of two variables;
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X 3(ay,8,,8,,8,,8,,8,,8;,8,;C;,C;,C,,C4: X, Y ,Z ,U)
_ T'(c,)r(c,)
F(ag)l“(a )F(Cz —aa)l"(c3—a4)

<[] (e J e ) (1) 1z e —ue )

v X y
XH3 a,,a,,Cy; (1_2 o _ue*ﬂ)Z,(l—Z oa —ue_ﬂ) dadﬁ,

(Re(a,)>0,Re(a,) >0, Re(c, —a,) >0, Re(c,-a,) > 0);

(19)

where H, is Horn function of two variables;

X 35 (@,a,8,8,,8,,8,,8;,8,1€1,C1,C,,C4X, Y ,Z,U)
_ () (c,) I (cs)
I'(a,)I(a;)T(a,) (¢, ;) T(c,—a;) T(cs—a,)
e ™ 2 @ ) ey - p2pu) (20)
oF |t . 40-a)x _ldadpdy,
22 (I—ay-Bz-yu)
(Re(a,)>0(i =2,3,4)>0,Re(c, —a,) >0, Re(c,—a,) >0, Re(c, —-a,) > 0);

I'(a +a 2,
Xés"(al,alyag,awaq,az,aS,ae;cl.cz,cllcl;x,y,z,u)—r(a(jr(az))XJ: a*t(l-a)" (21)

185,86,C,,C,,C,,Cida’X da(l-a)y ,z ,u)da

XF7<34)(a1;az ’ aﬂ;az’a@a‘“aﬁ;ﬁl,aﬁ:ﬁl
(Re(a,)>0, Re(a,)>0);

where F4 is function of four variables;
21 ()
I'(a,)I'(c,—a,)

X 55 (8,2,,85,8,,8,,8,,85,85:C;,C,,C1,C1; X, Y ,Z,U) =

V4 1 1
z . a,-= ¢—a,—= . B
xjoz (smza)“ 2 (coszoz)1 ‘2 (1—u smza) %
. . 2 2
xX 20(al,az,ag,a5 ;C,—a,,C,; X C0S’a, Yy ,Z COS a)da,

(Re(a,)>0,Re(c,-a,)>0);

(22)
3 a,,8,8,,85,84,C;,C,,C,,C5X,Y,Z,U) = T(c,)(S T)aZ(R T )2
X 2 (alial’aS’ 4,8,,8,,85,85,C,,C,,C1,C, X, Y, 2, ) 1"( )F(CZ az)(s R)cz_al
f] (R~ (@ T P (S -R) (@ T ) (s T)(a-R)y ]
(23)

XF;S)[%,%aA,alTﬂ,as,aﬁ;cl; /lx,z,u]da,

{l: 45 -R) (@-T ¥ }
[(S-R)(a-T)=(S-T)(a=R)y]

(Re(a,)>0, Re(c,~a,)>0,T <R <S);
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(a,+a,) (8, +2,) I (a;+a,)
(4) . . — 2 4
X 29 (81,8,85,8,,,,8,,85,3:C;,C5,C1,Ci X, Y, Z,U) F(al)F(az)r(a3)l"(a4)r(a5)1"(a6)

LT ) e e e )

F (31;372 ’a3+a4’a1+27a2 1481-&-22+1’a5+a6’a1+32+1;02’cllcl; AY s Al + 2, AX jdadﬂd%

(n=4e(1-e), 4= "), 4 =(1-¢ ") (1-€7), 4, =4e ™),
(Re(a,)>0,i =1,2,34,5,6);

(24)

X 3 (@y,8,,85,8,,8,,8,,85,84;C;,C,,C;,C; X, Y ,Z,U)
_ T(c)T(c,)
I'(a,)T(a)(a)T(c,~a,) I'(c,—a —a)

X ” ' ﬁas ' 7/ae !
Jo Io Jo (1_'_0!)02*61 (l+ﬁ)cl—a3—a4 (1+}/)c1,ara5
((1+a)-ay [*[@+B)-Bz | “[1+B)1+y)-yu]™

a a+l, ) 4(1+a)’ x
x,F| 2,8 "¢, —a, —a,; > |dadBdy,
22 1+8)(1+7)[(1+a)-ay |

(Re(a)>0(i =2,5,6), Re(c,—a;) >0, Re(c, -a,) >0, Re(c, -8, —a,) > 0);

(25)

. _ _ B 8T (a,+a,)I'(a;+a,)I(c)
X3(°)‘aﬂ’a“as’a“’a“a”aﬁ’ae’°'c"’“’”'“)‘r<a1>r(a»r@)r(a»r(a)r(e—a)

(o o e o
xﬁ?[—a”azv—a”az NENTENTNTI (26)

,a, +4,,8; +a,, ,
5 P e e T 5

ac-aac—-aAx A4y 4z ,A4u) dadpdy,
(21:4sin4asin2;/ A, =sin*2a cos’ y, A, =sin’ Bsin’y, 4, =cos’ B cos’ y )
(Re(a)>0(i =1,2,3,4),Re(a)>0,Re(c —a)>0);

) : : _ C(a+3,)r(c)
X0 (81,81,85,8,,8,8,,85,85;C,C,C,C;X, Y, Z,U) = (@) (&) (a)T(c—a)
-[ J‘ aal 1 0! aZ a 1(1 ﬂ)c —a-1

><F5(34)[@,%,a3,a4,31+:2+1,a1+22+1,a5,a6;a,c—a,a,c —a; AX ALY A2 ,@ujdad/} 27)

(h=4aB, 1=4a(1-a)(1-f), 4=f, 4 =(1-F)),
(Re(a,)>0,Re(a,)>0,Re(a)>0,Re(c —a)>0);

X ¥(a,a,a,,8,,8,8,,8,3,C,C,C,C;X,Yy,Z,U) =

xj‘:aa“fl (L-a) ™" (1+Ma)* " [(1+Ma)-(14+M )au " (28)

xX (8, 8,,85,85;C —a,; AX, Ay, Az )d a, [i =

(Re(a,)>0,Re(c-a,)>0,M >-1);
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[(a,+a,+a,+a;)
I'(a,)T(a,) T (a;) (as)

FLL e e e ) e ) e e )

XI:3(a1+a2+a3+a5 a, a1+az+a3+a5+1’a6;c;ﬂlx 2y +ﬂaz,ujdadﬂd}/ (29)

X 33 (@y,8,,85,8,,8,,8,,85,85iC,C,C,C;X, Y ,Z ,U) =

2 Y 2
(ﬂl 4¢P 7, =40 ) (1-e7), 4y = de” (1—e’ﬁ)(l—e”)),
(Re(a)>0,i =1,2,35);

) : . _ r(c)
X 9(a,a,,8,,8,,8,,a,,8,38,,C,C,C,C;X,Y,Z,U) = S EATYCR Iy
ot es" -1 C—ag—ag-1
.[ J- 1+a)c EEyry (1’8/3)0 - [1+a Z] [1+a 1+ﬂ au] (30)
a X apy
[%a'c % ﬂ+a)ﬂ+ﬂ)'@+a)@+ﬁJdadﬂ’

(Re(a;) >0, Re(a;) >0, Re(c —a;) >0, Re(c —a;—a;) > 0).

Proof of formulas (6) to (30) :

Once substituting the series definition of the special function in each integrand and then,
changing the order of integral and summation, and finally taking into account the following
integral representations of Beta function and their various associated Eulerian integrals (see, e.g.,
Erdélyi et al. (1953), Srivastava and Choi (2001), (2012) and Srivastava and Manocha (1984)),
we derive each of integral representations from (6) to (30).

"t (1ot dt (Re(a)>0,Re(b)>0),
B(a,b)= I¥;£$) (abeChz;), (31)
- Jj o’ (1—a)b_1da = I: (e’“ )a(l—e’“ )bild a,

(Re(a)>0,Re(b)>0), (32)
B (a, b):2.|'0E (sina)™ (cosa)” " da =£ (lfwda, (33)
(Re(a)>0,Re(b)>0),

8 (ab)= "1 b? - a)lme<R<s)

) ( _ a+b -1 : —T a+h
—(1+M ) Jj M—‘“Lda, (34)

(1+Ma)
(M >-1),(Re(a)>0,Re(b)>0).
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2.2. Integrals of Laplace-Type

We present integral representations of Laplace transform type for X, X{, X X&' X&)
The Laplace integral representations of these quadruple series are given as follows:

XW@%%%%%@ﬁ%MMSXYLW

1_,( J‘ J‘ —(s+t) 1—1 t a,-1

@ (az,ag,cl,sy 12,5 ) oFy(=icystu ) ds dt (35)
(Re(a1)>0, Re(a4)>0);

Xﬁ@%%%%%@@@&&&ﬂdlm
J’ J‘ —(s+t) 31—1tar1
(azagc sytz) F(=ic8%)
onl(—; C,; Stu ) ds dt, (36)
(Re(a1)>0, Re(a4)>0);

X 5 (81,8,,8,,8,8,,8,,85,8,16,,C,,C5.Ca1X Y ,Z,U)
1 -5 ca-l 2
=—= U x Dy (@,;Cp; Y, F(&:C,552 ),
) joe s%7 x @y (ay;¢,38y,5% ) x,Fy (356,552 ) 37)

x,Fy(a,;cy;su)ds, (Re(a)>0);

Xz‘;”(alajasa 181,2,,36,86,C,,C, ,C, G 3X LY, Z ,U)
“T(a)T(a)T(a,) III ) gat gyt
@) (as a; G5tz vu,37x ) x ,F; (a,:¢,; sy )ds dt dv, (38)
(Re(a,)>0,Re(a,)>0,Re(a,)>0);

X%@%%m%aaaCCCVszm

=r J’J‘J‘ ~(s+t4v) al—ltaﬁ—lvae—l

chg (az,a3,a4,c,sy,tz vu,s’x ) ds dt dv,
(Re(a,)>0, Re(a;) >0, Re(a,) >0);

(39)

where F, |F, ©,, O, cD and cD are the confluent hyper-geometric functions defined,
respectively, by

OFl(_;C ;X)=§ﬁ):n_m!’
Flaiein) -3 e X

3

Il

=}
—_

o
~
3

3
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and

© m n o a
CD(34)(a,b,d;C;X,y,z): Z Mx_y 2’ u’
m.n,p.g=0 (C)m+n+p+q m!n! p'q'

Proof of formulas (35) to (39) :

It is noted that each of the integral representations (35) to (39) can be proved mainly by
expressing the series definition of the involved special functions in each integrand and changing
the order of the integral sign and the summation, and finally using the following well-known
integral formula (see Erdélyi et al. (1953)).

3. Conclusion

We have considered the problem of introducing new hyper-geometric series of four variables and
the establishing of integral representations of Euler and Laplace types for these new series. The
study of hyper-geometric series of four variables for applications as well as for its connections
with various other hyper-geometric series is an interesting problem for further research. We
conclude this investigation by remarking that the schema suggested in the derivation of the
results in this work can be applied to find other new hyper-geometric series of four variables and
study their properties integral representations, generating functions, operational relations,
expansions and so on, and discuss the link with various hyper-geometric series.
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