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Abstract

In this paper, the concepts of fuzzy semi-S-irresolute open map, fuzzy semi-S-irresolute closed map
and fuzzy semi-S-irresolute homeomorphism to the fuzzy topological spaces in Sostak’s sense are
introduced and studied. Some of their characteristic properties are considered. Also a comparison
between these new types of functions are established by giving examples.
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1. Introduction

After the introduction of fuzzy sets by Zadeh (1965), Chang (1968) was the one who initiated
the idea of a fuzzy topology in a set X, in which a collection, T',of open sets of fuzzy subsets of
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X. He also defined new type of fuzzy topology. In Chattopadhyay (1993) and Hazra et al (1992),
the authors defined the idea of gradation of openness of fuzzy subsets of X. They also used the
concept of fuzzy topology in the sense of Chang. Hohle, in 1980, the basic idea of topology is
itself fuzzy. As in 1985 by the customized work of Kubiak (1985) and Sostak (1985) in Lattice
L = I was initiated in 1995 by Héhle and Sostak and further by Kubiak and Sostak in 1997, in
that topology was used to explain the two membership latices namely LX to M, where L and M
are appropriate lattices. With all the basic ideas of topologies the basic lattices are fixed in (Kubiak
(1985); Sostak (1985)) and another significant generalizations of lattices L varies from space to
space (Hohle and Sostak (1999)) is also represented. Using earlier developments (Hohle (1980);
Hohle and Sostak (1995); Hohle and Sostak (1999); Kubiak (1985); Kubiak and Sostak (1997);
Rodabaugh (1991); Sostak (1985); Sostak (1989b); Sostak (1989a); Sostak (1999)), the notion of
a fuzzy topology as a fuzzy subset of the power set is independently consider with the base work
of Hohle (1980), Kubiak (1985), and Sostak (1985). At present authors Chattopadhyay (1993),
Ramadan (1992) and Ying (1991) also worked in this concept.

2. Preliminaries

X, Y, etc., denote the non empty sets, I = [0, 1] and Iy = (0, 1]. In 1992, Ramadan gives the
definition of smooth topological spaces (in short, sts) and the operators C; : I* x I, — IX as
C:Nr)y=MNMpel* : N<pu t1—-—p >rrandl, : I xIj = [Xas [,(\ 1) =
V{p e I* - N> pu, 7(p) > r}. Kim et al (2003) discussed in a sts (X, 7), Vr € Iy. A is called
r-fuzzy strongly semiopen (respectively, r-fuzzy semiopen) (r-fsso (respectively, r-fso) for short)
iff A < L(C(I.(\,7),7), 1) (respectively, A < C;(I.(A\,7),7)). The respective compliment sets
are closed set.

The operators r-fuzzy strongly semi-interior (respectively, r-fuzzy strongly semi-closure) of A,
denoted by SSI, (A, r) (respectively, SSC, (X, r)) as SSI,(\, 7) = \V{u € I : p <
A, wis r -fsso } (respectively, SSC, (A, r) =A{p € I’ : u > X\, pisr -fssc}).

f (X, 7) — (Y, n) is fuzzy continuous (FCts for short) if n(p) < 7(f'(u)) for each y € IY.
f (X, 7) — (Y, n) is fuzzy semi continuous, (respectively, fuzzy irresolute, fuzzy strongly
semi continuous and fuzzy S-irresolute continuous) (FSCts (respectively, FI, FsSCts and FS-ICts)
for short) if f~1(u) is 7-fso (respectively, r-fso, r-fsso and r-fsso) set of X for each n(u) > r,
(respectively, yu is r-fso, n(u) > r and r-fsso) set of Y r € Iy. f : (X, 7) — (Y, n) is fuzzy
open (respectively, fuzzy closed, fuzzy irresolute semiopen and fuzzy irresolute semiclosed) (FO
(respectively, FC, FISO and FISC) for short) if 7(\) < n(f()\)) (respectively, 7(1 — \) < n(1 —
f(N\)), r-fso and r-fsc ) for each A € I* (resp. r-fso and r-fsc). f : (X, 7) — (Y, n) is fuzzy
S-irresolute open (respectively, fuzzy strongly semi-open and fuzzy strongly semi-closed) (FS-10
(resp. FsSO and FsSCC) for short) if f(u) is r-fsso (respectively, r-fsso and r-fssc) set of Y for
each r-fsso (respectively, 7(u) > r & 7(1 — p) > 1)) set r € I.
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3. Fuzzy Semi-S-irresolute Open and Fuzzy Semi-S-irresolute Closed

In the following section, we introduce the concepts of fuzzy semi-S-irresolute open, fuzzy semi-S-
irresolute closed and fuzzy semi-S-irresolute homeomorphism to the fuzzy topological spaces in
Sostak’s sense.

Definition 3.1.
Let (X, 7) and (Y, n) be fts’s and let f : X — Y be a mapping. Then f is called

(1) fuzzy semi-S-irresolute continuous (briefly, FSS-ICts) (Abbas and Azab Abd-alla (2004)) if
=) is r-fso set of X for each r-fsso set € IV, r € I.

(2) fuzzy semi-S-irresolute open (briefly, FSS-IO) if f(u) is r-fso set of Y for each r-fsso set
weIX, rel,.

(3) fuzzy semi-S-irresolute closed (briefly, FSS-IC) if f(u) is r-fsc set of Y for each r-fssc set
[IRS ]X, re ]0.

(4) fuzzy semi-S-irresolute homeomorphism (briefly, FSS-IH) if f is bijective and both of f and
f~! are FSS-ICts.

Example 3.2.
Let 41 and po be fuzzy subsets of X =Y = {a, b, ¢} defined as follows:

Then 7, 1 : IX — I defined as

~

1, if \=0orl1,
T(N)= %, if A=,
L0, otherwise,

(1, if \=0orT,
n(p)= %, if = po,
0, otherwise,

Ve

are smooth fuzzy topologies on X and Y, respectively. Then the identity function F' : X — Y is
fuzzy semi-S-irresolute continuous.

Example 3.3.
Let 11 and p5 be fuzzy subsets of X =Y = {a, b, ¢} defined as follows:
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pa(a) = 0.1, pa(b) = 0.3, pa(c) = 0.2;
Then 7, 1 : I* — I defined as
(1, if \=0orT,
1
T(N)= 3 if A = puq,
L0, otherwise,
(1, if \=0or1,
1 .
n(p)= B% if o= pio,
L0, otherwise,

are smooth fuzzy topologies on X and Y, respectively. Then the identity function /' : X — Y is
fuzzy semi-S-irresolute open.

Example 3.4.
Let 11 and p5 be fuzzy subsets of X =Y = {a, b, ¢} defined as follows:

pi(a) = 0.7, pa(b) = 0.7, p(c) = 0.7
po(a) = 0.1, pa(b) = 0.1, pe(c) =0.1;
Then 7, 1 : I* — I defined as
(1, if \=0orl1,
1
T()\)= 57 lfA == Ml,
L0, otherwise,
(1, ifA\=0orT,
1 :
n(p)= Bk if 1 = pa,
L0, otherwise,

are smooth fuzzy topologies on X and Y, respectively. Then the identity function /' : X — Y is
fuzzy semi-S-irresolute closed.

Theorem 3.5.

Let (X, 71) and (Y, 7») be fts’s and f : X — Y be a mapping. The following statements are
equivalent.
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(1) A map f is FSS-ICts.

(2) For each r-fssc u € IV, f~1(u) is r-fsc.

(3) f(I,(C., (N, 1), 7)) < SSC,(f(N),r), foreach A € I¥ and r € I.

@ L (C(fp),r),r) < fFYSSC,,(u,7), foreach p € IV and r € I.

(5) fYUSSI, (11, 7)) < Cr, (L, (f Y1), 1), 1), for each r-fsso set u € IY and r € I,.

Proof:

(1) = (2): Let y1 be r-fssc set in Y. Then 1 — y is r-fsso in Y. By (1), f~}(1 — p) is r-fso in X.
Since fY(1—p) =1— fYu), f71(1 —pu) =1— f~Y(u)is r-fso set in X. This implies that
f~Y(p) is r-fsc setin X.

(2) = (3): Suppose there exists A € I¥ and r € Iy such that f(I,(C,,(\,7),7)) %
SSC,(f(A),r). There exists y € Y and ¢ € (0,1) such that f(I,(Cr,(\,7),7))(y) > t >
SSC.L(f(N),r)(y). If f~1({y}) = ¢, itis a contradiction because f|( Tl(C’ (A, 7), 7)) (y) =0.If

“1({y}) # ¢, there exists x € f~'({y}) such that
UL (CH A ), 1)) 2 I (Cr (A, 1), ) (@) >t > SSCL(f(A),r)(f(2)) (1)

Since SSC.,(f(\), r)(f(x)) < t, there exists r-fssc 4 € IY with f(\) < pu such that
SSCL(f(N), r)(f(z)) < p(f(x)) < t. Moreover, f(\) < p implies A < f~!(u). From (2),
S () is r-fsc. Thus I (C, (A, ), r)(x) < f~H(pu)(z) = p(f(x)) < t. Itis a contradiction for
(1). Hence f(I.(C. (A, r), r) < SSCL(f(N), 7).

3) = (4): Forall u € IV, r € Iy, pt A\ = f~(u). From (3), we have f(I.(C,
(fH ), 1), 1) < SSCL(f(fH (W), 1) < SSCy, (7). It implies I (Cr, (f 7 (p), 7), 1) <
f_l([Tl(CTl(f_1<lu)7 ), ) < f_l(SSCTz<MaT))~

4 = (3): Let A\ € I¥ and r € [, By (4), we obtain I, (C,(A\r),r) <
L (Cr(fHfN)sm),m) < f7HSSCL(f(A), 7). Thus f(I, (Cr (A, 1), 1) < SSCHL(f(N), 7).

(3) = (1): Let pu be any r-fsso setof Y and r € Iy. Since f~1(1—pu) = 1— f~(u), by (3), we have

fIA(Cr(fH T = p), 1), 1) < SSCoL(ffH T —p), 1) < SSCr,(1—p, 7) = T—SSI, (1, )
< 1 — p and hence,

1= Cr (I (7 (), ), m) = I (Cr (T = (), 7))

= I, (Cr,(f (T = p),7),7)

< fUIL(CL(f (T = p),r), 7))

<fI-p

<T—f7(w).
Therefore, we obtain f~(u) < C. (I, (f~'(u),7),r) = f~1(u) is r-fso set in X. Hence the
mapping f is fuzzy semi-S-irresolute continuous. n
Theorem 3.6.

Let (X, 7) and (Y, n) be fts’sand f : X — Y be a bijective mapping. Then the map f is FSS-ICts
iff SSI,(f(N), r) < f(Cr(I-(\,7),7)), foreach A € IX and r € I.
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Proof:

(1) = (2): Let f be a FSS-ICts mapping and A € I and r € Iy. Then f~'(SSI,(f(\), 7)) is r-fso
set in X. By Theorem 3.5 and the fact that f is 1-1, we have,

FHSSL(p, 7)) < Co(L(f 7 () 7),

Let jr = f(A). Then, F1(SSI,(f(N), 1)) < Co(L(f (FN), 7),7) = Co(L(\, 7
since f is onto, we have SSI,(f(\), r) = ffHSSL,(f(N), r) < f(C-(L:(\, r),7)).

\_/

Conversely, Let ;1 be r-fsso set of Y. Then we have p = SSI,(u,r). By (2),
FCHL(fH ), r),r) = SSI(f(fH ), 7)) = SSIy(u, v) = pand Cr(L(fH(p), ), 7) =

fHHCAL(f (), 7),7)) > f~'(p). This implies C( A(fHw)sr),r) > fH(p). Thus,
() is r-fso. Thus (1). -

Theorem 3.7.

Let (X, 7) and (Y, n) be fts’s and let f : X — Y be a mapping. Then the following statements
are equivalent.

(1) f is called FSS-IO.

(2) f(SSIT()\ r)) < Cy(L,(f(N), 7),7), foreach X € I* and r € I,.

(3) SSL(f"w), r) < f~YC,(L,(1t, ), 7)), for each g € IV and r € I,.

(4) For any p € IV and any r-fssc with f~1(u) < ), there exists a 7-fsc p € IY with ;1 < p such
that f~1(p) < \.

Proof:

(1) = (2): Let f be FSS-IO. For each \ € IX, since SSI, (A, r) <
f(A). From (1), f(SSI;(\, r))isr-fso. Hence f(SSI (A, r)) < C
().

(2)= Q@):Forall u € IV, r € Iy, put A\ = f~1(u) from (2). Then, f(SSL (f~*(pn), r)) <
Co(Ly(f(f (), ), 1) < Cy(I ( r), r).
Itimplies SSI,(f~'(u), ) < f7HCy(Ly(p, 1), 7).

(3) = (4): Let X be r-fssc set of X such that f~!( A
SSL(T—X\1)=T—XSSLI-\ r)=T1—X<SSL(f I - p), 7).

1-X < SSL_(f_l(T— M)7 ’I“) < f_l(Cn(In(T_ 12 T)7T))'

It implies A\ > 1 — fYC,([,(1 — p, 7),r) = 10— C(L,(1 — p, 7),7)) X >
fH(L,(Cy(py 7),7)). Hence there exists a r-fsc u € I with p < I,(C,(u, 7),7) such that
S, (Cy(py 7),7)) < A. Thus (4) is proved.

A, we have f(SSI- (A, 7)) <
o(L,(f(N\), 7),7). Thus proved

(4) = (1): Let w be r-fsso set of X. Now, we have to prove that f(w) is r-fso set of Y. Put
p =1— f(w)and A = 1 — w such that X is r-fssc. We obtain f~!(u) = f1(1 — f(w)) =
T—fY(fw) <T—w=A= f'(u) <\ From (4), there exists a r-fsc set p with < p such
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that f~1(p) <A =1—w.Itimpliesw <1 — f~1(p) = f~1(1 — p). Thus,
< <

fl) < f(FT=p)<T-p 2)

On the other hand, since p < p,
f(w):T_MZ__pa (3)
Hence from equations (2) and (3), we get, f(w) = 1 — p. (i.e) f(w) is r-fso. n

Theorem 3.8.

Let (X, 7) and (Y, n) be fts’s and f : X — Y be a mapping. The following statements are
equivalent.

(1) f is called FSS-IC.

(2) f(SSC.(A, 1) > L(Cy(f(N), r),7), foreach A € I* and r € I,.

(3) SSC.(f~M(pn), r) > f~1({L,(Cy(p, 7),7)), foreach p € I and r € I,.

(4) Forany p € IV and r-fsso A € I with f=1(u) < ), there exists a r-fso, p € IY with u > p
such that f~1(p) > \.

Proof:

(1) = (2): Let f be fuzzy semi-S-irresolute closed. For each A € IX and r € I, since
SSC-(A, r) > A, we have f(SSC.(A, r)) > f(A). From (1), f(SSC;()\, 7)) is r-fsc. Hence
f(SSOT()‘7 T)) Z In(On(f()‘)v T)a T)'

(2)= 3):Forall y € IV, r € Iy put A = f~(p) from (2). Then,
FSSC(fH(w), 1)) = L(Cy(F(FH ), r),7) = L (Colp, 1), 7).

It implies

SSC-(f7Hw), m) = f 7 Iy (Cylps, 1), 7).

(3) = (4): Let X be r-fsso set of X such that f~*(u) > A Since T — XA > f~3(1 — p) and
SSC(1— ), )—T—)\SSC’ T—-X7r)=1-X>SSC.(f*(1—p), r). From 3), 1 — A >
SSC ([T —p), r) = fH(I,(C ( T r), r)) Itimplies A < T — f~1(1,(Cy(T — p, 1), 7))
= 11— L(C,(1T = p, 7), 7)) A < f7HC,(L,(1, 7), r)) Hence there exists a r-fso set yn € I
with o> C,(I, (1, ), 1) such that £-1(Cy((e, 1), 1) = A

(4) = (1): Let w be r-fssc set of X. Now, we have to prove that f(w) is r-fsc. Put 4 = 1— f(w) and
A = 1—w such that \ is r-fsso. We obtain f~(u) = f 11— f(w)) = 1—fH(f(w)) < 1T—-w =\
From (4), there exists a r-fso set p € IY with g > p such that f~1(p) > X\ = 1 — w. It implies

w>1-f"1(p)=f(1 - p). Thus,
fw =z (T =p)=T-p. ©
On the other hand, since p < p,
fw)y=T-p<T-p (5)
(w

Hence from (4) and (5), we have f(w) = 1 — p. (i.e)f(w) is r-fsc. =
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Theorem 3.9.

Let (X, 7) and (Y, n) be fts’s and let f : X — Y be a bijective mapping. Then the following
statements hold :

(1) fis FSS-ICiff f~(1,(Cy(u,7),7)) < SSCL(f~* (1), r), foreach u € I' and r € I.
(2) fis FSS-IC iff f if FSS-IO.

Proof:

(1) Let f be FSS-IC. From Theorem 3.8(2), for each A € [ and r € Iy, f(SSC, (A, 7)) >
L,(C,(f(N), r),r). Forall p € IV, r € Io. Put A = f~(p), since f is onto, f(f~'(u)) =
p. Thus, f(SSC(f~H (), m) > L(Cy(f(fHw), r).r) = L,(Cy(u, 7),7). It implies
SSC-(f~H (), r) = fH(SSCHfH ), 1)) = fF7HI(Cylps, 7). 7).

Conversely, put ¢ = f(). Since f is injective, [~ (L,(C,(f(N), r),7)) < SSC(f7(f(N), r) =
SSCr(A, r). Since f is onto, I, (C,,(f(A), r),7) < f(SSC-(A, 7). = fis FSS-IC.

(2) It is easily proved from :

FHIL(Cyl, 1),m)) < SSCH(f (), 1)
1 )
&1- fﬁl(C’n(In(T — Hy T),T
And f_l(cn(]nﬁ —, 7),7))
< Hence fis F.SS — 10. n

Remark 3.10.

For a mapping f : X — Y, the following statements are valid:

(1) f is fuzzy S-irresolute continuous = f is fuzzy semi-S-irresolute continuous.
(2) f is fuzzy S-irresolute open = f is fuzzy semi-S-irresolute open.

(3) fis fuzzy S-irresolute closed = f is fuzzy semi-S-irresolute closed.

(4) f is fuzzy continuous = f is fuzzy semi-S-irresolute continuous.

But the converses need not be true as shown by the following examples.

(1) In Example 3.2, F'is fuzzy semi-S-irresolute continuous but not fuzzy S-irresolute continuous
because /5 is 2-fsso in (Y, n) but f~(12) = po is not 3-fsso in (X, 7).

(2) In Example 3.3, F'is fuzzy semi-S-irresolute open but not fuzzy S-irresolute open because /i;
is -fsso in (X, 7) but f (1) = g is not 3-fsso in (Y, 7).

(3) In Example 3.4, I is fuzzy semi-S-irresolute closed but not fuzzy S-irresolute closed because
pa is 3-fsscin (X, 7) but f(p1) = g1 is not 3-fssc in (Y, 7).
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Theorem 3.11.

Let f: X —Yandg:Y — Z be mappings. If f is FS-IO and g is FSS-IO, then go f : X — Z
is FSS-I0O, but not conversely.

Proof:

Let A be r-fsso set in X. As f is FS-IO, f(\) is r-fsso set of Y. Also since g : Y — Z is FSS-IO,
g(f(N)isr-fsoin Z. (i.e) (g o f)(A) = g(f(N)) is r-fso in Z. Thus g o f is FSS-IO. n
Theorem 3.12.

Let f: X —Yandg:Y — Z be mappings. If f is FS-IC and ¢ is FSS-IC, thengo f : X — Z
is FSS-IC, but not conversely.

Proof:

Let A be r-fssc set in X. As f is FS-IC, f()\) is r-fssc set of Y. Also since g : Y — Z is FSS-IC,
g(f(N))isr-fscin Z. (i.e) (g o f)(A) = g(f(N)) is r-fsc in Z. Thus g o f is FSS-IC. n
Theorem 3.13.

Letf: X —-Yandg:Y — Z be mappings. If f is FSS-IC and g is FISC, then go f : X — Zis
FSS-IC, but not conversely.

Proof:

Let A be r-fssc set in X. As f is FSS-IC, f()) is r-fsc set of Y. Also since g : Y — Z is FISC,
g(f(N))isr-fscin Z. (i.e) (g o f)(A) = g(f(N)) is r-fsc in Z. Thus g o f is FSS-IC map. n
Theorem 3.14.

Let f: X - Yandg:Y — Z be mappings. If f is fuzzy semi-S-irresolute open and g is FISO,
then go f : X — Z is FSS-IO, but not conversely.

Proof:

Let A be r-fsso set in X. As f is FSS-10, f()) is r-fso set of Y. Also since g : Y — Z is FISO,
g(f(N)isr-fsoin Z. (i.e) (g o f)(A) = g(f (X)) is r-fso in Z. Thus g o f is FSS-IO map. n
Theorem 3.15.

Letf: X —Yandg:Y — Zbe mappings. If f is FSS-ICts and g is FsSCts, thengo f : X — Z
is FSCts, but not conversely.

Proof:

Let i be r-fo setin Z. As g is FsSCts, g~ (u) is r-fsso set of Y. Also, since f : X — Y is FSS-
ICts, f~H (g7 (1)) is r-fsoin X. (.e) (g o f) "' (n) = f~(g7"(n)) is r-fso set in X. Thus g o f is
FSCts. [
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Theorem 3.16.

Letf: X —Yandg:Y — Z bemappings. If f is FSS-ICts and g is FS-ICts, thengo f : X — Z
is FSS-ICts, but not conversely.

Proof:

Let 4 be r-fsso set in Z. As g is FS-ICts, g~ !() is r-fsso set of Y. Also, since f : X — Y is
FSS-ICts, f~1(g~Y(u)) is r-fso setin X. (i.e) (go f) " (u) = f~1(g~ (1)) is r-fso set in X. Thus
go f is FSS-ICts. -

4. Conclusion

Sostak’s fuzzy topology has been recently of major interest among fuzzy topologies. The con-
cepts of fuzzy semi-S-irresolute open, fuzzy semi-S-irresolute closed mappings and fuzzy semi-
S-irresolute homeomorphism to the fuzzy topological spaces in Sostak’s sense are introduced and
studied. Some of their charachteristic properties are considered. Also a comparison between these
new types of functions are established and counter examples are also given. These results will
help to extend the some generalized continuous mappings, compactness and hence it will help to
improve smooth topological and bi-topological spaces.
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