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1. Introduction

Finsler submanifolds have been studied after Finsler manifolds were discussed as generalized met-
ric spaces in Finsler’s doctoral dissertation (Finsler (1951)). Then, Shen (1998) introduced the
notions of mean and normal curvature tensors for submanifolds and found some results without
using any connection in Finsler geometry. Bejancu and Farran (2000) analysed the vertical vector
bundles to study Finsler submanifolds and more generally focused on induced Cartan, Berwald and
Rund connections, curves and surfaces ( also see Bejancu (2000)) as a well-established submani-
fold theory for Finsler spaces. Besides, Bejancu and Farran (2010) discussed Riemannian metrics
on the tangent bundle of Finsler submanifolds.

Oubina (1986) introduced trans-Sasakian manifolds reduced to «-Sasakian and S-Kenmotsu man-
ifolds. Subsequently, trans-Sasakian manifolds are discussed in differential geometric sense by
many mathematicians efficiently (see Gherge (2000)) as well as f-Kenmotsu manifolds (Hui, Ya-
dav and Chaubey (2018)). Bejancu (1986) generalized CR-structures to Sasakian manifolds using
invariant and anti-invariant submanifolds of almost contact-metric manifolds and used the notion
of semi-invariant submanifold. Afterwards, semi-invariant submanifolds of several structures are
studied by many geometers such as nearly trans-Sasakian and nearly Kenmotsu manifolds by Kim,
Lin and Tripathi (2004) and by Ahmad (2009). Additionally, Shahid (1993) got some funda-
mental results on almost semi-invariant submanifolds of trans-Sasakian manifolds and Shahid et
al. (2013) discussed submersion and cohomology class of semi-invariant submanifolds of trans-
Sasakian manifolds.

Sinha and Yadav (1991) introduced almost Sasakian Finsler manifolds and determined the set of
all almost Sasakian Finsler h-connection on almost Sasakian Finsler manifold. In addition, Yaliniz
and Caliskan (2013) examined Sasakian Finsler manifolds on horizontal and vertical vector bun-
dles with curvature and connection properties. In this paper, we structured trans-Sasakian Finsler
manifolds and discussed semi-invariant submanifolds of trans-Sasakian Finsler manifolds. In this
regard, in the second section, a brief introduction of Finsler manifold F mﬂ’(j) , V' , F ) and its sub-
manifold F™ = (Y,))’, F) is given. We use the orthogonal decomposition with respect to Finsler
metric G on V),

VY |p=VY e VY ey

where Y™*P is an (2n + 1)-dimensional Finsler manifold. In the third section, we construct the
trans-Sasakian structure (¢",£Y, 1", GY) on the vertical vector bundle V, ), of F?"*. In the
fourth section, semi-invariant submanifolds of trans-Sasakian Finsler manifolds are discussed. In
the fifth section, integrability conditions of the distributions on semi-invariant submanifolds of
trans-Sasakian Finsler manifolds are obtained.

2. Finsler Submanifolds

Assume that )™ and V" t? are manifolds where f:y—- Y is a C>-differentiable with the local
coordinates ' = z'(u!,...,u™), 1 <i < m+p. Followingly, the differential map f, : TY — TY
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is defined with the coordinates (u®,v*) — (z'(u)), (y'(u,v)), satisfying (y'(u,v)) = Afv®
and A = is called an immersion of ) into ' if (f, )yt TuY — Tf(u)jf is injective
for all ue y Addltlonally, if f is an injective immersion, it said to be an imbedding. So, ) is
called an imbedded submanifold of ). Obviously, each (m + p)—dimensional submanifold of Vis
called an open submanifold of ).

Let )’ be a non empty open submanifold of T such that 7()”) = Y and §()) N Y’ = &, where
0 is the zero section of T'). Suppose that V,=T,YN) isa positive conic set, i.e. for any k£ > 0
and y € )., then we have k, € )',..

Now, consider an (m + p)-dimensional Finsler manifold F™*? = (),)", F') and m-dimensional
submanifold ) of J . Suppose V!, = ( f*)_1 (37’ f(u)) is nonempty for any u € ). Then ), is a
positive conic set in 7,)), since ) F(u) 18 SO in Tf(u)jﬁ . Moreover )’ = ( f*)_1 (37’) is an open
submanifold of T') such that 7()”) = Y and () N Y’ = (), where 7 and 6 are the canonical
projection of 7Y on ) and the zero section of T, respectively. Also F induces on )’ the function
F locally given by F(u,v) = F(x(u),y(u,v)) where
2 172

o = oo T (o), (o)A, @
On condition that F™*? is a Finsler manifold, then g, define a positive definite quadratic form on
each U’ C V. So, F™ is a Finsler submanifold of £F"1?,

Assume that F™ = (),))', F) is the Finsler submanifold of the Finsler manifold F™*? =
(Y,Y', F) with the frames {U;z’,y'} of }’ and {U,u®, v*} of y’ with the coordinate neigh-

bourhood U on )’ satisfying U = Uﬁf*( )’). So, their bases {a = s } and { e } on )’ and

oz’ ’8
=A% 4 A9 and -2 = A*-2 By (2)

8u°‘ o (%c a9 v t 0

the vertical vector bundle V')’ is obtained as a vector subbundle of V%ﬂ y . So, the Rlzi,mannian
metric GV on Vy’ induces a Riemannian metric GV on V). Actually, the Finsler metric of £
is GZg =GV ( By > dUB) Additionally, VY'+ denotes Finsler normal bundle of the Finsler sub-
manifold F™ in F™+P where it is the ortogonal complement of the vector bundle V') in vy |y
with respect to GV. So, we get the ortogonal decomposition (1). (For further information please

see Bejancu and Farran (2000).)

)" are related on U with the following equations

3. Trans-Sasakian Finsler manifolds

Definition 3.1.

Consider the tensor field ¢, the 1-form 7 and the vector field £ on ), by the decompositions:

9]
® dx’ + qbl (x,y)

_H Vi 0
p=0" +¢ —(bj(%y) oy

5 7
n=n"4+n" =ni(z,y)dz" + 7z, y)0y",

| 5 |z 0
€= fH _|_§V = fl(x,y)% +§i<x’y)8_yi'
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If the following relations hold,
(") =—1" 4" " (¢V) =-1"+1" © ¢,

(") =" (") =1,

(™) =0 (V) =0,n" 0" =1V 0¥ =0,
then (¢, &8 nf) and (¢V, £V, 1Y) are called an almost contact Finsler structure on ()”)" and
('), respectively, where )’ = ()')" @ ())')" is a Finsler vector bundle (?).

Let F™*P = (), ), F') be a Finsler manifold. We define the metric structure
g7 T(HY) x T(HY') = ('),
F _ F i J
g (U7 U))(ZL’, y) - gij('r? y)U (l‘, y>w (1:’ y)7

where

F (0 0
F _ F o
9:5(,y) =g (5.7;“ M) (z,y)-
Hence, ¢ is said to be a Finsler metric of F"?. Similarly, it possible to think that ¢ is a Rieman-

nian metric on the Finsler vector bundle (H)"). We define

G :T(TY) x T(TY) = (),
GX,Y)=G"(X,Y)+GY(X,Y),VX,Y € I(TY).

Thus, the symmetric tensor field G' on ) is said to be the Sasaki Finsler metric on ). Then we
state

G = gfj—dxi ® dx' + g£5yi @y =G +GV.

Definition 3.2.

Suppose that (¢, £# nf) and (¢, £V, n") are almost contact structures on horizontal and vertical
vector bundles ()”)" and ()")?. If the metric structures G/ and GV satisfy the following equations;

G(¢X,0Y) = G (¢X,0Y) + GV (X, ¢Y), 3)
G (@X", oY) = GV (XY YY) =" (XT)n" (YY), )
(X)) = GH(xT )t (XY) = GY(XY,EY), (5)

then, (¢, &% nff GH) is called almost contact metric Finsler structure on ()’)" and also
(0¥, &Y, nY,GV) is called almost contact metric Finsler structure on ().
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Let (¢, ¢ nH GH) and (¢V,£Y,nY,G") are the almost contact metric Finsler structures on
(V") and ()")", respectively. Then from (3), (4) and (5), we get

GT(ex" Y1) = —G(X™,¢v™), GV (¢XV, YY) = -GV (XY, ¢Y"),
GH(ngHvYH) = _GH(¢2XH7YH>a GV(¢XV7YV) - _GV(¢2XV7YV>‘
Now, we define the fundamental 2-form:
QXY™ = aT(XT, oy ™), QXY YY) =GY(XY, YY),
where the following relation holds:
Qo X7 6 XT) = QXT YY), QoXY,0XY) =XV, YY),
QX YH) = Q" X, QxV,YV)=-QY", Xx").

Definition 3.3.
Assume that, for the almost contact Finsler structures on horizontal and vertical Finsler vector
bundles ()’)" and ()’)?, we have the following relations:

QX,)Y)=dn(X,Y),

QXY = (V) (V) = (V) (X)) +n(T(X",YH)),

QXY YY) = (Ven(YV)" = (Vyn)(X)Y +n(T(XV, YY),
where V is a Finsler connection on ) and € is the fundamental 2-form. Then, the structures are

called almost Sasakian Finsler structures. Suppose that the almost Sasakian Finsler connection V
on ) is torsion free. Hence, the below relations are satisfied:

QX YH) = (VYT — (Vi XY,
QXY YY) = (Vin)YY — (VinXY.
Definition 3.4.
Almost Sasakian Finsler structures (¢H7 nt, ¢H . GH) on ())" and (gbv, n, v, GV) on ()')" are
called Sasakian Finsler structures if the following relations hold:
(VENY™" + (VX =0, (Vin)Y" + (Vyn) X" =0,

where Sasakian Finsler connection V on )’ is torsion free.

Definition 3.5.

Let ) be an (2n + 1)-dimensional Finsler manifold. Then, the almost contact metric structure
(0¥, n",&Y,G") on V', is called trans-Sasakian Finsler structure of type (e, 3) if the following
relations hold:
2Vi)Y" =a{GV (X", YV)e" — " (YV) X"}
+B8{GY(6XV, Y)Y =0V (YY) X"},
for the functions o and /3 on )., and the Finsler connection V with respect to G". From Formula
(6), one can easily obtain

2ViE = —a(oXV) + B (XY =¥ (XV) €Y. (7)

(6)
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4. Semi-Invariant Submanifolds of trans-Sasakian Finsler Manifolds

Definition 4.1.

Let )/ be an m-dimensional Finsler submanifold of a trans-Sasakian Finsler manifold ). Then,
Y/ is said to be a semi-invariant submanifold if following relations hold:

) VY, =DeD e {"},
(i7) The distribution D is invariant under ¢, i.e.,pD, = D,,Vv € Y.,
(4ii) The distribution D" is anti-invariant under ¢, i.e.,¢ (Dj) C (Vvy’)l , ®)

forallv € YV, €V € VY where (D, D*) are orthogonal distributions on )/, and also V), and
vq,y;ﬁ are the tangent space and the normal space of )/ at v.

The distributions D and D+ are called the horizontal and vertical distributions, respectively. A
semi-invariant Finsler submanifold ), is called an invariant and anti-invariant submanifold if
D} = {0} and D, = {0} for each v € )/, respectively. Besides, )/, is said proper if D and
D+ are not null spaces. In addition, each hypersurface of )/, which is tangent to £ has a semi-
invariant Finsler structure on a submanifold of ).

The tensor field G of type (0,2) of ()”)” is an induced metric on ())*. Then, the induced
Finsler connection on F™ = (),)', F) is denoted by V, where V is a Finsler connection on
F+l = (), ), F). Besides, the second fundamental form of F™ is an $())-bilinear mapping
on I'(VY') x I'(V)') and denoted by B.

By taking h(XV,YV) = B(XV,Y"), we have the following &()”)-bilinear mapping:
W T(VY) xT(VY) - TD(VY)*,

where X,Y € I'(T)') and h" is a v-second fundamental form of F™ = (),)’, F). In the light of
Gauss formula we get the below relation:

VYV =viyY £ V(XY YY), )
forany XV, YV € T(VY').
So, we have

VxN = —AxX + VyN, (10

forany N € TVY'+ X € T(TY') where AyX € I'(V)')and VN € T(VY') L.

We define the v-shape operator A} : ['(V)') — ['(V)’) with the following relation:
ARXY = Apv XY, (11)

where NV € T(VY'H).
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Thus, from the Weingarten formula we deduce the following equations:

VxvNY = —AV XY 4+ V£, NV, (12)
GhY(XV,YY),NY) = G(ARX", YY), (13)
XV =PX"+QXx"V +17" (XV)¢", (14)

where XV € T(VY'), NV e T(VY'4),and PXY € D and QX" € D+

Lemma 4.2.
Let )V, be a semi-invariant submanifold of a trans-Sasakian Finsler manifold ). Then
By
2

PVYoPY"Y — PA v XV = ¢PVYYY — %nV(YV)PXV — SV (YV)ePXY,

«
QVXOPYY = QAL XV = fRV (XY, YY) — o (YV)QXY,

GV (€, TROPY V)GV (€, Al X¥) = S{GIXY YY) = (X (YY) 45 GloxY YY),

Vi (0QYY) + Y (XY 0PYY) = 0QUEYY +an¥ (XY YY) - D (rV)eax”. )

for any vector field XV, YV ¢ V,))'.

Proof:
In the view of the relations (9), (10), (13) and (14), we obtain
(Vo) YV = PVX(0PY") + QVV(¢PYV) +0 (Vi (6PYY)E" + h(XY, oPY")

— PALy XY — QAugy XV = n(Agy X)€" + Vxv (9QYY) (16)
— PVYYY —pQVYYY — fR(XV, YY) — qh(X", YY),

for all XV, YV € V,)', where V% (¢PY)" € V,V', AV, X € V,)' ¢VxvYV € V,)', and

X ¢>QY
N e (V,Y)*

By the use of (6), we have

N (Y") (6QXY) — o0 (Y )" (XV)e" (17)

(Vo) YV = { —n'(YV)PXV + gnV(YV)dﬁPXV} - %UV(YV)QXV
B
2"

+ %G(XV,YV)g‘/ +

2
g
SGeXY, YY)
From (16) and (17), we get the tangential and normal parts in the following way:
B v
2

0]
PV (¢PYV) — PA};QYXV = ¢pPVLYV — EnV(YV)PXV — V(YY) (oPX"),
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QVK(9PY") = QA XY = Fh(X", YY) = S0V (V)QX ",

Q@ « 6]
" (Vi (@PY"))=n" (Ajgy X¥) = =5 (XV)n" (Y1) + G, YT +2G(eX Y, YY),
then, we have (15). =
Lemma 4.3.

Let V! be a semi-invariant submanifold of a trans-Sasakian Finsler manifold ). Then,

Ve = —2oxV 4 DxV, m(xv.eY) =0, (18)
vev _ Byv VvV eV Qv
vyf :EY , h (Y & ):—§¢Y . (19)
Proof:
From (7) and (9), we have
Vr€ =~ 20XV 4 5 (X7 (XV)EY) = VEEY 4 h(XY,€)
Since VY’ = D ® D+ @ {¢"}, taking " (X") = 0, we get

Ve = —%aﬁXV + gXV and 1Y (X", €Y) = 0 for XV € D.

From (7), if we put ¥ (YV) = 0 we get

Ve = —%qﬁYV + gY‘/ =V + V(YY) for YV € DL,
Thus we get the tangential and normal parts in (18) and (19). n

S. Integrability of Distributions of Semi-Invariant Submanifolds of
trans-Sasakian Finsler Manifolds

Theorem 5.1.

Let V! be a semi-invariant submanifold of a trans-Sasakian Finsler manifold ).. So, the distribu-
tion D is not integrable.

Proof:

Assume that the distrubution D is integrable. Hence, [ X", YV] € D forall XV, YV € D. From
Lemma 4.2, we get

Vi (6QY)Y RV (XY, 6PYY) = 6QUEYY 4 gh¥ (X¥.¥) = Dy (v )6Qx".
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Since PYV =YV and QY'Y = 0, we have

(XY, 0YY) = gQVEYY 4 qhV (XY, YY),
and

RV (Y, 6 X"V) = pQVy XY +qh¥ (Y, XV).
Thus,

(XY, YY) —nY (Y, 0XY) =0Q [XV,Y"].
Since [XV,YV] € D, we get Q [XV,Y"] = 0. From this we have
V(XY oYV =nY (Y'Y, 0XY).
On the other hand,
G([XV. VY], €)= G(xY, Vi) - GIYY, Vi),

From (17) we have

SO0 0XY) + 56X YY) =0,
or
aGYYV,0X") =0.

Since G(¢XV,Y"V) # 0, we obtain a = 0. But it is a contradiction. That is, the distrubution D is
not integrable. n

Corollary 5.2.

Let )/ be a semi-invariant submanifold of a trans-Sasakian Finsler manifold ). Then, the distri-
bution D @ D+ is not integrable.

Corollary 5.3.

Let V! be a semi-invariant submanifold of a trans-Sasakian Finsler manifold ). Then, the distri-
bution D ¢ {ﬁv} is integrable if and only if

V(XY oYV) =hY (oXV,YY). (20)

Lemma 5.4.

Let V! be a semi-invariant submanifold of a trans-Sasakian Finsler manifold ). Then V.X Ve D,
X8 e Do {eV).

Proof:

For XV € Dand YV € D+, we get
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G([XY, "], YY) = G(Vxve", YY) = G(Ver XV, YY),
Now, from (17) we have

G([XY,€"],YY) = -G(V{XV,YY).

Then, taking X" instead of X", we obtain the following relation
G([pX", €], YY) = =G(XY, (V{ (oY))).
Since YV € D+ and ¢Y" € (V,V'!) by using (10), we have
G([oXV, €], YY) = G(X", AL €Y) = G(XY, Vg oY),
where XV € VY, and Vi¢Y € (V,V'"). Thatis G(X", Vg ¢Y") = 0. Thus, we get
G([oX", €], YY) =GV (€Y, X"),0Y") = 0.

By the use of X" = XV, we have
G(l¢x", "], YY) =0.
So,VXV e D, YV e DY and [XV, V] e Do {¢V}. -

Theorem 5.5.
Let )V, be a semi-invariant submanifold of a trans-Sasakian Finsler manifold .. Then the distri-
bution D+ is integrable.
Proof:
By using (9) and (12), we get
GALXYY, Z2Y) = G(VYY, 0X ") = G(VZYY, oxY),

for XV YV € D+ and ZV € V, ). (Due to qSXV, ¢YV € (V;y’i)). Since G(VZYV, qﬁXV) =0,
we have

G(AxYY,ZV)==-G(¢VyYY, XY)
=G((Vz)Y", XY) = G(Vy(eY"), X").
From (6) we have G((V5¢Y"V), XV) = 0. Thus,
GANXYY,ZV) = —G(Vy (oY), X").
Because of ¢Y" € (V,)'1), we get
G(AYYY,2YV) = G(ALZY, XV) = GV (¢Y"), XV).

Since Vz(¢Y") € (V,Y'") and XV € V), we get G(Ay YV, Z") = G(A}, X", ZV). That is,
A XY = ALYV for 2V e V).
On the other hand, from (6) following relations hold:
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VVx(eY") = SGXY,YV)E + oVEYY + ohV (XY, YY), @
VLYV = oPVLYV + oQVLYYV. (22)

Due to A (XV,YV) € (VY/), and via the distributions in (14), we have
ohV (XY, YY) = RV (XY, YY) +qnV (XY, YY). (23)
Using (22) and (23) in (21), we get the following relation:

V(oY) = %G(XV, YEY + oPVYYY 4+ 9QVEYY + RV (XY, YY) 4+ ¢nV (XY, YY),
Moreover, because of YV € (V,)'%) and by the use of the relation (10), we have the below
relation:

—AL XY+ VYY) = GOV YY)e +oPViYY
+oQVYYYV + V(XY YY) + bV (XY, YY). (24)

From (24), we get the tangential and normal parts:

—AG XY = SGXYY)E + oPVRYY + Y (XY, YY),

Vit (oYY) = oQVLY +qhV (XY YY),
Thus, we get
ALYV — AL XY =P [ XV, VY],
Since AY,Y"V = AY, XV, we have ¢P [XV,Y"] = 0, which means P [XV,Y"V] = 0, and
[XV,YV] € Dt & {¢"}. Since XV, YV € D*, from (18) we can write V¢ = 2Y" and
Viey = §X V. Thus, we have the below relation:

G([XV,YV], ¢ = §(G(XV, Yy -GV, X)) =o.

So, forall XV YV € D+, we get [X,Y] € D*. -

6. Conclusion

The trans-Sasakian Finsler metric structure (¢V,7",£",G") of type (c, ) is described by the
relations (6) and (7) on ).,

The semi-invariant submanifold ) of the trans-Sasakian Finsler manifold ), is defined by the
relation (8). So, Gauss and Weingarten formulas and v-shape operator are given by the relations
(8), (9), (10), (11), (12), (13), (14) of these structures and their tangential and normal parts are
clarified and classified by Lemma 4.2 and Lemma 4.3.
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For the tangent bundle V') of an m-dimensional semi-invariant submanifold ) of a trans-
Sasakian Finsler manifold ), we get following distributions: VY, = D & D+ @ {¢"} for all
ve (V) & V' ¢ V,)'. Furthermore, the integrability properties of these distrubitions are as
follows: the vertical distribution D+ and the distribution D & {f V} are integrable. The horizon-
tal distribution D and the distribution D ¢ D= are not integrable. The distribution D & {§ V} is
integrable if and only if (20) holds.
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