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Abstract

In this paper, we construct cyclic-Mann type of iterative method for approximating a common
fixed point of the finite family of nonself and nonexpansive mappings satisfying inward
condition on a non-empty, closed and convex subset K of a real uniformly convex Banach
space E. We also construct the averaging algorithm to the class of nonexpansive mappings in
2-uniformly smooth Banach space. We prove weak and strong convergence results for the
iterative method. The results of this work extend results in the literature
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1. Introduction

Many problems arising in different branches of mathematics, such as optimization, variational
analysis, game theory and differential equations can be modeled by the equation

Tx = x, (1)

where T is a nonlinear operator (for example, see Colao and Marino (2008), Daman (2012),
Dugundji (2003), Zegeye (2007) and Zhang (2008)). The solutions to this equation are called
fixed points of T. Iterative methods are often used for approximating such fixed points, if they
exist (for example, see Berinde (2007), Browder (1968), Chidume (2009), Khan (2008) and
Krasnoselskii (1955)). Fixed point results give conditions under which mappings have fixed
point in which the desired iterative method converges to the solution. Over the last 40 years,
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the theory of fixed point has been reached as a powerful and important tool in the study of
nonlinear problems. In particular, fixed point techniques have been applied in diversified fields,
such as science, economics, engineering, etc.

Let K be a non-empty, closed and convex subset of a real Banach space E and T: K — E be an
operator. Then, the most well-known method for solving the fixed point equation

Tx = x

is the Picard successive iterations (for example, see Ciesielski (2007)) when T is a strictly
contraction; that is,

T is astrictly contraction if it satisfies

ITx — Ty|l < a|lx — y||, forsome 0 < a < 1,Vx,y € 2)
K,

whereas, the mapping T is called nonexpansive if it satisfies
ITx = Tyll < llx = yll,vx,y € K. ®3)
T is called quasi-nonexpansive if F(T) is nonempty and
ITx —p|l < |lx — pll,Vx € K and p is a fixed point of T. (4)

T is called k-strictly pseudocontractive if there exists k € (0,1) and j(x —y) € J(x — y)
such that

(Tx =Ty, j(x =) < llx = ylI> =kl = T)x — I = T)yll%,V x,y €K, (%)
where J: E — 2F is normalized duality mapping given by

Jx ={f € E:(f,x) = lIxlI* = IfI*},

where (., .) denotes the generalized duality pairing which is analogous to an inner product in
a Hilbert space.

Consequently, several authors have studied iterative methods for approximating fixed points
of nonexpansive mappings (for example, see Dugundji (2003), Ferreir (2002), Hukmi (2007),
Ishikawa (1974), Reich (1979), Senter (1974), and Zegeye (2013)).

Although the sequence {x,}n=o generated by Picard’s iterations converges in norm to the
unique fixed point of strictly contraction mapping T, the Picard successive iterations in general
failed to converge if T is not a strictly contraction.

Furthermore, a more general iterative scheme is the one
Xnt1 = apXp + (1 — ap)Txy, a, €(01), n=>0, (6)

which is the sequence satisfying appropriate conditions and the sequence{x,,} is referred to as
the Mann sequence (Mann (1953)) and when a,, = A we call it the Krasnoselskii-Mann’s
iterative method and is reduced to

Xns1 = Axq + (1 — D)Txyp, A€(0,1),n>0,
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which was introduced by Krasnoselskii (1955).

Halpern, in Halpern (1967), also introduced an iterative scheme of the type
Xpe1 = apu + (1 — a, )Tx,, a, € (0,1), n>0,ux, €K.

Since then, various research effects have been made on the above iterative types for
approximating a fixed point of mapping or common fixed point of family of mappings in
Hilbert spaces and Banach spaces as well (for example, see Marino (2007), Suzuki (2005), Yao
and Zhou (2009) and Zeidler (1986)).

In particular, the family of nonself and nonexpansive mappings arises in many fields, when the
common domain of the given mappings is a proper subset of the given space, in which finding
the common fixed point is very essential.

We notice that the following notations and definitions are found in the literature (Berinde
(2007) and Chidume (2009)).

Definition 1.1.

A uniformly convex space E is a normed space E in which for every 0 < € < 2 there exists
a & > 0such that

foreveryx,y €S = {x € E:||x|| = 1}, if [x — y|| > e(x # y), then

||x+y

<1-6.
7=

For each x, y € E, the modulus of convexity of E is defined by

5@ = inf {1 -2 xl = Iyl =1, Ik -yl =¢},  o0s=t<2

Furthermore, E is said to be uniformly convex if §z(t) > 0, forall 0 <t < 2.

Hilbert spaces, the Lebesgue space L,,, the sequence space L, and the Sobolev W™ spaces, for
p € (1, ), are examples of uniformly convex Banach spaces.

Definition 1.2. (Berinde (2007) and Chidume (2009))

A uniformly smooth space E is a normed space in which for every € > 0, there existsa § > 0
such that

for allx,y € E, |lx]| =1, |lyll £,
lx + yll + llx —yll <2+ ellyll.

For each x, y € E, the modulus Smoothness of E is defined by
pe(t) = Sup (A g =1, Iyl =1}, >0,

Furthermore, E is uniformly convex, if and only if ltirng—(t) =0.
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Let p,g > 1 be real numbers. Then, E is said to be p-uniformly convex (respectively, g-
uniformly smooth) if there is a constant ¢ > 0 such that 6z (t) = ctP, (respectively,

pe(t) < ct?).

Hilbert spaces, the Lebesgue Ly, the sequence 1, and the Sobolev W™ spaces, for p € (1, )
are examples of uniformly smooth Banach spaces. We also notice that for p # 2, the Lebesgue
L,, the sequence [, and the Sobolev W™ spaces, for p € (1, o) are not Hilbert spaces.

Definition 1.3. (Colao and Marino (2015))

A subset K of a Banach space E is said to be strictly convex if forany x,y € 0K, x #y, 0 <
t<1, tx+ (1—1t)y € int(K); that is, no line segment joining any two points of K totally
lies on the boundary of K.

Definition 1.4. (Chidume (2009))

Let E be areal Banach space. Then,

a) asubset K of E issaid to be a retract of K if there exists a continuous map P: E — K such
that P(x) = x, forall x € K.

b) amap P:E — K issaid to be aretraction if P2 = P. It follows that if a map P is a retraction,
then P(y) =y, forall y in the range of P.

c) amap P:E — K issaid to be sunny, if P(Px + t(x — Px)) = Px, forall xe Eand t >
0.

d) asubset K of E issaid to be a sunny nonexpansive retract of E, if there exists a sunny
nonexpansive retraction of E onto K and it is said to be a nonexpansive retract of E, if there
exists a nonexpansive retraction of E onto K. If H is Hilbert space, then the metric
projection Py is a sunny nonexpansive retraction from H to any closed convex subset K of
H (for example, see Berinde (2007) and Chidume (2009)).

As a result, a number of research efforts have been made to find iterative methods for
approximating a fixed point or common fixed point (when it exists) for nonexpansive and more
general class of mappings.

Bauschke (1996) introduced Halpern type iterative method to approximate a common fixed
point for a finite family of nonexpansive and self mappings (if it exists). He proved the
convergence of the algorithm in the following theorem:

Theorem 1.1. (Bauschke (1996))

Let K be a non-empty, closed and convex subset of a Hilbert space, let, T;, i = 1,2,3,...,N
be a finite family of nonexpansive mappings of K into itself with F = NY_, F(T}) is non-
empty and

F = F(TlTZ CEE TN)
= F(TN—lTN—Z' v TITN)’

where F(T) is the set of all fixed points of T. Given u, x, € K, and let {x,,} be generated by
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Xn1 = Opprt + (1 — @pp)Topaxn, 120,

where T,, = T,(mod N), a, € (0,1) satisfying the condition

Zn21|an+N - anl < 0.

Then, the sequence {x,,} converges strongly to Pru, where P: H — F is the metric projection.
Since then, various authors have studied iterative methods similar to Theorem 1.1 in more
general Banach spaces by using various conditions on the sequence {a,} (for example, see
Colao et al. (2008)), Ceng and Cubiotti (2007), Takahashi and Takahashi (2003), Plubtieng
and Punpaeng (2007) and Ceng et al. (2007)). Many authors have also studied iterative
methods for more general class of mappings such as, k-strictly pseudocontractive mappings
(for example, see Daman (2012), Halpern (1967), Osilike (2009) and Zhou (2008a)).

All the above results are practical only for family of self mappings, however, the mappings in
many practical cases can be nonself.

As a result, in 2005, Chidume et al. (2005) introduced an iterative method for common fixed
points of family of nonself and nonexpansive mappings in reflexive Banach space provided
that every non-empty, closed, bounded and convex subset of K has the fixed point property for
nonexpansive mappings. They proved the strong convergence of the iterative method in the
following theorem.

Theorem 1.2. ((Chidume et al. (2005), Theorem 3.1)

Let K be a non-empty closed convex subset of a reflexive real Banach space E which has a
uniformly Gateaux differentiable norm. Assume that K is a sunny nonexpansive retraction of
E with Q as the sunny nonexpansive retraction. Assume that every non-empty, closed, bounded
and convex subset of K has the fixed point property for the class of nonexpansive mappings.
Let Ty, T,,...Ty: K = E be afinite family of nonexpansive and weakly inward mappings with
F = NR_, F(Ty) is non-empty, and let T, = T,(mod N), where

= F(TNTN—I . Tl)
= F(TN—lTN—Z' e TlTN)'

Given u, x, € K, let the sequence {x,,} be generated by the iteration
X1 = A1 + (1 = @py1)QTny1Xn, n=0,

where {a,,} is a real sequence which satisfies the following conditions:

() lima, =0; (i) Xnzo@n = o0;
and either
(i) Tnorlaniy —apl <o or (iii)*  lim SN0 _ g

n—o  An+N

Then, the sequence {x,} converges strongly to a common fixed point of the family
{T\,T,,..., Ty}
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Furthermore, if Pu = limx,, for each u € K, then P is a sunny nonexpansive retraction of K
n—->oo
onto F.

Furthermore, in 2007, Hukmi et al. (2007) and later on, in 2008, Kiziltunc and Yildirim (2008)
also introduced iterative methods by using projection of sunny nonexpansive retraction. They
also proved convergence with the assumption of Opial’s condition. However, Colao and
Marino presented that the computation for the metric projection for sunny nonexpansive
retraction is expensive, even in real Hilbert space, metric projection computation may require
another approximation method.

As aresult, in 2015, Colao and Marino (2015) introduced Krasnoselskii-Mann iterative method
for inward mapping.

Definition 1.5.

A mapping T:K — H on a non-empty subset K of a real Hilbert space K is said to be inward
(or to satisfy the inward condition) if for any x € K, it holds that

Tx€lK(x)={x+cu—x):c>1,u €K},

and T is said to satisfy weakly inward condition if Tx € IK(x) (the closure of IK(x)).

Moreover, Colao and Marino proved both weak and strong convergence of the iterative method
in the following theorem:

Theorem 1.3. (Colao and Marino (2015)).

Let K be a convex, closed and nonempty subset of a real Hilbert space H, let T:K — H bea
nonself and nonexpansive mapping and for any given x € K, let h: K — R be defined by
the mapping h(x) = inf{A = 0: Ax + (1 — A)x € K}. Then, the algorithm

Xy €E K,

1
a, = max {E'h(x‘))}'
Xn+1 = OpXp + (1 - an)Txn:
In+1 = max{an, h(xn+1)} ,

is well-defined and if K is strictly convex and T is nonexpansive, nonself and inward mapping
with F(T) is non-empty, then the sequence {x,,} converges weakly to p € F = F(T). Moreover,
if ¥o_o(1—a,) < oo, then the convergence is strong.

In 2017, Takele and Reddy (2017a,2017b) extended the result of Colao and Marino (2015) for
approximating a common fixed point of family of nonself and nonexpansive and strictly
pseudocontractive mappings in real Hilbert space. They constructed cyclic algorithm for
approximating a common fixed point of family of nonself and nonexpansive mappings in real
Hilbert space.

Although weak and strong convergence results for approximating a common fixed point of the
family of nonself and nonexpansive mappings have been proved, the results were only in
Hilbert space settings.
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We raised open quation, can we construct an iterative method which converges weakly and
strongly for approximating a common fixed point of a finite family of nonself, nonexpansive
and inward mappings in a real uniformly convex Banach space which is more general than
Hilbert space? The sequence space [,,(1 < p < o) is a uniformly convex Banach space which
satisfies Opial’s condition and for p # 2, 1,(1 < p < o) is not Hilbert space (for example, see
Chidume (2009), p. 61).

Thus, it is the purpose of this paper to answer the raised question and prove strong convergence
results for approximating a common fixed point of nonself mappings in real uniformly convex
Banach space satisfying Opial’s condition, which is more general than a Hilbert space.

2. Preliminary Concepts

In this paper, we frequently use the following concepts.

Definition 2.1. (Browder (1968))

A mapping T from a non-empty subset K of a real Banach space E to E is said to be demi
closed at p if {x,} is a sequence in K such that {x,} converges weakly to some x* € K and
{Tx,} converges strongly to p, then Tx* = p. If I — T is demi-closed at 0, then T is said to be
demi closed (said to satisfy demi closedness principle).

Definition 2.2. ((Opial (1967))

A Banach space E is said to satisfy Opial’s condition if for any sequence {x,,} in E , x,,
converges weakly to some x € E implies that

lim inf||x, — x|| < lim inf||x, — y|l, Vy €EE,y # x.
n—ooo n—ooo

Definition 2.3. (Bauschke (2001))

Let K be a non-empty. Then, a sequence {x,,} in K is said to be Fejer monotone with respect
to a subset F of K if Vx € F, |lxp1 — x|l < llx, — x|, Vn.

Lemma 2.1. (Zeidler (1986))

Let E be a uniformly convex Banach space and let {x,,} and {y,} in E be two sequences. If
there exists a constant r > 0 such that lim sup [|x,|| < r, limsup ||y,|| < r and lim||A,x, +
n—0o

n—oo n—-oo

(1= Ayl =7 for {1,,} c [e,1 — €] < (0,1), for some € € (0,1), then we have ||x, —
Yull = 0.

Theorem 2.1. (Browder (1967) and Goebel (1990))

The demi closedness principle for nonexpansive mappings holds in a Banach space, which is
either uniformly convex or satisfies Opial’s condition.

Definition 2.4. (Senter (1974))
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Let K be a subset of a Banach space E. Then, a mapping T: K — E with F = F(T) is non-
empty and F c K is said to satisfy Condition(H) if there is a non decreasing function
f:[0,00) = [0,0) with £(0) = 0 and f(r) > 0 for r € (0, o) satisfying the condition

llx — Tx|| = f(d(x,F), Vx € K,
where
d(x,F) = inf{llx - fll, f € F}.
Lemma 2.2. (Xu (1991))
Let p > 1,R > 1 be two fixed numbers and E be a Banach space. Then, E is uniformly

convex if and only if there exists a continuous, strictly increasing and convex function
g:[0,0) = [0, ) with g(0) = 0 such that

I2x + (1 = DyllP < AP + (1 = Dllyll? = W, D glx — v,
Vx,y € Bg(0) ={x € E:||lx|]| <R}and A € [0,1],
where

W,(A) = AP(1 = 2) + A(1 — A)P.

Lemma 2.3. (See, (Browder (1967), Ferreira-Oliveira (2002))

Let E be a complete metric space and K € E be non-empty. If {x,,} in K is Fejer monotone
with respect to F c K, then {x,} is bounded. Furthermore, if a cluster point x of {x,,} belongs
to F, then {x,,} converges strongly to x. In particular, in real Hilbert space, given the set of all
weakly cluster points of the sequence {x,}, w, (x,) = {x:3x,, > x weakly}, then {x,}
converges weakly to a point x € F if and only if w,,(x,) € F.

Definition 2.5. (Guo et al. (2016))

Let F and K be two closed, convex and nonempty subsets of a Hilbert space H and F c K.
For any sequence {x,,} c K, if {x,,} converges strongly to an element x € dK\F, x, # x, then
{x,}is not Fejer-monotone with respect to F c K. In this case, we say that the pair (F, K)
satisfies S-condition.

Lemma 2.4. (Zhou (2008b))

Let T}, T,, ..., Ty: K — E be nonself, nonexpansive and inward mappings on a non-empty and
convex subset of a 2-uniformily smooth Banach space, let u; >0, i =1,2,...,N,and
N u;=1. Then, T = ¥N , u;T; is nonexpansive and inward mapping with

F=F(T)
= NiLL F(T).

Lemma 2.5. (Shehu (2015))

Let K be a non-empty and convex subset of a real Banach space E with Frechet differentiable
norm and has the smoothness constant ¢ > 0. Let T: K — E be k-strictly pseudocontractive
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mapping on the space. Then, for any a € (0,1) N(0, u], u = min {1%} the mapping T,
defined by T,x = ax + (1 — a)Tx is nonexpansive and F(T,) = F(T).

3. Result and discussions

Let Ty, T,, ..., Ty: K — E be a finite family of nonself and nonexpansive mappings on a non-
empty, closed and convex subset Kof a real Banach space E.

Our objective is to introduce an iterative method for common fixed point of the family and
determine conditions for convergence of the iterative method.

In lowering the requirement of metric projection calculation we assume the mappings to be
inward, and we prove the following lemma, which will be used to prove weak and strong
convergence of the iterative method in a real uniformly convex Banach space which is more
general than Hilbert space.

Lemma 3.1.

Suppose Ty, T,,...,Ty: K — E are nonself and nonexpansive mappings satisfying inward
condition. If for each k € {1,2,..., N}, we define h;: K - R by

he(x) =inf{dl = 0:Ax + (1 — )Txx € K},
then the following hold:
a) Vx € K,h,(x) € [0,1] and h,(x) = 0 ifand only if T, (x) € K;

b) if Vx €K, a; € [h(x),1], then apx + (1 — a;) T (x) € K;

c) if Ty is inward mapping, then Vx € K, hy(x) < 1;
if Tpx & K, then hy(x)x + (1 — hy(x))Tkx € K.

Proof:
a) Clearly, hy(x) =0 andif A =1, we have x € K.
Thus,
he(x) =inf{A1=0:1x+ (1 — A)Tyx € K} € [0,1].

Moreover, if hi(x) =0, for A = 0, then T}, (x) € K. Suppose T,x € K, then for 1 = 0, we
have hj,(x) = 0. Thus, hi(x) = 0 ifand only if T, (x) € K.
b) If € K, (04% S [hk(X),l], then

h,(x) =inf{A=0:Ax + (1 — )Txx € K}

Sak
<1.

Thus, apx + (1 — a,)Tk(x) € K.
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c) If T, is inward mapping, then for all x € K, we have
Tex €Elk(x) ={x+c(u—x):c = 1,u €K},

Thus,
Tk(x)=x+c(u—x)<:>TkT(x)+(1—%)x=uEK.

Thus, hy(x) < 1—- < 1 which gives hy(x) < 1.

d) If Tyx ¢ K, then hy(x) > 0. Let 1, € (0, hx(x)) be a sequence of real numbers such
that 7, = h(x). Then n x + (1 — 1, )T (x) € K. Since 1, — hy(x), we have

71 + (1 = M) Tiex] = [AicGOx + (1 = he ()T
= e, = e @) |llx = T ()| > 0.

Thus, the limit point of the sequence, which is in the complement of K must be on the
boundary of K. Therefore, if Tyx & K, then hy(x)x + (1 — hy(x))Tyx € 0K. [

Using the lemma we will prove our main theorem which is given below.

Theorem 3.2.

LetT,,T,,...,Ty: K = E be afamily of nonself, nonexpansive and inward mappings on a non-
empty, closed and convex subset K of a real uniformly convex Banach space K such that
F = N}, F(Ty) is non-empty. Let Ty, = Timoan)+1, Xo € K, and foreach k € {1,2,..., N} we
define hy: K > R by hp(x) = inf{A = 0: Ax + (1 — 1)T,x € K}. Then, the sequence {x,}
given by

X, €K,

a; = maX{C(, hl(xl)}ﬂ a> 0;

Xns1 = AnXp + (1 — ap) Ty,

In+1 = max{an' hn+1(xn+1)}'

is well-defined and if {a,} c [¢,1 — €] < (0,1) for some € € (0,1), then the sequence {x,,}
converges weakly to some element p of F = N}Y_, F(T,) provided that E satisfies Opial’s
condition.

Proof:

By Lemma 3.1, the sequence {x,} is well-defined and is in K. Thus, we first prove {x,} is
Fejer monotone with respectto F. Let p € F. Then, we have the following inequality:

”xn+1 - p” = ”anxn +(1- an)Tnxn - p”
< apllxn — pll + (1 = a)IThxn — Tpll (7)
< apllx, —pll + (1 = ap)llx, — pll
= [lx, —pll.

Thus, {x,} is Fejer monotone with respectto F. Since ||x,, — p|| is decreasing and bounded
below it converges and hence, the sequences {x,} and {T;,x,,} are bounded. Suppose
l|x, —pll > r = 0asn — oo, then ||x,,,; — p|l = r as n — oo and hence,
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”anxn + (1 - an)Tnxn - p” = ”xn+1 - p”
is bouded.

Also by Lemma 2.2 in Xu (1991), in real uniformly convex Banach space E, we see that
forp > 1, R > 1 real numbers there exists a continuous, strictly increasing and convex function

g:[0,0) = [0, ) with g(0) = 0 such that

I4x + (1 = DylP < Allx||P + (1 = DllylP — WD glx —ylD,
Vx,y € Bg(0) ={x € E:||x|]| <R}and A € [0,1],

where
Wy(A) = (1 — 1) + A(1 — )P, (8)
Since {x, } and {T,,x,,} are bounded, R can be chosen so that {x,, — p}, {T,,x,, — p} € Br(0).

If we take p = 2 > 1, then equation (8) is reduced to the following inequality:

lan(xn —p) + (1 — ap) (Trxp, — p)llz
< apllxy, = plI* + (1 = a)ITyx, = plI* = W2 (D g(lx = yID.

Since each T,, is nonexpansive, the following holds:

|41 — p”2 = |lan(xp —p) + (1 — ap) (Tyxy — p)llz
< an”xn - p”2 + (1 - an)”Tnxn - p”2 - an(l - an)g(”xn - Tnxn”);

and
I Thx, — pll < llxn —plI.

Thus, we have

%41 =PI <l = PII? = an (1 = @) g(llxn — Taxnl), ©)
which implies that
>t = @)g (Ut = Txall) < ) (Ut =PI = i1 = pI?).
n=1 n=1 (10)

Since {||x,, — pl|} converges and terms of the sequence in the right hand side will be cancelled,
we have

o)

> an(t = @)g(lltn = Txall) < ) (Ut =PI = sy = pI?)
n=1

n=1

(11)
< oo,

Since 0 < a,, < 1 and {a,,} < [¢,1 — €] < (0,1), we have

Wz(an) = an(l - an)
> €?
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> 0.

Hence,

> 90l = Tuxal) < oo

n=1
Thus, g(llx, — T,x,||) — 0as n — oo. Since g is continuous, strictly increasing and convex
function, we have

lim supl|x,, — T,,x,|| = 0.
n—oo
Moreover, since lim ||x, — p|| =r =0,
n—-o0o

Jim sup||Tpx, — pll < Jim sup|lx, —pll

=r,

and
nli_lgo”an(xn —p)+ (A —a)(Thx, — D)l = Jznoo”xnﬂ —pll.

=r.
Thus, by the Lemma 2.1 in Zeidler (1986), we have
lim 2, — Tyt | =0.
Hence, by triangle inequality we have
Lim (141 = %nll = lim [lanxy + (1 = @) o = x|
= lim (1~ ap)llxy = Ty (12)

=0.
So, since lim ||x,, — T,,x,|| =0, Vi = 1,2, ...,N, T,,; isnonexpansive and by induction
n—-oo
Vi=12,..,N, lim||x, — x4l =0, we get
n—-oo

”xn - Tn+ixn” < ”xn - xn+i” + ”xn+i - Tn+ixn+i” + ”Tn+ixn+i - Tn+ixn” (13)
< 2”xn - xn+i” + ”xn+i - Tn+ixn+i” — 0.

Therefore, Vi =0,1,2,...,N, lim ||x,, — Tp,4+iX,|| = 0as n — oo.
n—-oo

Moreover, if VI =1,2,...,N, lim||x, — T;x,|| = 0, then by Theorem 2.1 in a uniformly
n—0o

convex Banach space, demi closedness principle is satisfied. Thus, suppose x,, = x weakly
and x,, — T;x,, = 0 strongly. Then, T; is demi closed, hence,

T)x = x. (14)

Since every uniformly convex Banach space is reflexive and {x,} is bounded, {x,} has a
weakly convergence subsequence {xn,} which converges weakly to x € K.
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Suppose x,, = p weakly; that is, there is a subsequence {xnk} of {x,}suchthatx, — pweakly
and let n, = j(mod N) + 1, forsome 1 <j < N. Forany l € {1,2,...,N} there exists 1 <
i < N such that ny,; = [(mod N) + 1. Thus, we have

Lim ||xnk - sznk” =0. (15)

k— o0

Thus, p € F(T)). Since [ is arbitrary, we have p € F = NI, F(T).

It is sufficient to show that x,, — p weakly, thus, suppose there exists a subsequence {xnk}
of {x,,} such that Xny = ¢, similarly q € F. Supose p # q, we have

Lim [lxc, — pll = limsup |2, — p||
n—oo k— o0
< limsup||x,, — q||
k—o0

= Jim [t — gl (19)

< lim |[jx, —pl,
n—oo

which is contradiction, hence, p = q.

Therefore, the sequence {x,,} converges weakly to p € F = N, F(T}), which completes the
proof of weak convergence. [

We also have the following strong convergence theorem.

Theorem 3.3.

Let Ty,T,,...Ty: K = E Dbe a finite family of nonself, nonexpansive and inward mappings on
a non-empty, closed and convex subset K of a real uniformly convex Banach space E such that
F = NR_, F(Ty) is non-empty. Let T, = T,(Mod N) + 1, x, € K, for each k € {1,2,...,N},
let hy: K — R be defined by h, (x) = inf{A = 0: Ax + (1 — A)T,x € K}. Then, the sequence
{x,} given by

x; €K,
o = maX{a, hl(xl)}la > O;
Xn41 = ApXp + (1 - an)Tnxn:

In+1 = max{an' hn+1(xn+1)} ’

is well-defined and if ;- ,(1 — a,,) < oo and (F,K) satisfies S-condition, then the sequence
{x,} converges strongly to some element p of F = NY_, F(T}).

Proof:

If Yoro(1—a,) <o and (F,K) satisfies S-condition, then by the boundedness of {x,} and
{T,,x,,} we have
”xn+1 - xn” < ”anxn + (1 - an)Tnxn - xn”
=(1- an)”xn — Tyl
= (1 - an)M;
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for some M > 0.

Thus,
Z?f:l”xn+1 - xn” < Z?f:l”anxn + (1 - an)Tnxn - xn”
= Z%o=1(1 - an)”xn - Tnxn”
< ZZ):l 2(1 - an) M
< oo,

Thus, the sequence {x,,} is a strongly Cauchy sequence, hence, it is Cauchy, thus it converges.
Thus, since T, is inward mapping by Lemma 3.1 together S-condition, we have that the
sequence {x,} converges strongly to some p € F = NI, F(T;). This completes the proof.
(]

Theorem 3.4.

Let T: K — E be a nonself, nonexpansive and inward mapping on a non-empty, closed and
strictly convex subset K of a real uniformly convex Banach space K such that F = F(T) is
nonempty. Let h: K — R be defined by h(x) = inf{A > 0: Ax + (1 —A)Tx € K},and leta €
(0,1) be fixed. Then, the sequence {x,} defined by

x, EK,

a; = max{a, h(x,)},a >0,
Xnt1 = anXp + (1 — ap)Txy,
Apt1 = max{an' h(xn+1)} ’

is well-defined and if {a,} c[e,1—¢€] c (0,1) for some ¢ € (0,1), then {x,} converges
weakly to some element p of F = F(T) provided that E satisfies Opial’s condition. Moreover,
if K is strictly convex and Y.,_;(1 — a,) < oo, then the convergence is strong.

Proof:

Weak convergence part is consequence of Theorem 3.2. Thus, the sequence {x,} converges
weakly to p € F, which completes the proof of weak convergence. Moreover, if
Yo (1 —ay) <o and K is strictly convex, then by the boundedness of {x,} and {Tx,,} we
have

”xn+1 - xn” < ”anxn + (1 - an)Txn - xn”
= (1 - an)”xn - Txn”
=1-a,)M,

for some M > 0.
Thus,

Z?:)=1”xn+1 - xn” < Z?lo=1”anxn + (1 - an)Txn - xn”
= Z?zozl(l - an)”xn - Txn”
< Zgzo:l 2(1 - an) M
< 00,

We see that the sequence {x,,} is strongly Cauchy, hence, it is a Cauchy sequence.
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Since by Lemma 3.1 {x,,} isin K and K is closed and convex subset of the reflexive Banach
space E, we have x, - x € K.
Hence, by Lemma 3.1(a), we have h(x) < 1, thus, by definition of h we see that for any g €

[h(x),1),
px+ (1—-p)Tx €K. @17)
Since lima, = lim max{a,_, h(x,)} = 1, there must exist a subsequence {x,, } of {x,}
n—00 n—0o

such that {r(x,, )} is increasing and Limh(xy,) = 1, hence, for any § < 1 and for large k

,ank + (1 - ﬁ)Txnk K. (18)
Let

B, Bz € (h(x),1), By # B, Brx+ (1 =B )Tx =2z, €K
and

Box + (1 —B,)Tx = z, € K, in particular if g € [B1,2] .

Then, we have
B € (h(x),1)andz = Bx + (1 — B)Tx € K. (19)
Since x,, » x € K and T is nonexpansive, hence, it is continuous and by Lemma 3.1(d)
Bxn, + (1 —=B)Txy, »z=px+(1—-p)Tx €EK. (20)

Similarly, z;,z, € 0K. Since S is arbitrary [z;, z,] € dK. Since K is strictly convex z; = z,,
hence, x = Tx.

Therefore, x,, = x € F(T) in norm, which complete the proof of the theorem. [

Theorem 3.5.

Let Ty, T,,...,Ty: K = E be a finite family of nonself, nonexpansive and inward mappings on
a non-empty, closed and strictly convex subset K of a real uniformly convex and 2-uniformly
smooth Banach space K with F = N¥_, F(Ty) is non-empty. Let T = YN, u;T;, where y; >
0,i=12...,N, ¥, u;=1, h(x) =inf{A=0:2x + (1 — )Tx € K}, and a € (0,1) be
fixed. Then, the sequence {x,,} defined by

x, €K,

a; = max{a, h(x,)},a >0,
Xnt1 = ApXp + (1 — ap)Txy,
Unt1 = max{an’ h(xn+1)};

is well-defined and if {a,} c [¢,1 — €] < (0,1) for some € € (0,1), then the sequence {x,}
converges weakly to some p of F = NY_, F(T,) provided that E satisfies Opial’s condition.
Moreover, if K is strictly convex and );-;(1 — a,,) < oo, then the convergence is strong.

Proof:
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By Lemma 2.4, we have that the mapping T = Y, i, T; is nonexpansive, inward and nonself
mapping and F(T) = N;-; F(T;) in 2-uniformily smooth and uniformly convex Banach space.
Thus, by Lemma 2.4 together Theorem 3.4, we complete the proof. [
We lower the condition (S) as well as strictly convexity by imposing condition (H) as given
below.

Definition 3.1.

The finite family of mappings, {T;}\_,, where T;: K — 2F with the intersection of sets of fixed
points N¥_, F(Ty) is said to satisfy condition (H) if there exists a non decreasing function
g:[0,00) — [0, ) satisfying the condition g(0) = 0 and g(r) > 0 for r € (0, o) such that

d(xn, Tixn) = g(d(xy, F)), forall x,, € K, (21)
where
dx, F) = inf{llx—fIl.  feF}
Theorem 3.6.

In Theorem 3.2, if the finite family of mappings satisfying condition (H) and the sequence
{a,} c[e,1—¢] € (0,1) for some ¢ € (0,1), then the sequence {x,} converges strongly to
some element p of F = NN_, F(T).

Proof:
From the method proof of Theorem 3.2, we have
lim |12, = Tyxa|l = 0, vi=1,2,..,N.
Furthermore, since the family of mappings satisfies condition (H), there exists a non decreasing

function g: [0, ) — [0, o) satisfying the condition g(0) = 0 and g(r) > 0 for r € (0, )
such that

d(xn: Tixn) = ”xn - Tixn”
> g(d(xn, F)), F + Q.
Thus, liminfd(x,, F) = 0, which together with d(x,41, F) < d(x,, F) gives
n—ooo

lim d(x,, F) = 0, thus, for n > m and for all p € F, we have
n—ooo

”xn - xm””S”xn - p”+”xm - p”S lexm - p”
Taking infimum over all p € F we get

lx, — xpll < 2d(x,,, F) — 0,asm,n — oo,

hence, the sequence {x,,} is Cauchy sequence, thus, it converges to some q € K.
Moreover, we have

lla = Tugllll<llxn — qll+lxn = Tixn [l + I Tixn, — Tiqll (22)
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< zllxn - Q|| + ”xn - Tixn” — 0 asn — oo,
Since T;q = q, we have g € F which completes the proof. [

Example 1.

Let E = [?(R) and T;:[0,1] — R be defined by

Tix = —2, i=12,...

l

Then, each T; is nonexpansive, nonself and inward mapping satisfying condition (H).
In fact,

X
Tix = =2
i+1 i+1

i
=x+T(0—x), 0 € [0,1], -2 1.
Thus, T; is inward mapping.

We also see that x — T;x = # and d(x,F)) = x hold. Thus, by taking g(t) =t, Vt €
[0, ), we have

I = Tixl) = = x

>d(x,F)
= x.

Thus, {T;} is the family of nonself, nonexpansive and inward mappings satisfying condition

(H).
Theorem 3.7.

Let T, T,,...Ty: K — E be afinite family of nonself, k-strictly pseudocontractive and inward
mappings on a non-empty, closed and strictly convex subset K of a real uniformly convex and
2-uniformly smooth Banach space E with Frechet differentiable norm and smoothness
constant ¢ > 0, F = N¥_, F(T}) non-empty, let foreach i,T;, = al + (1 — a)T;, where a €
oNO,ul, Twypm=TmModN)+1 and h(x)=inf{l1=0:Ax+ (1 —AD)T,,x € K}.
Then, the sequence {x,} defined by

x; EK

a, = max{a, h(x)},a >0,
Xny1 = ApXn + (1 — @) TonXn,
A1 = max{ay, h(xp41)},

is well-defined and if {a,} c[e,1—¢€] c (0,1) for some ¢ € (0,1), then {x,} converges
weakly to some element p of F = NY_, F(T,) provided that E satisfies opial’s condition.
Moreover, if E strictly convex and Y.;-;(1 — a,,) < oo, then the convergence is strong.

Proof:

The proof is immediate from Lemma 2.5 and method of proof of Theorem 3.2. [
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4. Conclusion

Let Ty, T,,...Ty: K - E be afinite family of nonself, nonexpansive and inward mappings on a
nonempty, closed and convex subset K of a real uniformly convex Banach space E with

F = NY_, F(Ty) is nonempty. Let T, = T,(Mod N) + 1, x; € K, for each k € {1,2,...,N},
let hy: K — R be defined by hy(x) = inf{A = 0: Ax + (1 — )T x € K}. Then the sequence
{x,} given by

X, €K,

a, = max{a, hy(x1)},a >0,
Xnt1 = AnXp + (1 — ap)Thxyp,
Up1 = max{ay, hpyq (Xne)}

is well-defined and if {a,} c [¢,1 — €] < (0,1) for some € € (0,1), then the sequence {x,}
converges weakly to some element p of F = N}_, F(T,) provided E satisfies Opial’s
condition. Moreover, if Y7, (1 — a,,) < oo and (F,K) satisfies S-condition, then the sequence
{x,} converges strongly to some element p of F = N}_, F(T;). We also prove strong
convergence result with the assumption of condition (H) in lowering strictly convexity and
condition (S). The results are extended to more general class of strictly pseudocontractive
mappings with possible restrictions on the Banach spaces.
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