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Abstract

The primary purpose of this paper is to introduce the notion of double sequences in 2-normed space.
We provide a simple way to derive a norm from the standard 2-norm by using double sequences
when a 2-normed space is given. Equivalence relation between derived norm and the usual norm
are established. Using this derived norm, we examine the completeness property of a 2-normed
space and we extend the results to n-normed spaces.
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1. Introduction

A sufficient theory of 2-normed space was initially introduced by Gahler (1965) as a generalization
of normed linear space. Subsequently, Misak, Kim and Cho and Malceski developed the theory on
n-normed spaces. Motivated by the notion of n-norm, Gunawan et al. (2001) introduced the idea of
the derived norm from the n-norm. In Idris et al. (2013), an equivalence relation between derived
norm and usual norm has been established. Gunawan (2001) showed that lp space is complete
with respect to its natural n-norm. A huge number of research papers have appeared in this context
with the application as fixed point theorems for some n-Banach spaces. The initial works on double
sequences are found in Bromwich (1908). Later on, it was studied by Hardy (1904), Moricz (1979),
Moricz et al. (1988), Tripathy (2003), Basarir et al. (1999) and many others. The definition of the
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convergence of double sequences was first given by Pringsheim (1897). He defined the P limit and
gave examples of convergence (P convergence) of double sequences with and without the usual
convergence of rows and columns. Hardy studied in detail the notion of regular convergence of
double sequences where as Pringsheim convergence says that the regular convergence requires the
convergence of rows and columns of a double sequence. Moricz discovered an alternative approach
to the Hardy convergence.

Recall in Gunawan (2001), Gunawan’s analysis has rendered natural n-norm on lp, (1 ≤ p ≤ ∞),
which can be viewed as the generalization of the usual norm as follows:

‖x1, x2, . . . , xn‖ =

[
1

n!

∑
j1

. . .
∑
jn

| det(xijk) |p
] 1

p

.

The main aim of this paper is to introduce standard 2-norm and n-norm on p-summable sequence
space lp by using a double sequence (xij) and launch the concept of derived norms. In this paper,
we define n-norm on the space lp, (1 ≤ p ≤ ∞), by using a double sequence as

‖x1, x2, . . . , xn‖p =

[
1

n!

∑
l1

. . .
∑
ln

∑
k1

. . .
∑
kn

| det(xlikj ) |p
] 1

p

.

On the space lp, (1 ≤ p ≤ ∞), 2-norm by using a double sequence can be defined as

‖x, y‖p =

[
1

2

∑
l1

∑
k1

∑
l2

∑
k2

∥∥∥∥∥xl1k1 xl2k2yl1k1 yl2k2

∥∥∥∥∥
p ] 1

p

.

The actual purpose of invoking derived norm is to conclude that convergence of a double sequence
in a linear space with respect to 2-norm implies convergence in usual norm and this fact can be
used in determining completeness property of lp space with respect to the 2-norm which in turn
can be generalised to n-norm.

2. Preliminaries
Definition 2.1.

Let X be a real vector space of dimension d > n. A real valued function ‖.,...,.‖ : Xn −→ R satisfying
following properties:
(1) ‖x1, . . . , xn‖ = 0 if and only if x1, . . . xn are linearly dependent,
(2) ‖x1, . . . , xn‖ is invariant under permutation,
(3) ‖αx1, . . . , xn‖ =| α | ‖x1, . . . , xn‖ for any α ∈ R,
(4) ‖x1 + x

′

1, x2, . . . , xn‖ 6 ‖x1, . . . , xn‖+ ‖x′

1, . . . , xn‖,
is called an n-norm on X and the pair (X, ‖.,...,.‖) is called an n-normed space.

Definition 2.2.

A double sequence of real numbers is a function f :N × N −→ R denoted by x = (xjk)j,k∈N where
f(j, k) = (xjk) for all j, k ∈ N. Let (X, ‖.,...,.‖) be an n-normed space. A double sequence x =

(xjk)j,k∈N in (X, ‖.,...,.‖) is said to be convergent to l ∈ X if for every given ε > 0 there exists n0 ∈ N
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such that

‖xjk − l, z2, . . . , zn‖ < ε whenever j, k > n0 for every z2, . . . , zn ∈ X,

where j and k tend to ∞ independent of each other. Then we say that the double sequence is
Pringsheim’s convergent or P-convergent and l is called the Pringsheim limit.

Definition 2.3.

A double sequence x = (xjk) is said to be a Cauchy sequence if for every ε > 0 there exists n0 ∈ N
such that

‖xpq − xjk, z2, . . . , zn‖ < ε for all p > j > n0, q > k > n0,

for every z2, . . . , zn ∈ X.

Definition 2.4.

A n-normed space (X, ‖.,...,.‖) is said to be complete with respect to n-norm if every Cauchy se-
quence in X converges to some x ∈ X.

3. Main Results

3.1. Standard 2 -norm on lp space using double sequence

The inner product on l2 using double sequence can be defined as follows

< x, y >=
∑
l1

∑
k1

xl1k1yl1k1 .

By using a double sequence, we introduce the concept of standard 2-norm on the space l2 as follows

‖x, y‖ =

∣∣∣∣∣∣∣
∑

l1

∑
k1
x2
l1k1

∑
l1

∑
k1
xl1k1yl1k1∑

l1

∑
k1
xl1k1yl1k1

∑
l1

∑
k1
y2
l1k1

∣∣∣∣∣∣∣
1/2

,

where∣∣∣∣∣∣∣
∑

l1

∑
k1
x2
l1k1

∑
l1

∑
k1
xl1k1yl1k1∑

l1

∑
k1
xl1k1yl1k1

∑
l1

∑
k1
y2
l1k1

∣∣∣∣∣∣∣ =
∑
l1

∑
k1

xl1k1

∣∣∣∣∣∣∣
xl1k1 yl1k1∑

l2

∑
k2
xl2k2yl2k2

∑
l2

∑
k2
y2
l2k2

∣∣∣∣∣∣∣
=
∑
l1

∑
k1

∑
l2

∑
k2

xl1k1yl2k2

∣∣∣∣∣ xl1k1 yl1k1
xl2k2 yl2k2

∣∣∣∣∣ . (1)



100 P. R. Kavyasree and B. Surender Reddy

Also, we have∣∣∣∣∣∣∣
∑

l1

∑
k1
x2
l1k1

∑
l1

∑
k1
xl1k1yl1k1∑

l1

∑
k1
xl1k1yl1k1

∑
l1

∑
k1
y2
l1k1

∣∣∣∣∣∣∣ =
∑
l1

∑
k1

yl1k1

∣∣∣∣∣∣∣
∑

l2

∑
k2
x2
l2k2

∑
l2

∑
k2
xl2k2yl2k2

xl1k1 yl1k1

∣∣∣∣∣∣∣
=
∑
l1

∑
k1

∑
l2

∑
k2

yl1k1xl2k2

∣∣∣∣∣ xl2k2 yl2k2
xl1k1 yl1k1

∣∣∣∣∣
=
∑
l1

∑
k1

∑
l2

∑
k2

−yl1k1xl2k2

∣∣∣∣∣ xl1k1 yl1k1
xl2k2 yl2k2

∣∣∣∣∣ . (2)

From Equations (1) and (2), we obtain

2

∣∣∣∣∣∣∣
∑

l1

∑
k1
x2
l1k1

∑
l1

∑
k1
xl1k1yl1k1∑

l1

∑
k1
xl1k1yl1k1

∑
l1

∑
k1
yl1k1

∣∣∣∣∣∣∣ =
∑
l1

∑
k1

∑
l2

∑
k2

(xl1k1yl2k2 − yl1k1xl2k2)

∣∣∣∣∣ xl1k1 yl1k1
xl2k2 yl2k2

∣∣∣∣∣
=

1

2

∑
l1

∑
k1

∑
l2

∑
k2

∣∣∣∣∣
∣∣∣∣∣ xl1k1 xl2k2
yl1k1 yl2k2

∣∣∣∣∣
∣∣∣∣∣
2

.

Therefore, standard 2-norm on l2 can be represented as

‖x, y‖ =

[
1

2

∑
l1

∑
k1

∑
l2

∑
k2

∣∣∣∣∣
∣∣∣∣∣xl1k1 xl2k2yl1k1 yl2k2

∣∣∣∣∣
∣∣∣∣∣
2] 1

2

.

Based on the above discussion, we define standard 2-norm on lp, 1 ≤ p ≤ ∞, by

‖x, y‖p =

[
1

2

∑
l1

∑
k1

∑
l2

∑
k2

∣∣∣∣∣
∣∣∣∣∣xl1k1 xl2k2yl1k1 yl2k2

∣∣∣∣∣
∣∣∣∣∣
p] 1

p

.

Also, define standard 2-norm on l∞ by

‖x, y‖∞ = sup
l1k1

sup
l2k2

∣∣∣∣∣
∣∣∣∣∣xl1k1 xl2k2yl1k1 yl2k2

∣∣∣∣∣
∣∣∣∣∣.

Lemma 3.1.

For every x, y ∈ lp, we have

‖x, y‖p 6 21− 1

p ‖x‖p‖y‖p.
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Proof:

By the triangle inequality for real numbers and Minkowski’s inequality, we have

‖x, y‖p =

[
1

2

∑
l1

∑
k1

∑
l2

∑
k2

| xl1k1yl2k2 − xl2k2yl1k1 |p
] 1

p

6

[
1

2

∑
l1

∑
k1

∑
l2

∑
k2

[
| xl1k1 | | yl2k2 | + | xl2k2 | | yl1k1 |

]p] 1

p

6 2−
1

p

[[∑
l1

∑
k1

∑
l2

∑
k2

| xl1k1 |p| yl2k2 |p
] 1

p

+

[[∑
l1

∑
k1

∑
l2

∑
k2

| xl2k2 |p| yl1k1 |p
] 1

p

]
= 21− 1

p ‖x‖p‖y‖p for every x, y ∈ lp.

For p =∞, we obtain ‖x, y‖∞ 6 2‖x‖∞‖y‖∞. �

3.2. The concept of derived 2-norm using double sequences

Given a 2-normed space of dimension > 2, we can choose a linearly independent set {a11, a22} in
(X, ‖., .‖) and derive a norm ‖.‖∗p from the 2-norm as follows:

‖x‖∗p = [‖x, a11‖pp + ‖x, a22‖pp]
1

p for every x ∈ lp.

For convenience, we choose a11 = (1, 0, 0, . . .) and a22 = (0, 1, 0, . . .).

Lemma 3.2.

The derived norm ‖x‖∗p is equivalent to the usual norm ‖x‖p. In particular, we have

‖x‖p 6 ‖x‖∗p 6 2
1

p ‖x‖p.

Proof:

For every x ∈ lp, we compute

‖x, a11‖pp =
∑
i=j 6=1

| xij |p, (3)

and

‖x, a22‖pp =
∑
i=j 6=2

| xij |p . (4)

Hence, we obtain from Equations (3) and (4)

‖x‖∗p =

[
| x11 |p + | x22 |p +2

∑
i=j 6=1,2

| xij |p
]
.

Hence, we have

‖x‖p 6 ‖x‖∗p 6 2
1

p ‖x‖p. �
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Lemma 3.3.

A double sequence (xij) in lp converges to some x ∈ lp with respect to ‖., .‖p if and only if it is
convergent in the usual norm ‖.‖p. Equivalently, a double sequence in lp is Cauchy sequence with
respect to ‖., .‖p if and only if it is Cauchy sequence with respect to ‖.‖p.

Proof:

The proof of the ‘if’ part of the lemma can be followed immediately by Lemma 3.1. We proof for
the ‘only if’ part of the lemma. To prove this, we shall recall the derived norm defined in subsection
3.2,

‖x‖∗p = [‖x, a11‖pp + ‖x, a22‖pp]
1

p .

Suppose, if (xij) converges with respect to ‖., .‖p, then from the above equality we have

‖xij − x, a11‖ −→ 0 and ‖xij − x, a22‖ −→ 0 as i, j −→∞,

which implies

‖xij − x‖∗p −→ 0 as n −→∞,

i.e., xij converges to x with respect to ‖.‖∗p. By Lemma 3.2, we can conclude that xij also converges
with respect to ‖.‖p. �

The second part of the lemma can also be proved in a similar manner.

Theorem 3.4.

The space (lp, ‖., .‖p) is complete.

Proof:

Let (xij) be a Cauchy sequence in lp with respect to ‖., .‖p. Then by Lemma 3.3, (xij) is a Cauchy
sequence with respect to ‖.‖p. But we know that (lp, ‖.‖p) is a complete normed space, so (xij)

must converge to some x in lp with respect to ‖.‖p. Then by Lemma 3.3, it must converge to x with
respect to ‖., .‖p. Therefore, lp is a Banach space with respect to the 2-norm. �

3.3. Standard n-norm on lp space using double sequence

Here, we introduce the concept of standard n-norm which is a generalization of 2-norm on l2 space
using double sequence.

‖x1, x2, . . . , xn‖ =

[
1

n!

∑
l1

. . .
∑
ln

∑
k1

. . .
∑
kn

| det(xlikj ) |2
] 1

2

.
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Standard n-norm on lp space for 1 6 p 6∞ can be defined by

‖x1, x2, . . . , xn‖p =

[
1

n!

∑
l1

. . .
∑
ln

∑
k1

. . .
∑
kn

| det(xlikj ) |p
] 1

p

.

For p =∞,

‖x1, x2, . . . , xn‖∞ = sup
l1k1

, . . . , sup
lnkn

| det(xlikj ) | .

Lemma 3.5.

For every x1, . . . , xn ∈ lp, we have

‖x1, x2, . . . , xn‖p 6 (n!)1− 1

p ‖x1‖p . . . ‖xn‖p.

Proof:

Let Ψ be a set of all permutations of {1, . . . , n}. Then,

‖x1, x2, . . . , xn‖p =

[
1

n!

∑
l1

, . . . ,
∑
ln

∑
k1

, . . . ,
∑
kn

| det(xlikj ) |p
] 1

p

=

[
1

n!

∑
l1

, . . . ,
∑
ln

∑
k1

, . . . ,
∑
kn

∣∣∣∣∣ ∑
ψ=(j1,...,jn)∈Ψ

sgn(ψ)xl1kj1xl2kj2 , . . . , xlnkjn

∣∣∣∣∣
p] 1

p

6

[
1

n!

∑
l1

, . . . ,
∑
ln

∑
k1

, . . . ,
∑
kn

( ∑
ψ=(j1,...,jn)∈Ψ

| xl1kj1xl2kj2 , . . . , xlnkjn |

)p] 1

p

6 (n!)−
1

p

∑
ψ=(j1,...,jn)∈Ψ

[(∑
l1

∑
k1

| xl1kj1 |
p
) 1

p

. . .
(∑

ln

∑
kn

| xlnkjn |
p
) 1

p

]

6 (n!)−
1

p

∑
ψ=(j1,...,jn)∈Ψ

‖x1‖p . . . ‖xn‖p

= (n!)1− 1

p ‖x1‖p . . . ‖xn‖p. �

3.4. The concept of derived n-norm using double sequences

From the n-norm, we can define the derived norm using double sequences with respect to the set
{a11, . . . , ann}, where aij = δiljk , il = 1, . . . , n and jk = 1, . . . , n,

‖x‖∗p =

( ∑
{i2j2,...,injn}⊂{1,...,n}

‖x, ai2j2 , . . . , ainjn‖pp

) 1

p

.

Lemma 3.6.

The derived norm ‖.‖∗p is equivalent to the usual norm ‖.‖p on lp. Precisely, we have

‖x‖p 6 ‖x‖∗p 6 n
1

p ‖x‖p.
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Proof:

‖x, a22, a33, . . . , ann‖ =
∑

i=j 6=2,3,...,n

| xij |p .

‖x, a11, a33, . . . , ann‖ =
∑

i=j 6=1,3,...,n

| xij |p .

...
‖x, a11, a22, . . . , an−1n−1‖ =

∑
i=j 6=1,2,...,n−1

| xij |p .

We get

‖x‖∗p =
[
| x11 |p + | x22 |p + . . . | xnn |p +n

∑
i=j 6=1,2,...,n

| xij |p
] 1

p

.

Hence an equivalence relation between ‖.‖∗p and ‖.‖p can be established as

‖x‖p 6 ‖x‖∗p 6 n
1

p ‖x‖p. �

As a generalization of Theorem 3.4, we consider the following theorem.

Theorem 3.7.

The space lp is complete with respect to the n-norm.

4. Conclusion

A detailed study of properties of double sequences over 2-normed and n-normed spaces has been
done. The concept of n-norm and derived n-norm on lp space has been established using double
sequences. It would be interesting also to study similar properties for divergent double sequences.
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