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Abstract

In the literature, there are a lot of studies about midpoint type inequalities for Riemann Liouville
Fractional Integrals. But for most of them, the right and left fractional integrals are used together.
In this paper, we give three new Riemann-Liouville fractional midpoint type identities for differ-
entiable functions by using only the right or the left fractional integral. From these identities, we
obtain some new midpoint type inequalities for harmonically convex functions by applying power
mean and Holder inequalities.
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1. Introduction

Let f: I C R — R be a convex function defined on the interval I of real numbers and a,b € I with

a < b. The inequalities
b
f<a+b><bia/f($)dx<f(a)+f(b) (1)

2 2

is well known in the literature as Hermite-Hadamard’s inequality. There are so many generaliza-
tions and extensions of inequalities (1) for various classes of functions. One of this classes of
functions is harmonically convex functions defined by Iscan.
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In Iscan (2014), Iscan gave the definition of harmonically convex functions as follows.

Definition 1.1.

Let I ¢ R\ {0} be a real interval. A function f : I — R is said to be harmonically convex if

LY
< —
Hariy;) sH@+0-0f@ @
for all z,y € I and ¢t € [0, 1]. If the inequality in (2) is reversed, then f is said to be harmonically
concave.

Remark.

Let [a,b] C I C (0,00) if the function g : [}, 1] — Risdefined g (z) = f (), then f is harmonically
convex on [a, b] if and only if g is convex on [3, 1] (see Dragomir (2017)).

In Iscan (2014), iscan gave Hermite-Hadamard type inequalities for harmonically convex functions
as follows.

Theorem 1.3.

Let f : I € R\ {0} — R be a harmonically convex function and a,b € I witha < b. If f € L a,b]
then the following inequalities hold:

2ab ab bf(ﬂf) f(a)+ f(b)
f<a+b>§b—a/a 3dr < 5 : 3)

For some similar studies with this work about harmonically convex functions, readers can see
Awan et al. (2018), Chen and Wu (2014), Dragomir (2017), Iscan (2014), Iscan et al. (2016), Iscan
and Wu (2014), Kunt and Iscan (2017), Kunt et al. (2016), Mihai et al. (2017), Mumcu et al. (2017)
and references therein.

The following definitions of the left and right side Riemann-Liouville fractional integrals are well
known in the literature.

Definition 1.4.

Leta,b € R with a < band f € LJa,b]. The left and right Riemann-Liouville fractional integrals
J& f and J2 f of order a > 0 are defined by

T t@) = g [ =0 0t 2 >
and

b
I'(«)

respectively, where I'(«) is the Gamma function defined by I'(«) = [ e~*t*~1dt (see Kilbas (2006),
0

b
Je f(x) = / (t — o) f()dt, = <,

page 69).
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We recall the following inequality and special functions which are known as Beta and hypergeo-
metric function, respectively,

_T@Ty) _ [ 1
5(1‘,9)—W—/075 (1—t)Y""dt, z,y >0,
1
2F1 (a, b, C; Z) = B(bi—b)/o tb_l (1 _t>C—b—1 (1 —Zt)_adt’

¢>b>0,]z < 1(see Kilbas (2006)) .

In literature, there are so many studies for midpoint type inequalities (Kirmaci (2004), Set et al.
(2015), Kunt et al. (2017), Kunt et al. (2018)). In some of them, the left and right fractional integrals
are used together. The studies Kunt et al. (2017), Kunt et al. (2018) are the first two works by using
only the right fractional integrals or the left fractional integrals.

The original contribution of this paper is to obtain new Riemann-Liouville fractional midpoint type
inequalities by using only the right or the left fractional integral separately for harmonically convex
functions.

2. Lemmas
In this section we will prove three new identities used in forward results.

Lemma 2.1.

Let f : I C (0,00) — R be a differentiable function on 7° (the interior of the interval I) such that
1 € Lla,b], where a, b € I° with a < b. Then the following equality for the right Riemann-Liouville
fractional integral holds:

ra+y () gren (3) - g (200 @)

—a

at1 o 1 “
=bb-a) /(tb+(f—t)a)2f/<tb+(1t )dH/ (tb+ (1 —t) )Qf/<tb+(1bt)a)dt

where i (z) = 1 and o > 0.

[en]

Proof:

It could be prove directly by applying the partial integration to the right hand side of the equation
(4) as follows:
a+1 a B 1

¢ , ab
(tb+ (1 —1t) )Qf (tb+ (1 —t)a> dt

, ab
ab(b—a) O/(tb—I—(l—t)a)Qf (tb+(1—t)a>dt+

Q
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1

o ; a
=ab (b — a) O/(tb+(f_t)a>2f’<tb+ 1-1) > /tb+ 1-t)a f/<tb+(1b_t)a>dt

a+1

a1l ab ab
! f<tb—|—(1—t)a> d”f<tb+(1—t)a) .

(e

+

o
o _

—reen (72) s gem () - (D)

This completes the proof. n

Remark.

In Lemma 2.1, if one takes o« = 1, one has the following identity:

b

ab 2ab
b—a/f(t)dtf<a—|—ab> )

a

1

t , t—1 , ab
=ab(b—a) (tb+(1_t)a)2f <tb—|— 1—t) >dt+/ (th+ (1 —t)a 2f <tb+(1—t)a>dt

o\
N =

Lemma 2.3.

Let f : I C (0,00) — R be a differentiable function on 7° (the interior of the interval ) such that
1 € Lla,b], where a,b € I° with a < b. Then the following equality for the left Riemann-Liouville
fractional integral holds:

Plan) (2, ) v rom () -7 () ®)

aa+b

a

el _o , ab
=0 [ G ! (ta+<1—t>b>dt+

where i (z) = 1 and o > 0.

11—t , ab
(ta+ (1 —t)b)? (ta+(1—t)b> a|

[e=]

)
t‘ \»—-
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Proof:
Similar to the proof of Lemma 2.1, we have (6). n

Remark.

In Lemma 2.3, if one takes o = 1, one has the following identity:

ba—ba/bf(t) dt =1 <aifd;b> )

—t ab

) 1—t
(ta+(1—t)b)2f <ta+(1—t)b> di+

, ab
(ta + (1 —t)b)Qf <ta+ (1 —t)b> dt

Il

Q

S

—_

S

|

S5
o"\mH
(NI \»—‘

Lemma 2.5.

Let f : I C (0,00) — R be a differentiable function on I° (the interior of the interval I) such that
1" € Lla,b], where a,b € I° with a < b. Then the following equality for the Riemann-Liouville
fractional integral holds:

a (a+1)ab (a+1)ab
e <bab) T8 (Fom) () + T8 (Fom) (3) ] - {f( ) + 1 (G )] 8)

2 —a 2

1 \ 1 t )

/ a o / a

ab(b—a) Of tb+(1 t)a 2f (tb+(1 t)a> dt — f(ta—i—(l tb)2f (ta+(1 t)b) dt
— 1
| 7

2 b b 7
(ta+(1— tb)zf,<ta+(al—t)b> ! (tb+( 1 t)a 2f/<tb+(a t)a )dt

+

at1

where . (z) = 1 and a > 0.

Proof:

Adding the equalities (4) and (6) side by side, then the multiplying the result by 3, we have the
equality (8). n
Remark.

In Lemma 2.5, if one takes oo = 1, one has the following identity:

b
ab 2ab
2(b—a)/f(t)dt_f<a~l—ab> ©)

1 1
t / ab t /
ab(b—a) of (tb+(1—t)a)2f (tb+(1—t)a> dt — of (ta+(1—t)b)2f (ta+(1 t)b) dt

2 E 1 b b
/ a !/ a
+{ (ta+(1—t)b)2f (ta+(1—t)b> dt — (tb+(1— t)a2f (tb+( Da )dt

N\D—‘%H
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3. Some new midpoint type inequalities for harmonically convex
functions

In this section, we will prove some new midpoint type inequalities for harmonically convex func-
tions by using Lemma 2.1, Lemma 2.3 and Lemma 2.5.

Theorem 3.1.

Let f : I C (0,00) — R be a differentiable function on I°, a,b € I° and a < b. If f' € L][a,b] and
|£'| harmonically convex on [a, b] for ¢ > 1, then we have the following inequalities:

Pa+1) (zfi)a T2 (fem) (5) —f (m”“)

a4+ ab
a+1 1‘%
< (b—a)ab (a)

(10)

(Z1 (@) ] @] + Zx ()| B ]
Q); ’

(+2)*"? +(Zs (@) | (@)|" + Za (a) | £ (D)
where
a+2 —2q
o 1 leY
= - Fi(2q,1; 1— ="
71 (a) <a+1> P [a—s—l(b a)—I—a} 2 1< ¢, 1;a+3, uﬂ(b,a)ﬂt),
et o —2q . _ a i
s = | w5 S e e ra] TR (20, 50+ 2.1 - =) ,

a at2 1 a —2q . a
[ 50721, (2¢,153,1 — 4)

2 —2q
1 .
Zs () = -2 (ail) [ail (b —a)+ a’} 21 <2q’ 13,1 — %_H(ba—a)—i-a)
’ b2, R (2,10 43,1 — 9) ’

«a at2 1 a —2q a
_(T—‘,-l) r_ﬂ[m(b—a)+a:| 2F1<2q,1,06+3,1_m)_

(07215 (2¢,152,1 - ¢)

q
_CVL-H [QL-H (b—a)—i—a} o F (2(],1;2,1—%)

a+1
— b2, (2¢, o +2,1— §)

—2¢q
oot « a
T yat2 b— i| (271; 2,1- = >
Zita) = | D - +a) R (20 ka2 - et

—3b725F (2¢,1;3,1— %)

1 a 2 (e} 2 -
-3 (oTl) [TH (b—a)—i—a] 2F1 (2(1’1;3’1_W)

—a%rlbﬂngl (2q, La+3,1— %)

o \OT2 o —2q . a
_+(T+1) Q—H[Q—H(b—a)+a] 2F1<2q,1,04+3>1_W)_

and o > 0.

Proof:

? we have

By using Lemma 2.1, power mean inequality and harmonically convexity of | f’

rasn (2) s wen @) - (UE)) an
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a+1

1

ab 1—t~ ab
<ab(b—) | | gt |1 (et | 0+ I @i | (et
_— . . _
s a e ab q
<0f ¢ dt) (f (tb+(1 t)a % | (tb-‘r(l—t)a) d't)
< (b—a)ab 11 1
E « ' ; 1—t~ ! ab g '
+ ;[(1_t ) dt af (tb+(1—t)a)™ f <tb+( )) dt
L \&5 ati 1
o q
a1 N1t <Of wra—pa 1 (@ )\q+(1—t)|f’(b)|q]dt>
o q
< (b-— bl ——=
<(b—a)a <(a+2)a+2) o
[ et 17 @I+ (1= 1) | )
L a+1

Calculating the appearing integrals in (11), we have

ta+1

O\‘Qﬁ‘@

e

+1

= du
2 < 2
(th+ (1 —t) a)™ at1) 1ub+ 1_mu>a>q
_( >oz+2‘/1 (1_U)a+1 i
C\a+1 2
@ o a (1—0v) b—i—(l—a—ﬂ(l—v))a)
1
a+2 —2q
! a a
= 1—0)*™ [1-0|1—
<a+1> [a—i—l( aHa] /( v) ( v[ T h-a)ta
0

1
q

a—+2 —2q
o 1 «
= b— Fy{2q,1; 3,1 — —~
<a+1> a+2[a+1( a)+a] 2 1(q, ats, uTl(b*a)Jra)
=7 (o),
and
= P sy
l—t ta—i—l
[_eao T | i
) (th+(1—t)a / (tb+ (1 —1) ) / (th+ (1 —t)a)™
Q a+1 ; il ta+1
<a+1> / 7T / (th+ (1 —t)a)™
0 1ub—l— aHu)a) 0
a+1 1 « atl
~(o51) ) - Ty p—
S \a+1 a —
o <a—+1(1—v)b+(1—a—+1(1—v a 5 (th+ (1~ t)a)*

)’dt

—2q
) dv
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o oL L —2q 1 o a —2q
(20) ™ [ze 0o+ a] ™ 0 (10 1 )
- i
o+t
- g (tb+(17t)a)2‘1dt
oot .
_ WL?_? (b—a)—i—a} 2Fy (_25;1,04‘1'2,1 o<+1(b a)+ a)
— <OCL+1> OCLH |:OCL+1 (b — a) +(Z:| 2F1 (2q, 1,0{“‘ 3, 1-— W)
:ZQ(Oé),
and
1 1 1
1 —t« a+1
t = t + t
(1—t)t d t d t d (14)
(tb+ (1 —1) ) (th+ (1 —1) ) (thb+ (1 —1t) )
TH a+1 oTl
! o ! o+l ot pat+l
/ dt—/ dt+/ /
(tb+ (1 —1t) ) (tb+(1—t (th+(1—t)a (tb+ (1 —1t) )
0 0 0 0
(1072051 (2¢,1;3,1 — ¢) |
2 —2q
1 a a .
_ |- (m) 537 (b)) R (201531 - )
+gb 2q2F1(2q,1 a+3,1-9)
(0% Oé+2 (07 _2q a
(T) ot [oa+1 (b*a)ﬂl} 21 (2q7130‘+371 W) |
:Z3(Oé),
and
1 1 1
(1—1t) 1—t 1—1t« 1—t%)t
/ / dt—/ U= g (15)
(th+(1—-t)a (th+ (1 —t)a)™ (th+ (1 —t)a)™
at1 at1 ot
1 1 1
:/ / dt—/ (1=t LAt
(tb+(1—t (tb+ (1 —1) ) (tb+ (1 —1t) )

1 o)

\Of(tb—&-(l ta)z‘l { (tb+(1— ta)z“dt_f (tb+(1— t)a)zth
B ﬁ to L 1 ta

+ of (tb+(1— ta)z“ af (tb+(1 —t)a W (—pa)

+1
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(b2, F (2¢,1;2,1 — ) T

—2q
— a1 L‘L‘H (b— )+a] 2 I (2(1715271_ a+1(b T a)
— 0P (20, a+2,1—¢)

+ ot [Q—H(b—a)+a] 2F1<2q,1;a+2,1—%)

—%b—%Fé (2¢,153,1 = ¢) ,

1 (ail) [a%l (b )—i—a} TR (2q,1;3,1— %)
ailb 2,F (29,10 + 3,1 — ¢)

a at2 1 [e} 2
|+ (a%) k(s @] TaR (2eta s - gt |

=27y (a).

If we use (12) — (15) in (11), we have (10). This completes the proof. n

Theorem 3.2.

Let f : I C (0,00) — R be a differentiable function on °, a,b € I° and a < b. If f' € L][a,b] and
| f \q harmonically convex on [a, b] for ¢ > 1 and %—l—% = 1, then we have the following inequalities:

Py (2] g ren @) - (WD) (16)

a+1 1— ! q l 2

a | (Zs (@) [f" (@) + Ze (a) | f" (0)[")

ab(b—a)| ———— 1
=l )((04+2)°‘+2> Z (Oé)!f’(a)\quZs(Oé)\f’(b)!q)“]

where

1 a V[ « —2
I _ . - a
Zs (a) = 5 <a n 1) L“F 1 (b—a) +a} 2 F <2q, 1;3,1 ﬁl(b—a)m) ;

q
[ b—a +ai| 2F1 <2q,1,2,1 W)
6]

—2q
) [a—i—l -I-CL} 2F1 (2(]71a371 a+1(b a)—i—a)

71
[ 1p20, 1) (2q, 1;3,1— 9)

) [0 T ) |

(0724, F) (2¢,1;2,1 — ¢) |
a

—2q
Zs (0) = —af [%ﬂ(b—a)+ ] 2 F (26],1;271—%)
® — 16720, F (2¢,1;3,1 — 9) ’

2 —2q
_—%(a%l) [%ﬂ(b—a)—i—a} m(m,n:&@—%)_

and 0 < o < 1.
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Proof:
b\ ., +1)ab
O e R EDIC R C
a1
ab
| wraner f/<ta+(1—t)b)‘dt
<ab(b—a)| ° ,
ab
+«! tb+1t f/<ta+ )‘dt
a+1

ﬁ % %ﬂ 1 / ab
tedt of (tb+(1—t)a)? f (ta+(

)b)‘th>

67

! we have

)

7)

Q=

J
0
<ab(b—a) 1
i 1
« 1
( (1-t )dt) ( ! (tb+(1—t)a)
a+1

1
+(!(w+(11t)a)2q[tf'(a)q+(

+1

Calculating the appearing integrals in (17), we have

f/ <ta+(albft)b

. (aof(ﬂ,ml_t)a)zq[tlf’(a)!"+(1—t)\f’(b)lq]dt>

L= 1) |f B)] dt)

).

1 7

o t 1 « 2 «a —2q
/ (tb+ (1 ~ t) a)zth = 5 (a n 1> |:04+ 1 (b — a) +CL:| o F (2(], 1;3,1— 7ﬁ(b—a)+a) (18)
0
— Z5 (Oé) 5
and
. . o
/ -t / / _dt 19)
th+(1—1t)a (th+(1—1t)a (tb+ (1 —t)a)™
0 0 0
2 )
71{ +a} 2F12<2q,1;2,1 = a)+a)
- (s ) [aﬂ o) +a] o (20,1531 - o)
= ZG (a),
and
(20)

LY (22q, 1;3,1—9)
+(5%) [ -0 +4

o (2q, 1;3,1—

- a
i (b—a)+a



68

and

‘\,_.

1 1
1—1¢ 1 t
(th+ (1 — 1) a)™ dt_/ (th+ (1 — 1) a)™ dt_/ (th+ (1 — 1) a)™ i

a+1
_b_2q2F1 (2Q71,271_ %) ]
—2q
~23 s -a) ra] T oR (205200 - =)

—3b7%,F (2¢,1;3,1— %)
2 —2q
3 (2) [ 0-w+a] R (20131 -

ﬁ_l(b—a)—i—a) i
= Zg (Oé) .

If we use (18) — (21) in (17), we have (16). This completes the proof.

Theorem 3.3.

Z. Sanli

Let f: I C (0,00) — R be a differentiable function on I°, a,b € I° and a < b. If f' € L][a,b] and

|£'| harmonically convex on [a, b] for ¢ > 1, then we have the following inequalities:

'F(a+1) <bciba>a Je, (foh) (L) — ¢ ((a—i—l)ab)'

aa+b

(% (@)1 @17+ Zuo (@) | G ] ,

aa—l—l 1‘%
<b—-a)ab| ———— 1
== <(a+2)°‘+2> + (Zu (@) [f (@) + Ziz (@) [£/ (B)[) =

where

a+2
Zy (a) = @ L b2, Fy <2q7a+2 o+ 3, ( —9)),
a+1 o+ 2 o¢+1 b

at2
1
Zho () = |:<a?r1) a+1b 219 Fy (2q,a+ La+2,5% (1 _ %>> ]
= s |
1
()" e o+ 20320 0-9)

Elaryal (2q,2-3 1—4)

6] a+2 1 2q a
_<T+1) arb T2h <2q,a+1 a+2,35 (1—5)>
tosb 2R (2, 00+ 25004+ 3,1 — &) ;

o at2 1 2q a
_—<r+1) a+2b 2F1 (2q,0[+2 a+3,a+1( E))_

Z11 (Oé) =

(22)
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(b2, (2¢,1;2,1 —

«
a+1b

[ ot
+ ()

a+1
Zlg (Ck) = N

o a+2
+ ()

a+1

a+2

and a > 0.

Proof:

5)

—5b725F (2¢,2;3,1 —

2q2F1 (2(1’ ) ’a+1 7)
b2 (2 0+ Lo+ 2,1 ¢)

2
Lo 2P (20,04 1 oz—i—2,a+1 (1-

;)

b2, Fy (2q,a—i—2 a+3,1—
a+2
132
T+ (ail) a2t "2 b <2q,a—|—2 a+3, 557 (1-

bR (20,0 + T+ 2,597 (1-

?)

5)

a
b

a

b

69

)
)
)|

Similar to the proof of Theorem 3.1, by using Lemma 2.3, power mean inequality and harmonically

7, we have (22).

Theorem 3.4.

Let f : I C (0,00) — R be a differentiable function on 7°, a,b € I° and a < b. If f' € L]a,b] and
| /'|* harmonically convex on [a, b] for g > 1 and { + 1 = 1, then we have the following inequalities:

‘I‘(a—i—l) (bi)a I (foh)(2) — f <(

< (b—a)ab <£;H>l

where

o a+2 1 Y
Z13 () = <a+1> —— by P (2q,a+1 a2, -0

—2
Zua (@) at1l2 g (2(171 2,351 (1- %))
14 = a+2 _9
= (aLJrl) a+1b2 1R (2‘1’0‘4‘1 a+2, 35y (1
(172 a
307205 F (2¢,2;3,1 - §)
2 » 45 b
Z15 () =
(072055 (29,1;2,1 — &)
2
7 ( ) . ailb qFl <2q71’2’ a+1 (1 %))
A= _1p=20, 1y (2¢,2:3,1 - 9)

and o > 0.

o a+2 —2g
+(T+1) a+1bz F1(2q,oz+1 a+2,a+1(1—

o a+2 2
+(a—+1) by F1(2q,a+loc+2,a+1(1—

(23)

(Z13 (@) [ (@I + Zua (@) | ()| dt) ]
+(Z1s ()|F (@' + Zug () £ ()| )’

-1)),
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Proof:

Similar to the proof of Theorem 3.2, by using Lemma 2.3, Holder inequality and harmonically
. we have (23). -

Theorem 3.5.

Let f: I C (0,00) — R be a differentiable function on I°, a,b € I° and a < b. If f' € L][a,b] and
|£'| harmonically convex on [a, b] for ¢ > 1, then we have the following inequalities:

(a+1)ab a+1)adb
Ma+1) ab \* 1 1 f(aa+b)+f<a+ab)
J¢ h) (¢ J¢ h) (=) | —
5 (b_a> (T8 (Foh) (5) + T8 (Foh) (3)] ; (24)
(Zir () I (@) + Zis () [/ (0)) "
b(b—a) ( 1 >1 +(Z1g () |f" (O)F + Zao (@) IS (@)[)
-2 a+l +(Zan (@) 1S (O)F + Za2 () IS (@)[)
+(Zas (a) |1 (a)|" + Zoa (@) [ £ (B)|7)
where
1
Zi7 (o) = a+2b 25y (2¢, ;0 +3,1— %),
Zrs () = 0725 (2, 100+ 2,1 — §)
S (2 a0+ 3,1-9) |
1 2q a
219 (Oé) ?b o F (2q,()é+2 a+3,1— 5)
Zyo (o) = oc-l‘rlb YoF (2¢,0+ La+2,1- %)
— 502 F (2,04 250+ 3,1— ¢) |
Zo (o) 3072F1 (2,231 - §) ]
o) = a+2 s
T ()" AR (2004 Lot 2,58 (1-4)

(6205 Fy (2¢,1;2,1 — ¢)

Ty = | A (20,152,251 5))
2= L2,y (2q,2-3 1— ) ’

a+2
2
T (%H) a+1b 121 <2q,a+1 a+2 59 (1_%)>_

$b7215F (2¢,1;3,1 — 4)
Zyz(a)= | " |1 , \ot2 . . :
T2 (a+1) |:a+1 (b—a)—i—a} 2F1 (2(]’1’37W)
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[b245F (2¢,1;2,1 — %)

—2q
Zoy (0) = —aiT [0%1 (b—a)+a} 2F1 <2q,1;2,%>
24 ~ 16720, P (2¢,1;3,1 — @) ’

o a+2 o —2q a
ﬁ%(m) [m(b—“)”} 2F1<2q’1;3’%>-

+1

and o > 0.
Proof:

Similar to the proof of Theorem 3.1, by using Lemma 2.5, power mean inequality and harmonically
convexity of | f'|*, we have (24). -

Theorem 3.6.

Let f : I C (0,00) — R be a differentiable function on I°, a,b € I° and a < b. If f' € L]a,b] and
| £'|* harmonically convex on [a, b] for g > 1 and { + 1 = 1, then we have the following inequalities:

a (a+1)ab el
F(a+1)< ab ) [J?Jr(foh)(%) +J?_(foh)(%):|_ f( anerrb >+f< aiab )} (25)

2 b—a 2

1

)
<ab(b—a)< 1 >1_“ + (Zar (@) |f'(
= 2 a+1 + (Z21 () |1 (

+ (Zas (@) | f'(

Q= Q= Q=

where

1
Zos (@) = 51)*%5 (24,1;3,1— %),

b=244F; (2¢,1;2,1 — &
226(a):[ 21 (29 ) ]

—507%,F (2¢,1;3,1— )

1.
Zor (a) = 572 F1 (24,2;3,1 - ),

o b—2q 2F1 (2Q7 1727 1- %)
228(06)— [—éb_QqZFl (2(],2;3,1—%) )

Zo1 () — Za4 («) are the same as in Theorem 3.5 and « > 0.

Proof:

Similar to the proof of Theorem 3.2, by using Lemma 2.5, Holder inequality and harmonically
convexity of | f'|*, we have (25). -
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4. Conclusion

In the literature, there are so many studies for Hermite-Hadamard type inequalities for fractional
integrals by using right and left fractional integrals together. This work is different in terms of using
the right and left fractional integrals independently to obtain the midpoint type inequalities for
harmonically convex functions in Riemann-Liouville fractional integral forms. In our main results,
if one takes o = 1, one has the midpoint type inequalities for harmonically convex functions.
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