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Abstract

In this paper, we define left Boolean lifting property (right Boolean lifting property) LBLP
(RBLP) for pseudo BL-algebra which is the property that all Boolean elements can be lifted
modulo every left filter (right filter) and next, we study pseudo BL-algebra with LBLP (RBLP).
We show that Quasi local, local and hyper Archimedean pseudo BL-algebra that have LBLP
(RBLP) has an interesting behavior in direct products. LBLP (RBLP) provides an important
representation theorem for semi local and maximal pseudo BL-algebra.
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1. Introduction

In 1998, Hajek presented BL-algebra; an algebraic semantics of basic fuzzy logic (Wang and

Xin (2011)). They are generated by continuous t-norms on the interval [0, 1] and their residuals

(Georgescu and Muresan (2014)). Then, Georgescu introduced pseudo BL-algebra as a non-
354
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commutative extension of BL-algebra (Georgescu and Leustean (2002)). The idea of pseudo
BL-algebra originates not only in logic and algebra, but also algebraic properties that come
from the syntax of certain non-classical propositional logics, intuitionistic logic. A lifting
property for Boolean elements appears in the study of maximal MV-algebras and maximal
BL-algebra. The left lifting property for Boolean elements modulo, the radical, plays an
essential part in the structure theorem for maximal pseudo BL-algebra. In order to extend the
previous works, Georgescu and Muresan studied Boolean lifting property for arbitrary
residuated lattice (Georgescu and Muresan (2014)). The results of this study were similar to
idempotent elements in the rings. The aim of this article is to study pseudo BL—algebra which
satisfy the left (right) lifting property of Boolean elements modulo every left filter. We have
called this property LBLP (RBLP). Also the aim of the current study is to show that each
Boolean algebra infused pseudo BL-algebra with LBLP (RBLP), and to show that hyper
Archimedean have LBLP (RBLP). It turns out that the algebras, at pseudo BL-algebra with
LBLP (RBLP) are exactly the quasi-local pseudo BL-algebras. We will show that arbitrary
pseudo BL-algebra has this property iff for each arbitrary element x, there exists a Boolean
element in this pseudo BL-algebra such that it belong to left filter x. Certain results in this
paper which refer to properties of rings with LIP are formulated analogously to pseudo BL-
algebra with LBLP (RBLP) (Georgescu and Muresan (2017)). Pseudo BL-algebra with LBLP
(RBLP) also coincide with those pseudo BL-algebra whose lattice of filters is dually B-
normal.The study of pseudo BL-algebra also lead to new properties, with no correspondent for
rings with LIP. These are the main sources that inspire the research on pseudo BL-algebra.

Section 2 shows theorems that satisfy the condition of semi local and consists of previously
known concepts about pseudo BL-algebra which are necessary in the next sections. Section 3
is related to some results and examples about pseudo BL—algebra. In section 4, we define the
LBLP (RBLP) for pseudo BL-algebra and provide several results related to this property.
Section 5 is related to characterization of the LBLP (RBLP) which obtains several results and
examples concerning the LBLP (RBLP).

2. Preliminaries

In this section, we state a series of known concept and results related to pseudo BL-algebra, all
of them will be used in the paper. We make the usual convention throughout this paper, every
algebraic structure will be designated by its support set. Whenever it is clear which algebraic
structure on that set we are referring to we shall denote by N the set of the natural numbers
and by N™ the set of nonzero natural numbers.

Definition 2.1. (Georgescu and Muresan (2014))

A pseudo BL-algebra is an algebra (A,v, A,©,—,w,0,1) of type (2,2,2,2,2,0,0) satisfying the
following

(PSBL;) (A,v, A, 0,1) is a bounded lattice,

(PSBL,) (A, ®, 1) is amonoid,

(PSBL3) a O b<ciffa<b—ciff b<aw c, forall a,b,c € A,
(PSBLy) aAb=(a—b) ©a=a(® (awb),

(PSBL5) (a —b)V (b— a)=(ab)V (bw a) =1, forall a,b € A.

Example 2.2.
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Let a,b,c,d € R, where R is the set of all real numbers.We put definition
(a,b)<(c,d)y=a<cor(a=candb < d),

forany a,b € R x R, we define operations v and A as follows:
aV b =max{a,b}and a Ab =min{a,b}.

Let
A={G,b)E]RZ:bEO}U{(a,b)ERZ:%<a<l,bERU

{(1,b) e R%: b < 0},
for (a,b),(c,d) € A, we put:

(@,b) © (c,d)=(5,0) v (ac, be+d),
(@b) = (e, )= (5, 0VIE, ZDHAE,0)]

(@,b)» (c,d)= (5,0 VIE 2= AL, 0)]

a

then, (A, VA, ©,—,w, (% ,0), (1, 0)) is apseudo BL-algebra.
Definition 2.3. (Georgescu et al. (2002))

A pseudo BL-algebra A is commutative iff aw b=a— b, for all a,b € A, any commutative
pseudo BL-algebra A is a BL-algebra. Then, we shall say that a pseudo BL-algebra is proper
if itis not commutative. (if it is not a BL-algebra ).

Proposition 2.4. (Georgescu et al. (2002))
If A is a pseudo BL-algebra and a ,b, ¢ €A, then,

(psbl—c;) a®O@awb)<b<aw((a@a®b)anda®O(aw b)<a<bw{b QO a),
(psbl—c;) (a—b)Oa<a<b—-o(a@®b)and(a—b)Oa<b<a—(bO),
(psbl—c3) If a<b then, a®@c<bOcand cOa <cOb,

(psbl—c; ) If a<b then, cmwa <cwband c>a<c—b,

(psbl-cs ) cO(arb)=(cOa)r(cOb)and(arb)Oc=(aOc)r(bOc),
(psbl—cs) a<b iffa >b=1iffamb=1,

(psbl—¢c;) awa=a—a=1,

(psbl—¢cg) 1lwa=1—>a=a,

(psbl—cg) b<awb and b<a—b,

(psbl—c4p) a®Ob<arband a®b < a,b,

(psbl —c41) a<b implies b”<a~ and b™<a",

(psbl—c;) (@a® b))y =a—b ,(@a® b)) =bw a”,

(psbl—c¢43) (anb)” =a~ vV b~ , (avb)” =a~ AN b7,
(psbl—cy4) (arnb)" =a Vb ,(avb)  =a A b,
(psbl—c;5) (anb)® =a® A b*, (avbh)® = a® vV b~
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(psbl—cy4) (anb) =a Ab ,(avb) =a Vb,
(psbl—c47) avb = ((@awb)—b )A((b—oa)wa),
(psbl—c1g) avb = ((a—b)»b)A (b a)— a)
(psbl—cyo) 1= 1=0,0=10=1,
(psbl—c3p) a®a” =a O a =0,
(psbl—c3;1) av(b®c)>(aVvb)® (aVc),
(psbl—¢c3;)) aw-»b<b” > a , a—>b<b wa,
(psbl—c33) b<a iff a®b =0,
(psbl—c3;) b<a iff bOa =0,
(psbl—c35) a<a wb,a<a” —b,
(psbl —cy) a<(awb)—b,a<(a—b)wb hencea<(a™) ,a<(a)”,
(psbl—c¢c;;) a—a =awa-,
(psbl—cz) ((@)7)"=a", ((a7))" = a".

Definition 2.5. (Lele and Nganou (2014))
A non-empty subset F € A is called a filter of A, if the following condition are satisfied
(F1y) If a,beF,then,a®bekF,
(F;) If aeF,beA a< b,then,beF.
Definition 2.6. (Muresan (2010))
A filter H of A which is called a normal filter, if
(N) Foreverya,beA,a—-beHiffawbeH.
We denote by F,,(A) the set of all normal filters of A. Clearly {1} and A are normal filter.
Definition 2.7. (Muresan (2010))

A proper filter P of A is called prime if, for any a, b € A, the condition a vV b € P implies a € P
orbeP.

Proposition 2.8. (Muresan (2010))

If P is a proper filter, then, the following conditions are equivalent
(i) P is prime filter,
(i)Foralla,beA,a—bePorb—aeP,

(i) Foralla,be A,awbePorbw aeP.

Note:

Fora e A, a # 1, there is a prime filter P, such that a ¢ P,.



358 B. Barani nia and A. Borumand Saeid

Note:

Every proper filter F is the intersection of those filter which a contain F. In particular, N Spec

(A) ={1}.

Note:

A filter of A is maximal if it is proper and it is not contained in any other proper filter.
Proposition 2.9. (Mohtashamnia and Borumand Saeid (2012))

If F is a proper filter of A, then, the following conditions are equivalent

(i) Fisamaximal filter,
(i) Forany a & F there exists fe F, n, m> 1 such that (f © a™)™=0.

We shall denote by Max(A) filters of A, it is obvious that Max(A) < Spec(A). Indeed, let M €
Max(A), M is a proper filter of A then, there is a prime filter P of A such that M € P. Since P
is proper, it followed that M = P hence M is prime.

Definition 2.10. (Wang and Xin (2011))

The intersection of the maximal filter of A is called the radical of A and will be denoted by Rad

(A).

It is obvious that Rad(A) is filter of A clearly Rad(A) = A iff A is trivial, and Rad (A) is proper
filter of A iff A is non—trivial. An element a €A is said to be dense iff @ = @ = 0. The set of the
dense elements of A is denoted by D(A), that is D(A) ={a € A| @ = a =01}, clearly D(A)
+ @ since 1 = 1 = 0. The elements a €A such that a?= a © a = a are called idempotent
elements clearly, if an element a€A is idempotent then, a™=a for every aeN and thus [a) ={
beA | b>a}. Obviously, the only element of A which is both nilpotent and idempotent is 0.
Notice that, if A has © =A then, all elements of A are idempotent. Actually, these two
conditions are equivalent: A has © = A iff all element of A are idempotent. The set of the
complemented elements of the bounded lattice reduct of A is called Boolean center the of A
and denoted by B(A). Clearly 0,1eB(A). The elements of B(A) are called Boolean elements of
A. Itis known that B(A) is a Boolean algebra, with the operation induced by those of A together
with the complementation operation given by the negation in A, also it is straightforward that
B(A) is a subalgebra of the pseudo BL-algebra. Here are some more properties of the Boolean
center of a pseudo BL—algebra.

Remark 2.11. (Ciungu et al. (2017))
(i) e € B(A) has unique complemented, equalto é = e¢,and (é)"=(é)" =e.

(i)é, & =0iff e=1.
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Proposition 2.12. (Ciungu et al. (2017))
If A'is a pseudo BL—algebra, then, for e € A, the following conditions are equivalent

(i) eeB(A),

(i) e@e=eand () = (&)~ =¢,
(i) e@e=eand e > e=c¢,
(iv) e@e=eand é —»e=c¢,
(V) éve=1,

(vi) € ve=1.

Lemma 2.13. (Ciungu et al. (2017))
If e € B (A), then, for all a € A we have
e®a=cha=a0@e,
(i) ene =0 = ¢ecAe,

(i) ewa=¢ —a.

Thus, e 2 = e, hence e™ = e, for every ne N (all Boolean element are idempotent). Therefore,
[e)={acA|e<a}l}.

Proposition 2.14. (Georgescu and Muresan (2014))

If a € A, and e € B(A), then,

(i) a—e=ave,

(i) awe =eva.
Proposition 2.15. (Cheptea et al. (2015))
For a € Aand n> 1, the following assertion are equivalent
(i) a™ € B(A),
(i) aVv (a™)” =1,
(ii)a Vv (a™)~ =1,
Definition 2.16. (Cheptea et al. (2015))
An element a €A is said to be regular iff (a™)~ =(a™)™ = a.
Ais said to be involutive iff all its elements are regular. The elements a€A such that a” =0
for some n e N™are called nilpotent elements. Clearly, element 0 is nilpotent, we shall denote
by N(A) the set of nilpotent elements of A. By the above, for any a € A and any filter F of A,
() [a)=A=[0) iff aeN(A).

(ii) If F N N (A) # @, then, F = A.
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Definition 2.17. (Kuhr et al. (2003))
A is said to be local iff it has exactly one maximal filter.

Definition above is an equivalent to the fact that Rad(A) is a maximal filter of A, that is A is
local iff Rad(A) € Max(A) [Max(A)={ Rad(A)}].

Proposition 2.18. (Kuhr et al. (2003))
The following conditions are equivalent

(i) Aislocal,

(ii) AWN(A) is local,

(iii) A\N(A) is proper filter of A,

(iv) AAN(A) is a maximal filter of A,

(V) A\N(A) is the only maximal filter of A,

(vi) Rad(A) = A\N(A),

(vii) A= N(A)URad(A),

(viii) for all a,beA, if a®b eN(A), then, aeN(A) or b € N(A).

Lemma 2.19. (Kuhr et al. (2003))

If Ais local, then, B(A) ={0,1} and A=N(A)u{a e Alda,a € N(A)}.
Remark 2.20.

In Example 2.2, Ais a local, hence A=N(A)U{a €Al d,a e N(A)}.

A is said to be semi local iff Max(A) is finite. Semi local pseudo BL-algebra include the trivial
pseudo BL-algebra, local pseudo BL-algebra, finite BL-algebra, finite direct product of local
or other semi local pseudo BL-algebra. The pseudo BL-algebra A is said to be simple iff it has
exactly two filters. That is iff A is non-trivial and (A) = {1, A}, Ais simple iff {1} isa maximal
filter of A iff {1} is the unique maximal filter of A iff Ais local and Rad (A) = {1}. An element
a € A is said to be Archimedean iff a”eB(A) for some neN*. Equivalent by Proposition 2.15
with a v (a™)™=1 or a VvV (a™)~=1, a pseudo BL-algebra is called hyper Archimedean if all
elements are Archimedean. Clearly, if B(A) = A that is if underlying bounded lattice of A is a
Boolean algebra, then, A is a hyper Archimedean pseudo BL-algebra.

Let us consider a filter F of A. Georgescu and Muresan (2014) define two binary relations
on A by:

EL(F): aEL(F)b iff (a—>bAb—>a)EF.
=Rp): a =Ry b iff (awb)A(bwa)eF

For a given filter F, the relations =Ly and =R are equivalence relations on A, moreover we
have F={ aeA, a =L 1 }={acA, a =R~ 1} We shall denote by 4 A ,
{ 13 m 1} Y /i CR
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respectively) the quotient set associated with = Lz (= R(r), respectively). a/L(F) (a/R(F) )
respectively) will denote the equivalence class of a€A with respect t0 = Ly (E Repy,
respectively). We shall denote the quotient set A/ =(mod L(F)), simply by A/L(F)’ and its

elements by a/L(F) with a € A, so A/L(F) = {a/L(F) | a € A}, where, for every a € A,

a/L(F):{bEAI a = b (mod L(F))}. Also we shall denote by P,z :A— A/L(F) the canonical
surjection, Py zy(@) =/} py forall a € A, and for every X < A we shall denote P,z (X ) =

X/L(F):{ a/L(F) | a €A }. In particular b, 1 € L([a)) iff (b—1) A (1—-b) €[a) iff bAL € [a)

iff b € [a). Especially if F is a normal filter of A. For all , b € A, we denote a = b (mod L(F))
and say that a and b are congruent modulo L(F) iff (a — b) A (b — a) € L(F) iff (a~ b) A (b
«»a) € L(F). It is known and easy to check that = (mod L(F)) is a congruence relation on A.

Remark 2.21.

Consider the pseudo BL-algebra (A ,V ,A,©,—, w, (% ,0), (1, 0)) in Example 2.2. Then,

D(A)={(1.0)}, B(A)={(1.0), (% ,0) }, Max(A)=[(1, 0)), Rad(A) = [(1, 0)).
3. Some results in pseudo BL-algebra
Lemma 3.1.
Forallae Aand ne N*, (@"<(a™) , (@)" < (a™)".
Proof:

According to psbl —c,3, psbl—cys, pSbl—cy,y we have 0 = 0"=(@QOa)"
=(@)"O(a)™ hence (a)™<(a™ and similarly (@)™ <(a™)".

Lemma 3.2.
Let He F,(A). Then,
(i) (@) e H iff (@) eH,
(i) aeH then, a,d eH.
Proof:
() (a)eH iff a—>0eH iff aw 0eH iff (@) eH.
(i) aeH,a< (@) (bypsbl —c, ) then, (@)~ € H hence (@)~ € H (by(i)).
Lemma 3.3.

Let M € Max (A). a € M, if there exists m> 1, such that (a™)~= (a™)"= 1.



362 B. Barani nia and A. Borumand Saeid

Proof:

Let a € M. Consider F =[a) ={ b € A | b>a"}, F is not proper since F is a proper filter there
exists M € Max(A) such that F < M, therefore aeM (since a € F), thus F is not proper therefore
OeF implies there exists n € N such that a" < 0, then, 0 — 0 < a"—0 (psbhl — c,), thus
(a™~=1, and similarly (a™)~=1. Conversely, if there exists m >1, such that (a™)~= (a™)™ =1
thus a™=0, hence a ¢ M.

Lemma 3.4.
Rad(A)={aeAl|(Vn € N),(3k, € N ) s.t ((a®) ) = ((a™) ) =0}
Proof:

aeRad (A) iff ae N M iff aeM, forall M e Max (A) iff a® € M iff (@)~, (")~
¢éM iff ((a"))n = ((a™))kn =0.

Corollary 3.5.
If a € Rad (A), then, a™, a” € N(A).
Proposition 3.6.

(i) B(A) N Rad (A) = {1},
(ii) D(A) is a filter of Aand D(A) <€ Rad (A),
(iii) B(A) N D(A) ={1}.

Proof:

(i) Clearly,1 € B(A) N Rad(A). Conversely, if there exists 1 # a € B(A) N Rad(A), thus a €
Rad(A) and a € B(A) therefore for all n > 1, there exists m > 1 such that ((a™ )™)™ =
(Ca™)~)™=0andsince a e B(A)so a™ = a, (a)™ = a, (a)™=a, therefore, L =[((a™)™)™]™ =
[((a)™)™]7= (a™)~= a, which is a contradiction. Let a, b € D(A). Therefore, (a © b)™=a
—b=a—0=a=0,and(a® b)"=awb=a~»0=d=0,50(a® b)~,(a® b)~eD(A),
now aeD(A), b € A, a < b, then,b<a@ and b < d thatish <0Oand b <0sob=a=0
consequently b € D(A), now assume that a € D(A), then, since D(A) is a filter thus a™ € D(A)
consequently (a™)~=(a™)~= 0 that is a € Rad(A). (iii) Obviously{1} < D(A) N B(A), now let
a € D(A) N B(A). Therefore, a= @ = 0 implies (a™)™=(a™)"=1, but since a e B(A), (a™)~ =
(a¥)"=ahencea=1.

Example 3.7.

Consider pseudo BL-algebra A= {0, a;, a,, b,as , ... ,1}, with A bounded lattice structure
given by the Hasse diagram below, the implication and (© given by the following tables
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Table 1. The binary operations of A

- 0 a a, b as 1
0 1 1 1 1 1 1
a as 1 as 1 as 1
a, b b 1 1 1 1
b la | b |lay| 1| as 1
as a ay b b 1 1
1 0 a a, b as 1
w» | 0 la |a| b |a 1 Ol0|la |a|bla]|..|1
B — [0][0]0l0]0[0][..]0
a; a, 1 1 a, 1 a 0 a 0 a 0 a;
b a, 0 0 0 0 a, a,
a, as 1 1 1 1 b 0 0 b
b a, b as 1 as 1 0 adl a | &
as a a b b 1 1 a3 @ i a3 a3
1 0 a; a, b as 1 1 0 a; a b as 1
[ X1
eb
ai<_as( as( .. .. ag A4 ~a2

Figure 1. The example of pseudo BL-algebra
According to example above, D(A) ={0}, that is element O is dense.

The example above will be used for presenting both counter example and definitions
throughout the article.

Proposition 3.8.

(i) A, A/{1} are isomorphism,
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(i) a/F=VF iff aeF,

(iii) A/A is trivial,

(iv) aF=VF iff aeF,

(V) aF=0F iff @,aeF,

(vii) aF<b/F iff a—b eF iff ambeF.

Proof:

We prove only (i) and others are trivial.

(i) Define: A — A/{l}; and G — G/ F set a bijection between {G € F (A)IFEG} and F (A/F).

Furthermore, the mapping M — M/F sets a bijection between {M € Max (A) | FEM} and
Max(A/F). From this we immediately get that, when F € Rad(A), Max(A/F) is a bijection to{M
€ Max(A) | F € M } = Max(A). And that Rad(A/F) = Rad(A)/F. Consequently, Max(A/Rad(A))
= |Max(A)| and Rad(A/ Rad(A)) = Rad(A)/Rad (A) ={1/ Rad(A)}(Proposition 2.10). Here is the
second isomorphism theorem pseudo BL-algebra, for all normal filters F, G of A such that

A
FCG, the pseudo BL-algebra A/a and ( /F)/(G/ )are isomorphic (the pseudo BL-algebra
F

b
isomorphism maps b/a —>( /F)/(G/ ) forevery beA).
F
4. Left Boolean lifting property

Throughout this section unless mentioned otherwise A will be an arbitrary pseudo BL-algebra
and F will be an arbitrary filter of A. The canonical morphism P, : A — A/L(F) induces

a Boolean morphism B(P,(x): B(A)— B (A/L(F))' The range of this Boolean morphism is
B(A

B(PL(r))( BA) = Py BA) = P/ oy

Lemma4.1.

If F will be an arbitrary filter of A then,
(i) BA)={a€eAlaVva=1}

(ii) B(A)/L(F) {Yyr) |aca ava=1},
(i) B /ey ={ Yo |aerava enm |

(iv) B(A)/ L7y S B ALy

Proof:

(i) Follows from Proposition 2.12. (ii) By (i) we have

B(A)/L(F):{a/L(F) [acB®}={%y ) | a€a.ava=1}
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(iii) According to (i) we have

B(A/L(F)):{a/L(F) e M | YV ( a/_L(F)) = 1/L(F)}
= {a/L(F) € A/L(F) NGO RA 1/L(F)}
= {a/L(F) lae A ava/LF)= 1/L(F)}

:{a/L(F) |ae A,aVcTzl}.

(iv) Let a/L(F) € B(A)/L(F) .Then,a €A, ava=1€L(F)thusaeA,a Va™ € L(F)
hence @/ gy € B (A/L(F)) therefore (A)/ L(F) S B (A/L(F))'
Definition 4.2.

We say that a Boolean element f € B (A/L(F)) can be left lifted iff there exists a Boolean
element e eB(A) such that e/L(F) =f. In other words, fe B (A/L(F)) can be left lifted iff f

<"y

We say that the equivalence relation L(F) has the left Boolean lifting property (LBLP) iff all
Boolean elements of A/L(F) can be left lifted. In other words, L(F) has LBLP iff Boolean

morphism B( P, ): B (A) — B (A/L(F)) IS surjective. In other words:

B( Py ) (B () = B (A/, ) iff PO/ =B (A7 ).
Remark 4.3.

L(F) has LBLP iff B (P,(x)) is surjective.

We say that pseudo BL-algebra A has the left Boolean lifting property (LBLP) iff all of its
left equivalence relation have LBLP.

Remark 4.4.

For any linearly ordered pseudo BL-algebra obviously B(A)={0,1}, because leta be a
complement of a that means a<dora >da.Then,avad=1,aAd =0,thusa=1or a=0.

For any equivalence relation L(F) of A, the pseudo BL-algebra A/L (F) is also linearly ordered,
hence B(A/L(F) )= {O/L(F) , 1/L(F) } hence L(F) has LBLP.
Example 4.5.

Consider the pseudo BL-algebra A={ 0, a,, a,, b, as, ..., 1} in Example 3.7. Then, B(A)={0
, 1}, let us consider the filter L([b))={b ,1}.The element a; ¢B(A) , d;= a;w0= a;. Thus
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a,Va;=1€L([b)) (by Proposition 2.4 ) we have a3/L( [b))EB(A/L([b)))' And a;¢L([b))={b

1}. Thus “3/L( ) * b/L([b)) and O/L([b)) * 1/L([b)), azew 0 = (az=0) A (0 was)
= a;Al= ay €L( [b))), azewb= (azwb) A (bw a3 )= b A az= az& L([b), azeva,=
(azwa)N(a,;was) =a, A az=0 & L([b). Hence “3/L([b)) * “1/L([b)), “B/L([b)) +

b/L([b)) ’a3/L([b)) + ai/L([b))’ 3 # i € N, therefore a3/L([b)) = {a;}. Summarizing
the above we have "3/y ()€Y ) While o €B(A) and /), = fes)

as B(A) A B(A) -
hence /L([b)) ¢ /L([b)) therefore B( /L([b))) * /L([b)) which mean that
R([b)) does not have LBLP. Hence A does not have LBLP, notice that the maximal filters

of Aare L([a;)), i € N, hence Rad(A) = n L([a;)) = L([b)), i € N, thus Rad(A) does not have
LBLP.

Proposition 4.6.

(1) The left trivial filter and the left improper filter have LBLP. In the case of the trivial, the
image of the canonical morphism through the function B is bijective.

(i) If B (A/L(F)) = {O/L(F) , 1/L(F) } then, the equivalence relation L(F) has LBLP.
Proof:

(i) Prpp:A — A/L({l)} IS a pseudo BL-algebra isomorphism. Then, B(P(L({1})):

B(A) — B( A/L({l})) is a Boolean isomorphism, thus a bijection. Hence a surjection, so

L({1}) has LBLP. (i) We have (A)/L (B B/ py) assume that B (A )= {%/, )

1/L(F)}since {0,1}cB(A) it follows that {O/L(F)' 1/L(F)}QB(A)/L(F) thus

B(A)/L(F) - B (A/L(F))' This means that L(F) has LBLP.
Note.

From the previous lemma we get that if F(L(A)) = {L({1}), L(A)}, then, L(A) has LBLP, that
is every simple pseudo BL-algebra has LBLP.

Note.

For every aeA we have a/L(A): 1/L(A)’ hence A/L(A) = {1/L(A) } = {PLwL({1D)} =
B (A/L(A))' therefore L(A) has LBLP. This statement could also have been deduced from (ii).

Any Boolean algebra induces a pseudo BL-algebra with LBLP, because, if A is a Boolean
algebra, we obtain a pseudo BL-algebra in the usual way, then, B(A)=A, hence, for every



AAM: Intern. J., Vol. 13, Issue 1 (June 2018) 367

equivalence relation L(F) of A, B(A)/L(F) = A/L(F) 2B (A/L(F)) 2 B(A)/L(F). Therefore
B(A)/L(F) =B (A/L(F)) so L( F) has LBLP also, B (A/L(F)) = A/L(F)' Since every a € A
has a complement @ = d A (a € A=B(A) implies a = d € A) it follows that every a/L(F) €
A/1,(ry has a complement (a/L(F)) =(Yym) = = iy € Mgy thus B
ALy =y

Example 4.7.

Let A={0,a,1} be the three—elements chain (0 < a <1). Then, L([a))={a,1} is an equivalence

relation of this pseudo BL—algebra which is both non-trivial and proper. O/L([a)) = {0} and

“uaan = i) M Yy = ey - Vigay? e B ay)

={ 0 }, therefore L([a)) has LBLP. Actually, since B(A)={0,1}, with 0 # 1,
JL9). Yy 10y

and O/L([a)) * 1/L([a))’ it follows that B( P[4y, ) bijective. | (A) ={ [0), [a) , [1) }={A,

[a),[1)} and A and [1) have LBLP (By Proposition 4.6 (i) ). Therefore A has LBLP of course,
but A is not a Boolean algebra.

Proposition 4.8.

(i) Every prime filter of a pseudo BL-algebra has LBLP.
(i1) Every maximal filter of a pseudo BL—-algebra has LBLP.

Proof:

(i) Let P be a prime filter of pseudo BL- algebra A. Assume by absurdum that P does not
have LBLP, that is B(A)/P cB (A/P) ( By Lemma 4.1 (iv)). This means that there exists an

element a €A such that a/P €eB (A/P), but a /P 2 B(A)/P (By Lemma 4.1 (iii) )ava e P
(avadeP)buta¢Pthen, aeP (deP)(sinceifacePthen 4/p = 1/1D € B(A)/P). Since
P is prime filter, it follows that @ eP (@ € P) that is &/p=1/p (%/p = 1/p), thatis @/, =
(@/p) = (G /p)= 1/5) thus @/p =0/ e B(A)/P which is a contradiction, ( Since
a /p ¢ B(A)/P ) hence P has LBLP. (ii) Since Max(A)<SSpec(A) and by (i) we get the result.

Ife, feB(A), then,e — fe B(A),ew feB(A). Consider(evf)v(eVv f)*=(eV f)
V(EAFf)=eVv AV(E® f)=((evf)ve)®((e Vv f)vf)=1)then (e Vv f)V
(e Vv f)*=1thusevfeBA)andewf =(f ® e) =f v& e B(A), e € B(A), therefore
e € B(A), (According to psbl — c;3 and Proposition 2.14). Consequently (e = f) A (f — €)
e B(A), (ew f)A(fwe)e B(A).

Proposition 4.9.
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For every filter F of A, the following conditions are equivalent
(1) B(Pyr)) is injective,
(i) B(A)NnL(F)={1}.

Proof:

We have Pypy: A — A/L(F) therefore B(P,(ry ): B(A) — B(A/L(F) ).

(i) —(i). Assume that B(A) NA ={1}, a,be B(A) such that B(Py)) (a)= B(P))(b), that is
P.ry (@) = PLry(b) which mean that a/L(F) = b/L(F) iff ac— be L(F). (i) —(ii). 1€ B(A),
lelL(F) then, {1}<B(A)NnL(F). Assune that aeB(A)NL(F), thus aeL(F)
hence a /L(F):1/L(F)’ therefore Py g (@)=Py) (1), SO B (a) = BPL(F)(l) thus a=1,
hence B(A) N L(F) c {1}.

Corollary 4.10.

If B(A)={0,1}, then, for every proper filter F of A, B(P,r) ) is injective.

Proof:
Since 1€ L(F), therefore B(A) N L(F)={1} then, B(Py) is injective.
Corollary 4.11.

If (F;);e; is a non empty family of filter of A such that B(Pyry), is injective for every i €l,
then, B( P 1(r;)) ic 1 IS injective.

Proof:

B(P.r,) Is injective by Proposition 4.9 we have B(A) n L(F;)={1} (V i) then, B(A)N(N
L(F;)) ={1} (for all iel) hence B( PnL(F,-)) ie 1 IS injective.

Corollary 4.12.

(i) Any filter F of Asuch that F < Rad (A), then, B(P, ) ) is injective.
(ii) B(Pp(4)) is injective.

Proof:
(i) We have L(F)cRad(A) thus L(F) nB(A)=B(A)NnRad (A)={1} then, L(F) nB(A)={1}

hence B(P.() is injective. (ii) By Proposition 3.6 we have D(A)<Rad(A) thus D(A)N
B(A)cSRad(A) n B(A) ={1} hence B (A) N D(A) = {1}, therefore B(Pp4)) is injective.
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Remark 4.13.

In Example 2.2, B(Pg(r) is injective, for every proper filter F of A, since B(A) nL(F) = {(1,
0)}.

In order to prove the main result of this part in Proposition 5.7 and Proposition 5.32 we will
prove several lemmas and propositions.

5. Characterization of left (right) Boolean lifting property
Throughout this section, unless motional otherwise, A will be an arbitrary pseudo BL-algebra.
Lemma 5.1.

For all a € A, we have
M a /L(a v a)) € B (A/L([a v a)y
() Y1 v @) < B Viga v ay)

Proof:

() By Lemma 4.1 (iii) we have (aVv a’) € L([a Vv a)), then, a/L([a Vv a_))e
B(A/L([a v ayy)- (i) s similar to (i).

Lemma5.2.

For every a,b € A, we have
(i) forall neN*, b"< a— b and (b)"<b —a,
(i) forall neN", b"< aw b and (B)"<b wa,
(iii) there exists k € N*, such that b*< b — a iff there exists n € N”, such that
b < a,
(iv) there exists k € N¥,such that b* < b w q iff there exists n e N”, such that
b < a,
(v) there exists k € N*, such that (E)kga ~» b iff there exists n € N*, such that
(b)'< a
(vi) there exists k e N*, such that (b)‘<a —b iff there exists ne N*, such that
(b)'< a
(Vi) a«wbel([bVh)) iff ael(b) and aeL([B)),
(viii) a > beL([b v b)) iff aeL([b) and ae L([b)).

Proof:

We prove (i), (iii), (v), (vii).
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(i) Letb, aeAand n € N*. By psbl - Cy, , psbl—Cq , psbl—C, , we have b" < b<a — b,
then, b® < a —band (b)"< b=b— 0<b— a hence (b)"<b — a. (iii) If there exists
k € N, suchthat b*¥< b — a, then, by psbl — C;, psbl—C,, b* ®b<(b—a)®b<a
then, b**1 < a , take k+1=n hence 3 n € N" such that b™ < a. Conversely, if there exists
n € N7, such that b™ < a, then, by pshl — c,, pshl - C;, we have b"O b<a®b<b—

a then, b"*1<b — q thus take n+1 =k e N. (v) If there exists k € N*, such that (E)ks
a = b, then, by psbl - C,, and Lemma 5.2 (iii) we have (5)k§ a whb < b — athus (E)ks
b — &, then, there exists n € N*, such that (b)"< a. (vii) According to (i) ,(iii) , (v), the
following equivalent hold @ «w b eL([bV b)) iffa«sb € L([b)) N L([b))iff @ «w» b e
L([b)) and @ «» b € L([B)) iff existk, | € N*, such that bX<a «w b and (B)’'< a «w b iff
there exist k , j € N* such that b¥< a wb, b* <bw a, (5)'<a b and (5)'<bwa iff
there existk, j € N* such that b*¥< a = b and (B)jﬁaw»bﬁ(bw»O)—)(a w0)=h —
d (by psbl - Cyg ) iff there exist m, n e N*such that b™< a and (b)"< a iff a € L([b)) and
aelL([b)).

Lemma 5.3.
For every a€A, the following conditions are equivalent
(i) there existse eB(A) suchthate ew ae L([a VvV @)),
(i) there exists e eB(A) such thate € L([a)) and é € L([a)).
Proof:
By Lemma 5.2 (vii) is clear.
Remark 5.4.
For every a €A, the following conditions are equivalent
(i) there existse € B(A) suchthate <> aelL([aV @ )),
(ii) there exists e € B(A) such thate € L([a)) and é € L([a)).
Notation 5.5.
We shall denote
S(A)={a€ A|(F e € B(A)e & aclL(la va)), e «wa eL(laVv ad))}.
Remark 5.6.

According to Lemma 5.3 and Notation 5.5 we have

S(A):{a €A (EI e € B(A)) suchthate e L([a))and e e L([a))oré € L([d)) }
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Proposition 5.7.
The following statements are equivalent

(i) A hasLBLP,

(ii) Forall a € A, there exists e € B(A),suchthate <> aelL([aVva)),

(iii) For all a € A, there exists e € B(A), suchthate «w ae L([a V ad)),

(iv) For all a € A, there exists e € B(A), suchthate € L([a)) and e € L([a)),
(v) For all a € A, there exists e € B(A), suchthate € L([a))and é € L([d)),
(vi) S(A) = A.

Proof:

We only prove that (i) < (ii).
()= (ii). Let a € A. By hypothesis, the equivalence relation L([aVcT)) of A has LBLP,

which means that B (A/L([a y a‘))):B(A)/L([a y d))’ by Lemma 4.1 we have

B(A . _ B
a/L([a v ‘a)) € ( )/L([a v a)). That is there exists e € B(A), such that a/L([av )"
e/L([a ')} Therefore e > a e L([a v @ )). (ii))=(i). Let F be an arbitrary filter of A and

ac A, such that a/L(F)e B (A/L(F) ). Then, by Lemma 4.1 (iii), a V@ € L([a vV @ )) € L(F).
Since a € A by hypothesis there exists e € B(A), such thate <= a € L([av @)) € L(F) that is

e < a € L(F) thus e/L(F)=a/L(F) o) a/L(F)EB(A)/L(F)' therefore

B(4/my) € BN Ly then. B (A7, ) =P Wy thatis L(F) has LBLP. Hence, A
has LBLP.

Corollary 5.8.

(i) If all the element of A are idempotent, then, S(A) = A.
(ii) If A'is linearly ordered, then, S(A) = A.

Proof:

(i) In Remark 5.6, take e = a.

Remark 5.9.

Clearly in Example 2.2, A is linearly ordered, hence S(A)=A, thus A has LBLP.

Remark 5.10.

If B(A)={0,1}, then, according to Remark 5.6 and Proposition 2.4 ( psbl — c¢,4), S(A) formed
of the element a eA which satisfy one of the following condition. 0eL([a)) and 0=1€L([a )),
that is a™ = 0 for some n € N*. 1eL([a)) and 1 = Oe L([@ )), that is (@)™ = 0 for some n € N".

Thus, when B (A) = {0, 1}, it follows that S(A) contains exactly the element a€A such that a
, a nilpotent thatis S(A)=N(A)U {a €A |a,d € N(A) }.
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Remark 5.11.

If B(A)={0,1} and all the element of A are idempotent, hence N(A)={ 0 }, thus by Remark
4.10,S(A)={0}u{a€ed |d=a=0}={0}uD(A).

Example 5.12.

Let A be the pseudo BL-algebra lattice in Example 4.5. Then, B(A)={0,1} and all the element
of A are idempotent, hence by Remark 5.11 we have

S(A) ={0yuDA)={0}u{aceAdAl|lda=a=0}
={0}U{a€d|law0=0}U{a€ Ala->0=0}
={0}u{a,b,a;,..,1}u{ay,a,, b,as,..,1}
= {O,al,az,b,a3,...,1}.

Remark 5.13.

If Rad (A) = A\ {0}, then, A is local pseudo BL-algebra.

Since Rad (A) =A—{0}, then, 0 ¢ Rad (A), Rad(A) U{ 0} = Aand Rad (A) is proper filter of
A, thus A is local.

Remark 5.14.

If A is non-trivial, then, by Proposition 2.4 (psbl — ¢y ), Wwe have 0 = 0 =1 # 0 hence 0 ¢
D(A).

Proposition 5.15.

(i) B(A) S S(A),

(ii) If a € Asuch that @ € S(A), then, a € S(A),

(iii) If a € A such that a™ € S(A) for some n € N”, then, a € S(A),
(iv) D(A) < S(A),

(v) Rad (A) € S(A),

(vi) For any filter F of A, S(A)/L(F) S (Y
We have

S(A/L(F)):{ Vilah fl/L(F)l 3¢/ € B (A/Q(F)) St/Lery
LYy (e/L(F) ) € /L) (e/L(F) ) € [a/L(F))N}'

Proof:
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(i) For all e € B(A), by psbl - C; we have e—»e = 1e L([ e vV €)). Therefore B(A) < S(A). (ii)
Let a € A be such that @ € S(A). It means that there exists eeB(A) such eelL([a)) and e’ e
L([(@)7)), by psbl- C,¢ a < (@)~, thus L([ (&@)7))SL([a)) therefore é eL([ (@)~ )) < L([a)),
thus & eL([a)) but we have e = (&)~ e L([a)), therefore a € S(A). (iii) Leta e Aand n e N”
be such that a™ € S(A). By Lemma 3.1 we have (a)"< (a™)~hence L([(a™)7)) SL([(@)™))
and since a™ € S(A) by Remark 5.6 there exists e eB(A) such that eeL([ (a"))) =L([a)) and
e € L([(@a™)7))c L([a)) thus e eL([a)) and ecL([a) ) that is a € S(A). (iv) Let aeD(A). That
iIs aeA with @ = a = 0 eB(A)SS(A) (by (i)) hence aeS(A), ( by(ii )). (v) Let aeRad(A) and
take n=1 in Lemma 3.4.Then, there exists k € N"such that (a)* = 0. But 0 € B(A) € S(A) (by
i) hence (a)*< S(A) then, by (iii) @ €S(A) hence by (ii) a € S(A). (vi) Let F be a filter of A

and consider an arbitrary element of S(A)/L(F). Thatis a /L(F)E S(A)/L(F), a € S(A) by
Remark 5.6, e € L([a)) and é € L([a)), for some e € B(A). So there exist n, m, p € N*such that

a® <eand L[(@)") <¢, then, e/L(F) B(A)/L(F)C B (/Lry) - (a/L(F)) = L)
= /uqryond (@ /L(F) /L(F)< ®/LcEy that is S/ gy €L/, and ( /L(F))
E[(a/L(F)) ), therefore /L(F) e S( /L(F))'

Corollary 5.16.

A has LBLP iff A/L(F) has LBLP, for every filter F of A.
Proof:

Let A have LBLP. Then, S(A)=A, hence A/L(F) =S(A)/L(F) cSs (A/L(F)) < A/L(F) '

thus S(A/L(F)) = A/L(F)' therefore A/L(F) has LBLP. Conversely, let A/L(F) have
LBLP. Take L(F)={1}, then, A has LBLP.

Proposition 5.17.

For every filter F of A, the following conditions are equivalent
(i) A/L(F) has LBLP,
(ii) for every filter G of Asuchthat F € G, A/L(G) has LBLP.

Proof:

(i) = (i). Take F =G in (i). (i) = (ii). Let G be a filter of A such that F € G. By hypothesis
A/L(F) has LBLP. We know that G/L(F) is a filter of A/L(F) , thus by Corollary 5.16 it
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A/Ler)

)
follows, that /L(G)/ has LBLP. But the pseudo BL-algebra
L(F)

A
( /L(F))/L(G) is isomorphic to A/L(G)’ hence A/L(G) has LBLP.
/L(F)

Corollary 5.18.
Any hyper Archimedean pseudo BL-algebra has LBLP, but the converse is not true.
Proof:

Let A be a hyper Archimedean pseudo BL-algebra and a € A. Then, there exists an n € N*,
such that a™e B(A). So a™e S(A) (By Proposition 5.15 (i)) hence by Proposition 5.15 (iii) a
€S(A) hence ACS(A). By definition clearly S(A) €A therefore by Proposition 5.7 (( 1), (vi))
we have A isa LBLP. Now, let A be a chain with at least there elements, organized as a pseudo
BL-algebras in Example 4.7. Then, A has LBLP by Remark 4.4 B(A) ={0,1} # A and all
elements of A are idempotent, hence none of the elements of A — B(A)=A—{0,1}+ @ is a
Archimedean, therefore A is not hyper Archimedean.

Proposition 5.19.

If all the element of A are idempotent, then, S(A) ={a € A|a”, @ € B(A)}.

Proof:

Assume that all the element of A are idempotent, so foreverya e A,[a)={b € A|a < b}
then, by Remark 5.6, S(A) ={a € A|3 e€ B(A),e>a,a < e },buta <eimplies é < @,
e < a (Bypsbl - Cy1), whichmeans thata<eanda < e, da < é imply a=e,a=é
thus a, a@ € B(A) therefore if a € Athen,a, @ae B(A)hencea™ ™, a™~ ~ € B(A)and we
have a= ™, a¥ "€ [a) and a=~~ € [a7) , a¥~ " € [a"), therefore S(A)=
fa€eA|a™, a € B(A)}

Corollary 5.20.

If all the element of A are idempotent, then, C={ a~, a~| a € S(A) }=B(A).

Proof:

Leta™, a™~ € C, forall a € S(A). By Proposition 5.19 a~, a™~e B(A) hence CSB(A). Now, let
b € B(A). By Proposition 2.14 b= b~ ~ = b~ ~, therefore b= (b)" = (b) e B (A) implies
b=, b~ e S(A) (by Proposition 5.19) then, (b)~, (b)~ € C, hence b € C thus B(A)< C.

Corollary 5.21.
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If A is involutive and all the element of A are idempotent, then, S(A) = B(A). In other words, if
all elements of A are both regular and idempotent, then, S(A) = B(A).

Proof:
By Proposition 5.15 (i) B(A) € S(A). Now, assume that A is involutive and all the element of

A are idempotent, and let ae S(A). Then, by Proposition 5.19. a™, a~ € B(A), thus a~ =~ =
a~ “=a € B(A) (Proposition 2.10). Hence S(A) < B(A), thus S(A) = B(A).

Corollary 5.22.

If A is involutive and all the element of A are idempotent, then, A has LBLP iff A is Boolean
algebra iff A is hyper Archimedean.

Proof:

By Proposition 5.7, A has LBLP iff A= S(A) and by Corollary 5.21, S(A) = B(A) thus A = B(A)
that is A has LBLP iff A is a Boolean. We prove the second equivalence since all the element
of A are idempotent, implies for some n € N*, a = a™eB(A) hence B(A) = A iff A is hyper
Archimedean.

Remark 5.23.

0 e D(A) iff Aistrivial.

Proof:

By Remark 5.14 and Proposition 5.15(i), we have D(A)=B(A) iff D(A)= S(A) iff A is trivial.
Proposition 5.24.

If D(A)SB(A), then, D(A)={1} consequently if D(A)u{0}=B(A), then, D(A)={1}and
B(A)={0,1}.

Proof:

By Proposition 3.6 (iii), B(A) N D(A)={1} hence if D(A)< B(A) implies D(A)={1} thus if B(A)
= D(A)u{0} implies B(A) ={1}u{0}={0,1}.

Proposition 5.25.
If B(A) = S(A), then, D(A) = Rad(A) ={1}.

Proof:
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According to Proposition 3.6 (i) and Proposition 5.15(v), we show that, if B(A)= S(A) then,
{1}=B(A) N Rad(A) = S(A) N Rad(A) = Rad (A) implies Rad(A) = {1}. Now by Proposition
3.6 (i) we have D(A)< Rad(A)={1}, D(A) is a filter hence D(A) = {1}.

Corollary 5.26.

If A is a Boolean algebra, then, D(A) = Rad(A) = {1}.

Proof:

If A is a Boolean algebra, then, B(A) = A and by according to Corollary 5.8 (i) S(A)=A hence
B(A) =A= S(A) therefore by Proposition 5.25, D(A) = Rad(A) ={1}.

Corollary 5.27.

If A is involutive and all the element of A are idempotent, then, D(A) = Rad(A) = {1}.
Proof:

By Corollary 5.21 we have S(A) = B(A), hence by Proposition 5.25 D(A) =Rad(A)={1}.
Definition 5.28.

A is said to be quasi—local iff for all a € A there exists e € B(A) and n e N*, such that a™
©e=0andée® (@)"=0,(@"*"®é=0.

Example 5.29.

Consider example 3.7 with a;=b=0 and e=1, then, A is quasi—local.

Remark 5.30.

Any local pseudo BL-algebra is quasi—local pseudo BL-algebra.

Proof:

By Lemma 2.19 we have B(A)={0,1} and A=N(A)u{a e A|a,ad eN(A)}. Let acA. Then, (i)
If a € N(A) implies there exists neN"™ such that a™ = 0 take e =1 hence a" ® e=0and ¢ ©
(@"=0,(@"©eé=0.(ii) If a e{ acA | a, a eN(A)}, then, there exists n € N” such that
(@™ =0,(@"=0 take e =0 that a” ® e =0 and € ® (@)™ =0.

Note.

Consider Example 4.5, such that a4, a, , . . . are nilpotent, then, A is quasi—local, but A is not
local, (since [a;),[a,),...are maximal filter).

Remark 5.31.
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If (4;);e; is non-empty family of pseudo BL-algebra and A =]];<; 4;, then,

(i) If Ais quasi—local pseudo BL—algebra, then, for all i€l, A;is quasi—local pseudo BL—algebra.

(it) If either 1 is finite or all elements are idempotent in these pseudo BL-algebra, then, A is
quasi—local pseudo BL—algebra iff for all i€l, A; is quasi—local pseudo BL-algebra.

Proof:

() Leta=(ay, a,,..) € A. Hence there exist ne N, e eB(A)=]] B(4;) such that
= (0 0,..)

=a" (D e

(at,ay,..)®©(e;,e;,...)
(af ©Oe ,a; O e;,...),

and

0=(0,0,..)

=(a)" @e

=(@1,@z3,) O(&,&, )

=((@T 0O é,(@3 0 é&,-),
and

0=(0,0,..)

=e@(a)"

=(e,&, ) O @71, (@7,)
=0 @7, e 0 @37, ),

therefore forallie |, ai' ® ;=0, (@)} © €;=0,¢; © (a);'=0, impliesforalli €I, 4; is quasi—
local pseudo BL-algebra.

(i) Let for all i € I, A4; is quasi—local. Then, for a; € 4;, there exist neN™ and e; € B(4;) such
that a?@ei: 0, (C_l):l ® €, =0,¢; ) (d):l = 0, thatis

(0,0,..0)=(al ®e; ,a} O ey, ...ak Oep)
=(at,ay,.. at)O(e;0e; ®©...0e,),

and

(0,0,...0)=((@7 O &,@; 0O &, (@m0 &)
= (C_l);l' (C_l)g,,(d)%) @ (él'éZI 'ém )r

and

(0,0,...,O) = (e_l @ (d)n,e_z @ (d)nle_?y @ (a)n"e_‘mQ (d)rr;l)
=(é1, e, ) O@L @z, ),

thusa® ©®e = 0,e®(a@)"=0, (a)™ © é = 0. Therefore A is quasi-local pseudo BL-algebra.

Definition 5.32.
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A bounded distributive lattice L is called a B—normal lattice iff forallabelL ,ifavb=1,
then, existe , fe B(L) suchthat e Af =0andave=bvf=1

Proposition 5.33.

The following conditions are equivalent
(i) A is quasi—local pseudo BL-algebra,
(if) A has LBLP,
(iii) For all a, beA, if [a) v [b) = A, then, there existe,fe B(A)suchthatevf=1 and
[a) v [e) =[b) V[f) = A,
(iv) The bounded distributive lattice PF(A) is dually B-normal,
(v) The bounded distributive lattice (A,V,®,0,1) is B-normal.

Proof:

(i) (ii). A is quasi-local pseudo BL-algebra, for all a € A, there exists e € B(A) and n € N*
suchthata®© e=0ande ® (@)" =0, (@)™ ® é = 0 by according to psbl - C,3 and psbl -
C,s,Wehavea™ < eand (@)"<e "= (&) = e, (@)™ <e™ =e. By Proposition 5.7, A has
LBLP iff for all aeA there exists f € B(A) such that feL([a)) and f e L([@)), f € L([@)).
Thatis a™ < f and (&)* < f, (@)°< f for some m, k, s € N". Now for the direct implication
take m=k=s=n and f=e =2¢& (sincee eB(A)thusé =¢é). For the converse implication,
takee=f = fandn=max{m,k,s}then, a*<a™<f=éand (@)"<(@)*<f=¢e ()" <

(@°<f=e.

(i) = (i). Leta e A. By pshbl - C,o ,wehavea ®a@=0,a ® a=0 hence L([a)) V L([Q))
=L([a® a@)) =A,L(Ja")) vV L([a)) =L([ @ ® a))= A. Now the hypothesis of this implication
show that there exist e, f € B(A) such thate v f =1 and L([a)) V L([e)) = L([a™)) V L([f)) =
L([@)) vV L([f)) = A. Fromevf= (&)~ vf=fv (&)~ =1 by Proposition 2.14 we have é —f =
e «f=1hence e“<f, e<f(by psbl-Cs).[0)=A=L([a)) vV L([e)) = L([a ®e)) means that
a"®@ e=a"®e"=(a®e )" =0 for some n e N (Lemma 2.13) therefore by psbl - C,5 and
psbl - C,, , we have a™ <eé and a™ < é hence a"<fand e,é e L([a))sofeL([a)), €,
é e L([a)), analogously A=L([a)) VL([f)=L([a))VvL(f)) implies f € L([a)), f € L([a
)). Sofe B(A), fe L([a)) and f € L([@)), f € L([@)), therefore according to Proposition 5.7
A has LBLP.

(i) = (iii). Let a ,beA be such that L([a ® b)) = L([a)) V L([b))= L([b))VL([a))=L([b ® a
))=A=[0). Which means that a® ® b"=(a® b)"=0,b" ® a*=(b ® a)" =0, for
some n € N, The hypothesis states that A has LBLP, then, according to Proposition 5.7
there exists e, f € B(A) such thate eL([ a™)), é e L([(a™)™)), e e L([(a™) 7)) and fe L([b™)),
fel®™™), f eL((®™™) . Thus (@ < e, (@)™ < &, ((@)7)*<é and

BMH™ < £, (M) < f,(BM7) < f, for some p,q,s, m,t,je N Let k=max{
p,q,s,m,t,j}e N". Then, by psbl - Cy, , it follows that a™ < e , ((a™™)* <é,
((@))k<e and b™ <f, (MM <F, ((b™7)* < f. By Lemma 3.1 we have a™ <e,
@™ < é&, @ <eand bt ()< f, (5)" <f. From a®®@b"=b"® a"=0
we obtain a™ < (b™)™, a™<(b™)™ and b™ < (a™)”, b"< (a™)™ (by psbl- C,5, psbl - C,,
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Yhence a™ < (bM< f, a™ < ((BMM*< fand b™< ((a™V)k < &, b™ <
((@)k<e.So a%<e, f, thusa™® <fae=fOeand analogously a™ < f @ e
while ™ <f and b™* < & so b™* < éAf= éOf similarly b™ < e®f. We denote ¢
=fO@e=f @eeBA)andd=é®f= é®feB(A), hence ¢ ,&,d ,d € B(A) ( by psbl-
Cs6 ). Therefore a™ <c = (&)~ = (&)~ and b™ <d=(d) = (d)” are equivalent to a™
®@¢é=c@a™=0and b™ ® d=d ® b™ =0 (by psbl - C,; and psbl—C,,), from which
we get that A =[0) = L([a™* © ¢)) = L([c ® a™)) =L([a™)) v L([¢)) = L([a)) v L([¢))
=L([¢)) v L([a™))= L([¢))V L([a)) and A = [0) = L([b™* © d ))=L([d © b™)) =L([b"™*))
v L([d)) = L([b)) v L([d )=L([d )V L([pb™)) = L([d )V L([b)). Now according to psbl -
Cp0, Lemma 2.13, and Remark 2.11, wehave c@d=f@e@é@f=f @ e ®@e®f=0
®0=0thus1=0=0 = (c Od)*"=(cOd) =(c Ad)*=(cAd)=éVvd=cVvd.

(iv)e(v). By the act that the bounded lattice P F(A) is isomorphic to the dual of (A,V,©®, 0,
1).

(iii) = (iv). states exactly the fact that the bounded distributive lattice P F(A) is dually B
—normal, since e v f =1 is equivalent to {1 } = [1) = L([e v f)) = L([e)) NL([f)) and we have
A:A— P F(A), defined by A (a) =L([a)) for all a€A is a bounded lattice isomorphism between
(A,v,®,0,1) and the dual of P F(A).

The notion of Boolean center is clearly dual to itself and the Boolean center B(A) of the
pseudo BL—-algebra A coincides with the Boolean center of the bounded pseudo BL-algebra (
A,Vv,®,0,1)hence B(P F(A)) =1 (B(A)) ={A (e) | e € B(A)}.

Corollary 5.34.

Any local pseudo BL—algebra has LBLP. Moreover, if A is a local pseudo BL-algebra and F
is proper filter of A, then, B(P,r)) is a bijection.

Proof:

Let A be a local pseudo BL-algebra. Then, by Remark 5.30 A is quasi—local hence A is LBLP.
(by Proposition 5.33). Since A has LBLP hence by Remark 5.3, B(Pyry) is surjective, but for
every F €F(A), there exists M eMax(A) such that FEM, since A is local so M = Rad(A) that is
F < Rad(A) hence by Corollary 5.12 B(P,f)) is injective.

6. Conclusion

As we mentioned in the introduction, BL-algebras are important tools for certain investigations
in algebraic logic since they can be considered as fragments of any propositional logic
containing a logical connective implication and the constant 1 which is considered as the logical
value “true”. At the same time, BL-algebras as well as pseudo BL-algebras could be intensively
studied from an algebraic point of view. In the present paper, we defined and studied the
Boolean lifting property on pseudo BL-algebras.We consider that our results could contribute
to the Boolean lifting theory on pseudo BL-algebras. The main finding of this article is that
pseudo BL-algebras with LBLP (RBLP) are exactly the quasi-local pseudo BL-algebras. In our



380 B. Barani nia and A. Borumand Saeid

next research, we are going to consider the notions of Congruence Boolean lifting property,
and to other lifting properties in particular classes of pseudo BL-algebras.
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