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Abstract

The paper presents the study of dispersion of contaminants in unsteady laminar flow of an
incompressible fluid (groundwater) bounded by an upper porous layer and lower impermeable
layer with interphase mass transfer. An analytical solution of unsteady advection dispersion based
on Aris-Barton method of moments is presented up to the second moment about the mean in
axial direction.
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1. Introduction

Groundwater is one of the most important sources for life. Nevertheless, today groundwater
faces increasing threats from anthropogenic impacts, including contamination with pathogenic
microorganisms and viruses. In recent years, problems which involve the flow of water and
contaminants separately or simultaneously through saturated porous media have received much
attention from sanitary landfills and agricultural practices. As contaminants are released into the
subsurface environment, they infiltrate through the vadose zone which are consumed without prior
conventional water treatment. Some contaminants are non-reactive and therefore act as passive
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tracers, moving with the water as it advects and disperses in the subsurface. The flow of water and
contaminants through the porous media is considered as a bulk transport problem:; it is described
through the use of the differential equation known as the advection-dispersion equation.

Dispersion of a contaminant describes the spread of particles through random motion from regions
of higher concentration to regions of lower concentration. Fluid flow at the interface region in
systems which consists of a fluid saturated porous medium has received considerable attention.
The work of Beavers and Joseph (1967) was one of the first attempts to study the fluid flow
boundary condition at the interface region. They performed experiments and detected a slip in
the velocity at the interface.

Neal and Nader (1974) presented one of the earlier attempts regarding the interface boundary
condition in porous medium. Vafai and Kim (1990) developed an exact solution for the fluid flow
at the interface between a porous medium and a fluid layer including the inertia and boundary
effects.

Taylor (1953) first presented the idea of “shear effect” for the case of dispersion of passive
contaminant in a viscous laminar flow through a circular tube. Aris (1956) extended Taylor’s
theory to include longitudinal diffusion and developed a “method of moments” approach to
analyze the convection process in steady flow using first few integral moments. Barton (1983)
presented an approach for steady flow that resolved certain technical difficulties in the Aris
method of moments and obtained the solutions of second and third moment equations which are
valid for all time.

A lot of work has been done by various researchers on interphase mass transfer problems which is
present in all branches of technology. Dumitrache and Frunzulica (2012) have studied the effects
of interphase mass transfer on the unsteady convective diffusion in a fluid flow through a tube
surrounded by porous medium. Meenapriya and Nirmala (2012) have developed a mathematical
model to study the unsteady convective diffusion of atmospheric aerosols with interphase mass
transfer in a couple stress fluid flow through a channel in the presence of electric field.

In this paper, we focus on the study of dispersion of contaminants for unsteady laminar flow of
groundwater with interphase mass transfer under the influence of pressure gradient.

2. Mathematical Formulation

Consider a two-dimensional fully developed laminar flow of a viscous, incompressible fluid
(groundwater) bounded by a porous (upper) and impermeable (lower) layer. The groundwater is
assumed to be contaminated. The continuity and momentum equation for the fluid and contami-
nated particles are given below:

Fluid Particle

oo
ox oy
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where u/ is the velocity of the fluid, u® is the velocity of the contaminated particle, p is the density
of the fluid, p is the pressure of the fluid, /V is the number density of the contaminated particle,
v is the kinematic viscosity of the fluid particle, K is Stoke’s resistance (drag coefficient), m is
the mass of the contaminated particle, k is the permeability of porous medium, and ¢ is time.
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Figure 1: Physical configuration

Assuming the flow is unidirectional with constant pressure gradient, equations (2) and (4) are
solved subject to the initial and boundary conditions,

w =0, v*=0 att=0,
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w = u, + ee™uy’, uP=0aty=0, 5

duf_ @ du’

@
=—u’ aty = h.

ayVE D Ay

We now introduce the following non-dimensional variables:

f 2
“ v « v VoL v ty,

Vo Vo Vo Vo 14 14 ,O’Ug v

The asterisks (*) denote the dimensionless quantities. Substituting equation (6) into equations (1)
to (5) and, for simplicity, neglecting the asterisks we get,

ou’ op  *uf s g I
E——%—Fa—?ﬁ—{—Gf(u —U)—D—au, @)

ou’ 1

- (f — %)
= —(u' —u%), @)
ot G,
where Gy = Kvé\; Y is the fluid particle parameter,
0
G, = n[fv”z is the particle mass parameter, and
0

2

Da = ];’Tg is the porosity parameter.

w =0,u*=0att=0,

w =, + ee”tubf, u*=0aty=0, 9

duf a ,oodu’ Qoo )
—=—u', — =—u =1.
dy Da? ° dy  Da? 4

Equations (7) and (8) together with the boundary conditions (9) are solved using the perturbation
technique as given below,

ui(w,,t) = o, (y) + ey, (y) + oe?),

vi(a,y, 1) = e (y) + o),
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p(x,y,t) = po(x) + €D, (y) + o(€?),
0;(x,y,t) = Oy, (y) + X700, (y) + o(€?),

(bi(xv Y, t) = ¢Oz(y> + eei()\:r+wt)¢1i(y> + 0(€2>7

where ¢ = f, s represents the fluid and solid particles, respectively, and i represents the imaginary
part.

Considering the real part and neglecting the higher order terms (order of €2), we get the velocities
of fluid and contaminated particle respectively as,

1 =1 .
ul = goeVBay + gsevay — Dagy + €™ (g7 cos /g5y + gs Sin\/g.y), (10)

€ 6nt

us = QQQﬁy + g:;eﬁy — Da91 + H——G<g7 CcOS \/§6y + g3 sin \/§6y) (11)
ntp
The average velocity is given by
1
= /ufdy,
0
1 =1
@ = VDa (gale 75 — 1) = gy(e P+ + 1)) — Dagy + go (12)
Similarly,
_ _1 =1 g9
=V Da <g2(e\5a — 1) — g3(evDba + 1)) — Dag; + ———, (13)
1+nG,
where
g1 = %7

2

—1
VI (23— ) e VP (322~ )

=1
g2 = — ! ((u£+Dag1)(ex/ﬁ)(5—(f‘2— . ))a
—uf -7
=u + Dagy, = ,
g3 o 92 g1, g4 1—|—nGp

96 = 94 — g5, g7 :U£7
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g8 = ﬁsin\/g?:l\/g?cos\/% <ﬁu£ cos V 3 + U’IJ:V 9e sin V 96)7
99 = -e(grsin\/gs — gs cos\/Gs — gs),

1 -1
g10 = VDa (gz(eﬁa — 1) — gs(evpe + 1)) — Dagy + go,

99

gn = VDa (92(6ﬁ -1)- 93(6}71“ + 1)) — Dagy + TTLGP'

Dispersion.

We consider the dispersion of contaminants in the laminar flow of groundwater under a constant
pressure gradient. The concentration of contaminants c is governed by the advection-dispersion
equation of the form

Oct Oct 0%ct 9%t
o e ce ve
ot " or D(@xQ * 8y2)’ 14

subject to the initial and boundary conditions

(y,0) = c(y),

aq
DL —0aty =0, (15)
dy

q
—Dai = ksc at y = h,
Ay

where ¢(y) is the initial concentration in every elementary volume of the medium, k is the
reaction rate constant, and D is the coefficient of mass diffusivity.

In this paper we consider two situations, one is for dispersion by fluid (¢ = f) and the other
dispersion by contaminated particle (¢ = s).

Introducing the following dimensionless quantities,

x Y « ol tD c?
= *:—Uq::t*:—Cq:—
x LJ y L) ’U/q’ L2 ) CO?
equation (14) becomes,
oC1 ocT  92CT PP
—— + Pe Ul(y,t = 16
8t + € <y7 ) ax 81'2 + ayQ ) ( )



652 N.P. Ratchagar and S. Senthamilselvi

. ul — ud
with U4 = -
ud

The Peclet number Pe is introduced here; this measures the relative characteristic time of the
diffusion process to the convection process.

Using the dimensionless quantities, the initial and boundary conditions for the contaminant input
become

Cl(y,0) =€ (y),

q
%320&yz@ (17)
q
90 sonay=t,
Jdy

S

where %(y) is the dimensionalized initial concentration and § = is the heterogeneous

. 0
reaction rate parameter.

Following Aris (1956) we consider the p-th moment of the concentration distribution through y
at time ¢ as

[e.e]

Oy, 1) = / Pz, y, 1)d, (18)

—00

and the p-th moment of the distribution over the cross-section of the channel as

1 _
mi(t) = §/Cg(y,t)dy = (L (19)

Using the definition (18), equation (16) reduces to

oce  92CH
8_tp f— ay;) +p(p — 1)0;_2 + PG Uq<y,t)cg_1- (20)

The boundary and initial conditions to be applied to find the solutions are

Cyp(y,0) =% (y), (21)
aCI(OI—Ot =0 aqg— Claty=1 22
oy ay—,a—y——ﬁpay—, (22)
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Averaging equation (20) over the cross section of unit breadth, we find, after using equation (19)
and the boundary conditions (22), that we get,

1

dm4
b =l = Dmd -+ pPe [ U000 dy @3)
0
Equation (20), subject to the conditions (21) and (22) for p = 0,1,2,---, forms a sequence of

inhomogeneous equations which can be solved for C}. Once C} is found, m can be obtained
from equation (23).

According to Aris the above sequence of equations are solved, in principle to a sufficiently large
value of p, but the first two or three moments are sufficient to describe the process of dispersion.

In equation (23), for p = 0, —2 = 0, so that my is a constant which is assumed to be unity
indicating that the total quantity of contaminant is constant.

For p = 0, equation (20) reduces to

ace 92y
Z0 _ . 24
ot Oy? @4
The solution of equation (24) subject to the conditions
Cg(ya O) = chQ(y)’ (25)
q
%zoatyzo, (26)
dy
oC¢
G = B aty =1, @7
is written as
Ci(y,t) = Ao - i A, cos(Apy)e At (28)
o 2 n=1 ,
where
1
A, =2 / () cos(ny)dy, (29)
0

and
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1
Ay =2 / Ci (y)dy. (30)
0

The problem for C'; is more complicated, however, since certain solvability conditions have to
be satisfied to obtain the solution. For p = 1, equation (23) reduces to

1

= Pe/Uq(y,t)Cg(yJ)dy- (31)
0

dmi
dt

The above procedure for ¢ = f, s representing the fluid and contaminated particle, respectively,
gives the solution from equation (31) as

1

dm?
L= Pe / U’ (y.)C3 (y, t)dy, (32)
0
d 1
mS
o= Pe [ V(.G (0. 00y (33)
0
Integrating equation (32) we get,
m{ _ 1 ,\/]137,,93

20117/G6(1 + nGy)a(—gs + X)(1+ DaXp)

(AL(—~ Ao N2 (VDa(e V5% (VDa g1 + g2 — eV gs — g) + g3)/Fo(1 + nGp)
+e707 ™ (g11/Gs — 98)€) (=g + AD) (1 + Da?) +241¥0 \/go(VDa(gs — gs)
(14 nGp)(gs — AT) — €"'v/gogse(1 + Dai))))

—l—eﬁﬁte)\l(l + Da)}) cos[\/%](—Aoet’\% + gs(—ge + A?) + 24, g gs cos(\)
+2A11/egr sin(A)) + et ey (1 + Da)?) sin(1/gs)

(Age™ gr(—ge + A2) — 2419697 cos[M] + 2411/gegsh sin(Ay))

+2A1/G6(g5 — A2)(e7Dn g 1e(1 + Dad?) sin(\y)

+vVDa(1 + nG,)(VDae Vs g (1 + Dar?) sin(\,) +

gshi(cos(A1) — VDa sin(\)) — 6%92/\1(005()\1) + vV Da; sin(\1)))).
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Integrating equation (33) we get,

1

2
—t2

S
my

— e
2g10v/96M1 (96 — AT)(1 + Da)y)
(e%)‘l (Age™ (V' Da (eﬁ(\/ Dag; + go — eﬁgr‘qs) + 93)v/ 96

+ eV ™ (g10y/G6 — g8)€)(—gs + AD) (1 + Darl)

1
+ 2416V \/g5(—V Da(gs — g3) (g6 + A]) + €"'/gegse(1 + Dal})
AOeﬁ+t(n+A%)g7e(—gG +A2) sin(\/g%)(eﬁmte)\%) cos(/9e)

(A" — 24, gogs cos(A1) — 241/gogr A sin(A)

+24,/76(96 — \2)(VDale

+ Da(e%”’\% + gg)\% — eﬁgl(l + Da)\%))) sin(\)
eDat e\, sin(y/go) (—A0Dae™ g A2 (—gg + A2)

+2A411/96(1 + DaA1?)(\/geg7 cos(A1) — gghi sin(\))))).

For ¢ = f and ¢ = s, equation (20) gives

ac ey ; f
7 = 8y2 + Pe U (y,t)Co (y,t),
8015 o 82018 s S
5 = gyr T P U000,

where Cg and C{ are obtained by substituting ¢ = f in equation (28).

\/QDTgrgg))\l cos(A) + (—6\/%—’—7“9106(1 + Da)?)
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(34)

(35)

(36)

Applying Laplace transformation and taking inverse Laplace using Cauchy’s residue theorem,

the solution of (35) is given by
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f _ a—VBHyV/B+tB | atta®—VaZ-yva? ta® ApeY™ (=1 + /it + y)gs Pee sin(y/ge)
i =e +y k—e“k+
G10(g6 + 1)
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Putting p = 2 in equation (23) and recalling that mg = 1, we get

1

dmi .

i 24 2Pe [ Ul(y,t)Ci(y,t)dy. (39)
0
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Figure 2: u/ varying with dimensionless time for different «
Therefore,
1dmi /
3 ZZQ = 1+P6/Uq(y,t)0f(y,t)dy. (40)
0

According to Aris, the left-hand side of equation (40) is reasonable to use the definition of the
measure of the effective dispersion coefficient. Therefore the measure of the effective dispersion
coefficient £/ De becomes

1
E9/De =1+ Pe / Ut(y)CHy, t)dy, @1)
0

where

E1 is the effective dispersion coefficient,
De is the eddy diffusion coefficient,
q = f, s represents the effective dispersion of fluid and solid phases, respectively.

3. Results and Discussion

Figures 2 and 3 represent the velocity profiles of groundwater and the contaminant particle in
the groundwater at a given instant of time for different values of slip parameter («), respectively.
The graph shows that groundwater velocity and contaminant particle velocity intends with an
increase in slip parameter which enhances the fluid flow mean that the slip parameter has the
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Figure 4: u/ varying with dimensionless time for different G,

tendency to reduce friction forces which increases the velocity of groundwater and contaminant
particle.

The effects of the particle mass parameter G, on the velocity distribution of groundwater and
contaminant particle are shown in Figures 4 and 5, respectively. The graph illustrates that the
fluid phase velocity and solid phase velocity detends with an increase in particle mass parameter.
This is due to the presence of drag force which slows down the motion of the groundwater and
contaminants.

Figures 6 and 7 shows the effect of Peclet number on the dispersion coefficient for the case of
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Figure 5: u® varying with dimensionless time for different G,,
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Figure 6: Ef varying with dimensionless time for different Pe

groundwater and contaminants. For a given time ¢, the effective dispersion coefficient diminishes
with rise in Pe, because the increase in absorption at the boundaries helps to enlarge the number
of moles in the reactive material undergoing chemical reaction and changing the amount of mass
material across the channel.

Figure 8 is a plot of dispersion coefficient against the time of fluid for different values of reaction
rate parameter . For a given time ¢, the effective dispersion coefficient increases with rise
in 8. Figure 9 illustrates the effect of reaction rate parameter $ on dispersion coefficient of
contaminants. Here the dispersion goes along with the flow with rise in the reaction rate parameter,
due to the shear effect of high frequency on dispersion.
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Figure 7: E* varying with dimensionless time for contaminants with different Pe
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Figure 8: Ef varying with dimensionless time for different 3

4. Conclusion

A contaminant transport model was developed for unsteady, saturated, geochemically heteroge-
neous porous media. The contaminant transport model in porous medium remains a key issue
in the area of hydrology because various microorganisms frequently enter the aquifers either by
accident and affects the environment. Aris method of moments is used in calculating the second
moment about the mean of a dispersing contaminant. The reaction rate parameter 3 has strong
impact on the transport of contaminant. Microorganisms migrating into and through soil from
sources on the land surface may cause a serious threat to both ground and surface waters. The
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B=2
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Figure 9: E* varying with dimensionless time for contaminants with different 3

solutions are useful for analyzing the possible prevention of the spread of chemical reacting
contaminants over a flow of fresh water.

Acknowledgments

The authors gratefully acknowledge the University Grants Commission, New Delhi, India, for
the financial support through the BSR grant No. F4-1/2006 (BSR)/7-254/2009 (BSR) dated
22.10.2013. The authors also thank the reviewers for their insightful comments and valuable
inputs for improvement of this manuscript.

REFERENCES

Aris, R. (1956). On the dispersion of a solute in a fluid flow through a tube, Proc. R. Soc.
London. Ser. A, Vol. 235, pp. 47-77.

Barton, N.G. (1983). On the method of moments for solute dispersion, J. Fluid Mech., Vol. 1,
No. 26, pp. 205-218.

Beavers, G.S. and Joseph, D.D. (1967). Boundary condition at a naturally permeable wall,
Journal of Fluid Mechanics, Vol. 30, pp. 197-207.

Dumitrache, A. and Fruizulica, F. (2012). Unsteady convective diffusion of a solute in Hagen-
Poiseuille flow through a tube with permeable wall, Proc. Appl. Math. Mech., Vol. 12, pp.
473-474.

Meenapriya, P. and Ratchagar, N.P. (2012). Transport of Aerosols in the presence of electric
field with interphase mass transfer, Int. J. Engineering Research and Technology, Vol. 1, No.
4, pp. 1-11.

Neale, G. and Nader, W. (1974). Practical significance of Brinkman’s extension of Darcy’s law:
Coupled parallel flows within a channel and a boundary porous medium, Can. J. Chem.



662 N.P. Ratchagar and S. Senthamilselvi

Engg., Vol. 52, pp. 475-478.

Taylor, G.I. (1953). Dispersion of soluble matter in solvent flowing slowly through a tube, Proc.
R. Soc. London Ser. A, Vol. 219, pp. 186-203.

Vafai, K. and Kim, S.J. (1990). Fluid mechanics of the interface region between a porous
medium and a fluid layer-an exact solution, Int. J. Heat Fluid Flow, Vol. 11, pp. 254-256.



