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Abstract

Hyperbolic systems with functional arguments are studied, and sufficient conditions are
obtained for every solution of boundary value problems to be weakly oscillatory (that is, at
least one of its components is oscillatory) in a cylindrical domain. Robin-type boundary
condition is considered. The approach used is to reduce the multi-dimensiona oscillation
problems to one-dimensional oscillation problems by using some integral means of solutions.
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1. Introduction

We are concerned with the oscillation of the system of hyperbolic equations with functional
arguments

*This research was partially supported by Grant-in-Aid for Scientific Research (C)(2) (No. 16540144), The
Ministry of Education, Culture, Sports Science and Technology, Japan.
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STZ(U (x0+ Y H OU(xp, <t))j— AM)AU (x.1)

- Z B (t)AU (x,7; (1)) + i P (x)¢ (U (x,0,(1)) D
=F(xt), (Xt)eQ=Gx(0,»),

where G is a bounded domain in R" with piecewise smooth boundary 6G, A is the
Laplacianin R", and

HO =), AD=(,0)"%,, BO=0b,0)",

R () = (P (x0)" .

U (% t) = (u, (x1),...,u, (x,1))",

U (%2, (1) = (U, (X 2, (1), Uy (X 5, (D))

U (%7, (1)) = Uy (%75, (), Uy (X, 73 )

2, (U (%0, (1)) = (¢, (U (X, 05 1))),.... 0y Uy (X0, (1))

F(x,t) = (f,(x1),..., fy, (X)),

the superscript T denoting the transpose.

It iseasy to seethat (1) can be written in the following system:
62
(u (x,t) +Zzh.1k(t)u (X, p (t))J

i=1 k=1

“Sa, AU () -3 Y b (AU, (X, 7, (1) @

1 i=1 k=1

+Zm:Z puk(Xt)(Plk u (XG(t)))—f xt) (j=12,..., M)

i=1 k=1

for (x,t) e Q=G x(0,0).

The boundary condition to be considered is the following :

0
al®) 5L+ iR, =alR)7, + @y, on 36x(0x) (j=12...M),  (BO)

where w7, € C(0Gx(0,:0);R), a(X), u(X) € C(6G;[0,00)) , a(X)*+u(X)* =0, and v
denotes the unit exterior normal vector to 0G .

Incase a(X)=0 on 4G, then x(X)%0 on 6G, and hence the boundary condition (BC)
reduces to

u =y, on 3Gx(0x) (j=12..,M).

If «(X)=1 on 6G, then (BC) can be written in the form
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ou, . - . _
—o iUy =y +uR)y; on 3Gx(02) (j=12...M),
moreover, if 4(X)=0 on &G, then (BC) can be written as
ou;  _ ,
Loy, on 0Gx(0,0) (j=12...,M).
ov
We assume that:

(H,) hyt)eC*((0,%)[0,%) (i=12...0;j,k=12,.,M),
a, (1) eC([0,:0);[0,0)) (j,k=12,...,M),
by (t) e C([0,0);[0,)) (i=12,...,K;],k=12,...,M),
P (%) €C(G x[0,%);[0,20)) (1=12,...,m;],k=12,...,M),
f,(xt)eC(G x[0,0);R) (j=12,...M);

(H,) p®)eC?([0,0)R), lim,,, pt)=» (i=12,...,0),
7, (1) eC([0,0);R), lim,_, 7,(t)=00 (i=12....K;k=12...,M),
o, (t)eC(0,);R), lim_ o({t)=w (i=12...,m);

(Hy) 04 (&)eCRR), ¢, (£)=0 for £20, ¢, (-£)=-¢, (&) for £>0 and
@, (&) are convex in (0,x) (i=12,..., m:;k=12,..., M);

(H,) a,0->a,020 k=12....M);
(H,) bikk(t)—ib,jk(t)zo(i:J,2,...,K;k=J,2 ..... M);

jk

(HS) 0, (§)z]£rklir’\} ®, (&) 1s nondecreasing and convex in (0,x)

(=12...m).

Definition 1: By a solution of system (2) we mean a vector function (ul(x,t) ..... u, (x1))
such that u, (xt)eC2(G x[t,,»);R)NC(G x[{,,);R) , and u, (xt) (j=12,...,M)
satisfy (2) in Q, where
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I<k<M

t,=mi n{o, Jg]glp {itr;g rik(t)}, rgg{ﬁ o) (t)}},

t,= min{O, Elﬁg{ltgg o; (t)}}.
Definition 2: A solution (ul(x,t),...,uM (x,t)) of system (2) is said to be weakly oscillatory
in Q if at least one of its components is oscillatory in Q (cf. Ladde, Lakshmikantham and
Zhang (1987, Definition 6.2.1)).

In 1984 the oscillations of delay hyperbolic equations have been first investigated by Mishev
and Bainov (1984) (cf. Mishev 1989, Mishev and Bainov, 1986). Parhi and Kirane (1994)
investigated the oscillatory properties of solutions of coupled hyperbolic equations.
Oscillation of hyperbolic systems with deviating arguments was studied by Li (1997), and
then oscillation results have been established by severa authors, see, e.g., Li (2000), Agarwal,
Meng and Li (2002) and the references cited therein. However, all of them pertain to the case
wherethe matrices H, (t) arethe diagonal matricesorH, (t) =0.

The purpose of this paper is to derive sufficient conditions for every solution of the boundary
value problem (2), (BC) to be weakly oscillatory in acylindrical domain G x (0,) . We note
that the matrices H, (t) are not necessarily the diagonal matrices.

2. Oscillation results

In this section we establish a lemma and two oscillation theorems for the boundary value
problem (2), (BC). Two examples are aso given in this section to illustrate oscillation results.
-Aw=Aw in G,
~\ OW -
a(x)a— +u(X)w=0 on oG
|4
is nonnegative, and the corresponding eigenfunction ®(x) can be chosen so that ®(x) >0
in G (see Ye and Li, 1990, Theorem 3.3.22). In case x(X)=0 on 4G, then we can

choose 4, =0 and ®(x)=1. If u(X)#0 on 4G, then there exist 4, >0 and the
eigenfunction ®(x) >0 in G.

We use the notation :

I, ={XedG;a(X)=0},

I, = {X€dG;a(X)=0}.
Lemma; If u; saisfy the boundary condition (BC) and @(x) is the eigenfunction
corresponding to the smallest eigenvalue A, >0, then we obtain
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ou.
K, ja{%cb(x)— aq;f/x)}ds 7,0 ®

where

K, =(qu>(x) dx)’l,
W (t) = Kq,(—jr v, aq;(x) ds+ [ (z;j +&:‘)%J®(x) dSJ.

v a(X)

Proof: Itisevident that
ou; L 0D(%) j 6<D(X)
ja{av ®()-u; = }ds j[ P()-u; = }ds

8®(x) @
+ j { d(X) — >, }ds
Since u; =y; on I} and ®(x)=0 on I}, weobtan
ou; L, 00X OD(X)
L[Eqn(x) =, }ds jrl Vi, ds. (5)
From the boundary condition (BC) we see that
My _ gy s, s
ov ! 0(5())() Foax) !
ov(x) _ uX)
5 a(f()CD(x) on T,.
Hence, we observe that
ou, GCI)(X) N()A()
j[av OO -y, —> }ds j[ a(i)wjjqa(x)ds. (6)

Combining (4) - (6) yields the desired identity (3).

We note that if «(X)=0 on 4G, then T, =0 and
ou; oD(X oD(X
K¢Iae[—Jq)(X)— a(v)}ds_—Kq,jw v, ™) gs

o) ov

If a(X)=1(Xx€06G) and u(X)=0(XedG),then I, =0 and
» 0D(X) 1 ~
K“’J.ae{é_vjq)()()_uj :|d8=|—J.aGl)deS,

ov G

where |G|: dex denotes the volume of G.

We use the notation :
Fi() =K, [ f,06D0 dx (j=12,...,M),
[e®)]. = max{+e(t),0},
F={(D% (9%,... D™ ) ;a; =01(j =1.2,...M)}.
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We note that #I'=2" and —y eI for yeI', and hence F:{iy;yef} for some
[T with #[ =2"". Forexample,welet M =2. Then we observe that

={19,@-D,(-19,(-1 -1}
and

={x@D,+@-D}={ty;y T},
where

r={11,@-1)}.

Theorem 1: Assume that the hypotheses (Hj) - (Hsg) hold. If the following conditions are

satisfied :
(Hy) /?.(t)<t (i= o0
(H,,) ZZh”(t)<1 on [t;,o) for some t,>0; and

i=1 j=1

(H,,) there exist functions ® (t)eC ([ty,©);R) (y €T) such that @ (t) isos-
cillatry at t=ow and @) =y- (G (t)) ( - denotes the scalar product);

if for some j,e{12,...,m andforany c>0

175,06, [Hl— Y R, (t))]c+ 6,0, (t))} J dt =, U

then every solution (ul(x,t),...,uM (x,t)) of the boundary value problem (2), (BC) is
weakly oscillatory in Q, where
hij (t) = max hijk (t)
K
G;(t) = (F (t)+2ajk(t)‘1’ (t)+Z By (1) W (r.k(t))]

i=1 k=1

p| (t) mln Enin p|kk (X t) Z puk (X t)
J;tk
. rM
0,1)=0,t)-> > h1e,(n).
i=1 j=1
Proof: Suppose that there exists a solution (u,(x,t),...,u,, (x,t)) of the problem (2), (BC)
which is not weakly oscillatory in Q. Then, each component u;(x,t) is nonoscillatory in
Q. We easly see that there is a number t, >t, such that |u;(xt)>0 forxeG,
t>t, (j=12,...,M). Letting
w; (x,t) = 5,u; (x1),

where &; =sgnu;(x,t), we see that w; (x,t)=‘uj(x,t)‘>0 in Gx[t;,»). There exists a
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number t, >t, such thatw; (x,t) >0, w; (X, p; (1)) >0, w, (X,7; () >0, w;(X0;(t))>0 in
G x[t,,»). Proceeding as in the proof of Theoem 1 of Shoukaku and Yoshida (2005), we
observe that the following identity holds:

(V(t) +—Z 25 5y (OW, (o (t))] + Z b ()% V(o (1)

i=1 j,k=1

M (8)

Z 5,G(t), txt,,
where

V() = ZK:ka(t)
M
Thereisa y ' such that Z?”:lajej(t)w.(ej(t))j“jl. Setting
YO =)+ 3 35,5,h, (W, (0, ) -0, ),
we see that |
YO <-Y pOA V(@ )<, tzt,. (©)

Therefore, Y(t)>0 or Y(t)<0 on [t;,c0) forsome t, >t,.If Y(t)<0O on [t;,), then
1 (M
Va)"‘ﬁzzéjékhijk(t)wk(pi(t))S®y(t)! t>1,,

i=1 jk=1
and therefore

D> | h () - Zhuk(t) We(p () <06,(1), t=t,. (10)

V(t)+i
M =3

]¢k

The left hand side of (10) is positive in view of the hypothesis (H,), whereas the right hand
side of (10) is oscillatory at t=o. This is a contradiction. Hence, we conclude that
Y(t)>0 on [t;,©). Since Y'(t)<0, Y()>0 on [t;,©), we obtan Y'(t)>0 on
[t,,) forsome t, >t,.Hence, Y(t)=>Y(t,)

for t>t,. In view of the fact that V(t)<Y(t)+®, (t) and Y(t) is nondecreasing, we
obtain

i 255 OW (o, (1) +O, (1)

i=1 j k=1

iz OV (0 () + O, (1

V(t) = Y(t) -

|V
N Z|H

(11)
(02 ©)+0, (o, 1))+0, (t)

\Y2
-<
&Mz ‘

i
4N

1- Zi h, ]Y(t)+® ), txt,.

i=1 j=

1\
/TN

89



90

Y.Shoukaku, N.Yoshida

Since Y(t)>Y(t,) and V(t)>0 for t>t,, from(11) we have

V() > Hl—ziﬁj (t)jY(t4) + @)At)} >t

!
i=1 j=1 +

and therefore

!

V(o (1) 2 Kl‘ 2.2 h(o, (t))JY(t4) + (:)y (o, (t)):l 12T (12)

i=1 j=1

<

+

forsome T >t,. Since ¢, (t) isnondecreasing, from (9) and (12) we obtain

P, 0, q(l— Zl: JZ; h (o o (t))J Y(t,)+0, (o, (t))U (13)

<-Y'"(t), t>T.
Integrating (13) over [T,t] yields
[ bb(s)@joml—iiﬁj (o), (s))jv(t4)+éy(ajo(s))} st
< YR +Y(T)<Y(T), t>T. )

This contradicts the hypothesis (7) and compl etes the proof.

Theorem 2: Assume that the hypotheses (H;) - (Hs) hold. Every solution

(U (%,1),...,u,, (x,t)) of the boundary value problem (2), (BC) is weakly oscillatory in
Q ifforany yel

.t s

liminf T(l—?](y.(ej(s))j'\il)ds=—oo

t—ooo

for all large T.

Proof: Suppose that there exists a solution (u,(x,t),...,u,, (x,t)) of the problem (2), (BC)
which is not weakly oscillatory in Q. Arguing as in the proof of Theorem 1, we observe that
(8) holds, and hence

j%(vawﬁiicsjékhnk(t)wkm(t))jsiajej(t), 1, (9

forsome t, >0. Letting

VO =VO+3 35,60, O0W,(5,0),

i=1 k=1

we note that \7(t) >0 (t>t;) for some t, >t, (cf.the proof of Theorem 1). Integrating
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(14) twice over [t,,t], weobtain

Vi(t) ¢ t, t s\ <
e cz(l—Tj + J.ts(l— Yj{;ajej (s)] ds

for some constants ¢, and c,. The left hand side of the above inequality is positive,
whereas the right hand side is not bounded from below by the hypothesis. This is a
contradiction.

Remark 1: We find that T = {iy;y ef} for some T with #I =2"". Hence,
Theorem 1 holds true if the hypothesis (H1;) and the condition (7) are replaced by
(Hy,) there exist functions ©,(t)e C*([ty,);R)(r €T) such that 0,(t) 1s

oscillatory at t=o and G);(t):yw(Gj(t))?":l( - denotes the scalar and
product)
o R M R
[0, (LZZhu <a,~o<t»jct®7<ajo ®)| |dt=c0
0 i=1 j=1 N

respectively.

Remark 2: Under the same hypotheses of Theorem 2, the conclusion of Theorem 2 holds
trueif forany ye r

imint J}(1-2(7-(c, 9 Jes= =,

t—o0

IlmsupJ. (1— —J( X(e} (s))j"il)ds =0

t—>o

forallarge T.

Example 1: We consider the hyperbolic system

2
a—(ul(x,t) +%ul(x,t - 2r) +%u2(x,t - 27r)j

ot
azl 1 0° azl 10%u,

SCORRE u2( D=t~ (xt - 27)

+%ul(x,t—7r)+%e uz(x,t—;z)ze (snx)e™,

0° 1 1 (15)
E(uz(x,thzul(x,t—27z)+zu2(x,t—27z)j
o%u L 0°U, 10°%u 10%u
-2 le (x,t)—€’ 2(X, )—— l( ;z)—Z 6x22 (x,t—2x)

+%ul(x,t—7z)+ge U, (Xt —7z) = (sm x)sint + (1+ 3> )(sinx)e™,
(x,1) € (0, 7) x (0,0)

with the boundary condition
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u;(0t)=u,(7,t)=0, t>0 (j=12). (16)

Hee G=(07) , n=1, M=2, /=K=m=1, h,t)=1/2, hy(t)=h,(t)=
hlzz(t):1/41 pl(t):t_Z” ’ an(t):?’ ’ a:lz(t):(]-/S) e’ ’ a21(t):21 8.22('[)262” )
b, (t)=1, by,t)=1/8, b,(t)=1/2, b,t)=1/4, r,t)=t-z, r,{O)=t-27,
plll(xlt)zllz ) p112(X7t):(:U2)eﬁ ) plZl(X’t)=1/4 ) p122(t):(3/2) e, Gl(t) =t-z,
P (&) =0,(E)=¢ , f(xt)=e"(snx)e’ , f2(x,t):(sinx)sint+(1+3e2”)(sinx)e’t ,
v, =0(j=12), a(X)=0 and T, =0.We observethat
F{u(t):%! F]‘12(0:%1 ﬁl(t):%'
It is easy to see tha 1, =1, ®(X)=sinx, ¥;{t)=0(j=L2), G, (t)=1/F, (1) =

(r/8)e*e™ and G,(t) = (1/ 2)F,(t) = (x/8)sint + (x/8) (1+3¢*" e ™. Since we can choose
Oy )= %(—Sint + (l+ 4% )e—t )
Oy (1) = %(Sint - (1+ 2e*" )e*t ),

we obtain

3 r( 1 3L

g 7(1g Al 3 )
e N e

and therefore

J‘OOEKI—EJ ot f(_lsin(t —7)+ (1+ 4e2n)(1—§e2ﬂj g (=) ﬂ dt
to 4 4 8 4 ¢

> (" 1sint+(1+4ez”)(1—§e2”je”et dt
327 | 4 4 )

= 0

J‘wl{(l_EjCiz[lsm(t_”)_(:H 262”)(1_§e2”je(t”)ﬂ dt
- . sl 2 4 .

>Z (" —lsint—(1+2e2”)(1—§e2”je”et dt
326 | 4 4 .
= o0
for any ¢>0. Hence, it follows from Theorem 1 and Remark 1 that every solution
(u (x,1),u,(x,t)) of the problem (15), (16) is weakly oscillatory in(0, ) x (0,c0) . One such

solutionis
(sin x)sint]

(sinx)e™

and

U(x,t):(

Example 2: We consider the hyperbolic system
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1 1
e (u(xt)+2u(xt 7r)+2u2(xt ﬁ)j

2
6 Ul (X t) _ (X t) e(S/Z)zz aaxul (X t+ _) _ aaxuzz (X,t +7[)

+§ul(x,t—7z)+1u2(x,t—7r) = (2+3e”)(cosx)e‘ ,
2 2
0? 1 1 (17)
R(uz(x,t) +§u1(x,t —7) +§u2(x,t —n)j

s 2 (x t)—a 2 (x)- 260 R (s —)—E‘“z
+u1(x,t 7r)+u (Xt - 7r)——2(cosx)smt+(2e +1§(cosx)e :
(x1) € (0,5)x(0,0)

with the boundary condition
aul (01)=0, oy (” ,tj =-e",
ox \ 2

—%(O,t)zo, %[—,tj:—sint, t>0.
OX ox \ 2
Here G=(0,(z/2)) ,n=1,M =2, (=K=m=1, h,,(t)=h,,(t)=1/2, h,(t)=1/3,
h122 m=12, Pl(t) =t-7 , an(t) =ay, t) = a'21(t) =ay ®H=1, b111(t) =el27 )
b, (t)=1, by(t)= (213)e®27 b, (t)=3/2 , r,()=t+(x/2) , r,()=t+7 ,
p111(X’t) =3/2, P11z (X’t) =1/2, p121(X,t) = p122(xvt) =1, O_l(t)zt_” ) (011(9‘8):(012(5):9& )
f,(xt) = (2+3¢7)(cosx)e ,  f,(xt)=—2(cosx)sint +(2e” +1)(cosx)e™ , a(X)=1
#(X)=0 and T, =0. Wefindthat

~ ~ 1 . 1
hll(t)=hl2(t)=§, pl(t)za
Itiseasy to check that A, =0, GD(X)—l and that

(X,t+7)

(18)

Gi(t) = (2+4e Je,

G,(t) = i(— 3sint +§e”e“}.
2r 3

1 20
Oy (M) = ﬁ(San(?e +2j J
1 . 4
0 t)=—/|-3sint+| —e" +2e" |,
(1,71)() 271'( (3 ] J
. 1( .. 20 . .
G)(l,l)(t):Z[GsmH(?e +2j(1—e )e‘J,
~ 1 . 4
¢) ty=—| —6sint+|—e" +2|[1-e" )e™ |.
a0 -ssnt( g r2fp-er)e)

Choosing

we see that

Since



94

Y.Shoukaku, N.Yoshida

I:%[i@)(lyl)(t—ﬂ)Ldt
1 w[—GsinH[@e” +2j(e’r —ez”)e“} dt
A ot 3 +
= 00 :
and

J.:% [i é\9(1,—1) (t- 72')]+ dt

- i.[: {6sint +(ge” + 2j(e” —ez”)e“} dt

+
:w1

Theorem 1 and Remark 1 imply that every solution (u,(x,t),u,(x,t)) of (17), (18) is weakly
oscillatory in (0,2)x (0,0). Infact,

U(xt) = ( (cosx)e™ j

(cosx)sint
is such a solution.
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