DEPARTMENT OF MATHEMATICS

TECHNICAL REDORT
ISSN: 1933-1746

A Class of Calderon-Zygmund
Integral Operators

Jean-Paul Pemba*

MDTRS No. 7

January 2, 2007

Editor-In-Chief: Dr. A. M. Haghighi
Advising-Editorial-Board:
Dr. J.-A. Lian, Dr. D. P. Michev, Dr. J.-P. Pemba

COLLEGE OF ARTS & SCIENCES
PRAIRIE VIEW A&M UNIVERSITY
PRAIRIE VIEW, TEXAS 77446-0519



A Class of Calderon-Zygmund Integral Operators
Jean-Paul Pemba’
Department of Mathematics, Prairie View A&M University

P. O. Box 519 MS 2225, Prairie View, Texas 77446-0519
Email: jepemba@pvamu.edu

Mathematics Subject Classification (MSC) #: 41A99, 65D99
Key Words: Calderon-Zygmund integral operators, Riesz decompositions,
Marcinkiewicz interpolation.

ABSTRACT

We introduce a class of Calderon-Zygmund Lp-integral operators and study some conditions for
boundedness on Lebesgue reflexive spaces.

1. Introduction

An important classical problem in potential theory has been that of the
study of all possible analytic properties of the integral operators occurring in representation
problems via transforms, with direct implications in quantum mechanics or
particle physics. In the fifties, Calderon and Zygmund studied classes of singular integral
operators ([2], [3],...) that involved almost all the classical kernels of the Newtonian and

logarithmic type potentials met in Hilbert transform, Poisson, and many others. They

were mostly concerned with logarithmically bounded kernels ‘Q(x,y)‘s whose

[x=y’

6Q(x,y)|

oQ( X,
differentials was boundedly Newtonian‘ 5 ‘ (x.y
X
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space X<y, Q(x,y)=sin(x-y) " +cos(x—y) " (421),...where the

consider potentials such as Q(x,y)=

(120), Q(x,y)= exp(il on the half-
boundedness condition is extended to the first fixed-N derivatives. Then, N=0 will

recover the Hilbert transform, while N=1 represents the Calderon-Zygmund class.

2. Boundedness Conditions
A very useful one-dimensional formulation of F. Riesz decomposition
theorem can be found in A. Zygmund treatise on trigonometric series [5], p.242.

Theorem?2.1 (F.Riesz Decomposition):
Let f eL"(R), p=>1integer,and «>0. There exist a decomposition
R =GB and two sequences {G
(i) f(x)<a ae.
(i) G= UGJ. ; Vxe G, there is a nested subsequence G; > G; > ... shrinking to
i

j}j and {B,}, of subintervals such that

{x}=NG i,
1

(iii) B= U B, non-overlapping intervals satisfying o < E
k k

f f (x)dx <2« , for all k.
By

Let B(x,5)={y eR";|x—y| < 5} denote the open ball of radius &5 in R", in general.

Lemma2.2
Let x,yeR, 6>0.If Q(x,y) is (N+1) times continuously differentiable with
0"Q(x, 0"Q(x,
(n y)|+ (n y)|£ K —,vn=0,12,..,N, for some constant K>0, then for any
o | Tk
sequence  {y,jcR-B(x,5), there exists a constant C>0 such that

J‘X—yk‘zg Q(X’ y)_Q(X’ yk )‘ dx<C.

Proof:

Applying the Lagrange form of the Nth Taylor remainder theorem, we get a first

local estimate
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We introduce new variables x—y, =nr, and y -y, =£r, for each k in order to get

j ‘Q(x, y)—Q(x,y,) ‘dx

[x=yy |25

N
<Kly- yk y Z)I/k J' dx 3+ +Ky_Ny|'< J- dXN+1+
x- yk\>5x yk XY kb,
N
Y-y 1-7
‘ k‘ J‘ J'O ( ) N+1d2'dX
ke Xy )=ey -y
dn K ¢y, |8 \f\
<Kllg + +ot nl<c
Hﬂjﬁ\’?\ ZIIff\’?\ N'nI \U\N+1 n»‘jo\n— \N+1 -

since every integral avoids the only singularity at the origin.

The proof of our main theorem requires the use of a couple of classical results.

Definition2.3: A Calderon-Zygmund operator Tf ( IQ y)dy is defined on L’ by a
C

and
x=y]

kernel that satisfies two boundedness conditions (i) ‘Q X, y ‘
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Theorem?2.4 (Calderon-Zygmund, [3])
Let T be a given Calderon-Zygmund operator and a Riesz decomposition R" =G UB.
Let f e L' and a > 0. Then, there exists a constant C>0 such that

([T (116)(x)|>a/2}|<Ca

-1 -1
Letl<qg, <p,and 1<q, < p,, integers; O<t<1, p :(L+1;tj and q ={L+1ij :
P P 4 9
1/q
LWW%EQPWWWP@\}
Theorem2.5 (Marcinkiewicz Interpolation)
Let T be an operator such that |Tf || < Al|f] .. and |Tf o S <B|f|_. with AandB

positive constants. Then, |Tf|, <C||f|, for some constant C>0.

In the following theorem, for sake of simplicity when n =0, we mean

a”Q(x,y)| 8”Q(x,y)| _
B K R
Theorem?2.6

LetN >1. Let T denote a linear integral operator with kernel Q(x, y) such that
o"Q(x, y)| o"Q(x, y)| K
axn ‘ ‘ ayn ‘ |X y|n+1

Then, T is a bounded endomorphism on any reflexive L (R) p>1.

,Vn=0,12,...,N, for some constant K>0 .

Proof:
We define
f(x), xeG
g(x)=q 1 and

B |_[Bk f(u)du, xeB,
k



0, xeG

h(X)= X € B,

X)_ﬁjsk f (u)du
It follows that f (x)=g(x)+h(x) a.e. By Calderon-Zygmund’s theorem above, we get
an upper bound estimate ‘{x . ‘Tg (x)‘ > alz}‘ <Ca*||f]:-
Next, we set B, =[c, —r,,c +r] and B;=[c —2r,c, +2r], B =JB,,andalso

K

G =R~B". Then, |[f|}, > [ [f(x)dx>alB,| implies that

HXE B :‘Th(x)‘ZaIZ}‘é B

2 -On the other hand, we have
2 .
.[G* ‘Th(X)‘ dx > .[{XEG*;\Th(x)\zmz} ‘Th (X)‘ dx > Z‘{X €G ;‘Th (X)‘ zal 2}‘ '

In order to find an upper bound for J.G* [Th(x)|dx,, we define a new sequence

0, X ¢ B,

hk(x): X € B,

1
x)—ﬁJ'ka u)du

of disjointly supported components of h(x)=>"h,(x) a.e. But then,

k

J.G*‘Th(x)‘dxgzk:J'RB:Th X) dx = Zj .

IB x y dy‘dx

= Zk:.[RB;
< ZJ]R By IBk

since

Jo[o(x v>—9<x,ck>]hk<y>dy\dx

(.. )[h (y)dydx
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We apply Lemma to get LH*‘Q(X, y)—Q(x,¢,)|dx<C, <oo. It follows that

J-G*‘Th(x)‘dx SCZZk:.[Bk‘hk(y)‘dy

1
gczzk:jBkDf(y)‘+mhk‘f(z)‘dz}dy SZCZZK:.[BKUf(y)deSZCZ I, -
Hence, ‘{XeG*;‘Th(X)‘ZOCIZ}‘ <Ae | f]; and in particular,
(04
2 4 C
()= ar2)|< 2]+ C [ ], =] 1], and

Ll

[(6[TF (0] 2 | =[{[Ta (%)= @1 2)|+[fx;[Th ()| = @ /2] s%”f”B +%||f||L1 E%”f”

And thus we get |Tf

o = Cll

T is finally extended as a bounded endomorphic operator on any L° (R) l<p<o

according to Marcinkiewicz interpolation theorem, combined with a norm duality

operation on the adjoint of T.
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