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ABSTRACT 
 
We introduce a class of Calderon-Zygmund Lp-integral operators and study some conditions for 
boundedness on Lebesgue reflexive spaces.   
 
 
 
1. Introduction 

 
An important classical problem in potential theory has been that of the      

 
study of all possible analytic properties of the integral operators occurring in representation  
 
problems via transforms, with direct implications in quantum mechanics or  
 
particle physics. In the fifties, Calderon and Zygmund studied classes of singular integral  
 
operators ([2], [3],…) that involved almost all the classical kernels of the Newtonian and  
 
logarithmic type potentials met in Hilbert transform, Poisson, and many others. They  
 

were mostly concerned with logarithmically bounded kernels ( ), Cx y
x y

Ω ≤
−

, whose 

differentials was boundedly Newtonian ( ) ( )
2

, ,x y x y C
x y x y

∂Ω ∂Ω
+ ≤

∂ ∂ −
. In the sequel, we 
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consider potentials such as ( )
( )1

1,x y
x y λ+Ω =
−

 ( 0λ ≥ ), ( ) 1, expx y
x y

⎛
Ω = ⎜ −⎝ ⎠

⎞
⎟ on the half-

space x y≤ , ( ) ( ) ( ), sin cosx y x y x yλ λ− −Ω = − + −  ( )1λ ≥ ,…where the  
 
boundedness condition is extended to the first fixed-N derivatives. Then, N=0 will  
 
recover the Hilbert transform, while N=1 represents the Calderon-Zygmund class. 
 

 
2. Boundedness Conditions 
 
                  A very useful one-dimensional formulation of F. Riesz decomposition  
 
theorem can be found in A. Zygmund treatise on trigonometric series [5], p.242. 
 
Theorem2.1 (F.Riesz Decomposition): 

( )pf L∈ \ ,   integer, and 1p ≥ 0α > . There exist a decomposition                Let 

G B= ∪\  and two sequences { }j j
G  and  { }k k

B  of subintervals such that 

(i) ( )f x α≤  a.e. 

(ii) ; , there is a nested subsequence j
j

G G=∪ x G∀ ∈
1 2j jG G⊃ ⊃… shrinking to  

       {x}= jG
γ

∩ .              

 (iii) k
k

B B=∪  non-overlapping intervals satisfying ( )1 2
kB

k

f x dx
B

α α≤ ≤∫ , for all k. 

 
        Let ( ) { }, ;nB x y x yδ δ= ∈ − <\ denote the open ball of radius δ in , in general. n\
 
Lemma2.2 
            Let , ,x y∈\ 0δ > . If ( , )x yΩ  is (N+1) times continuously differentiable with 

( ) ( )
1

, ,n n

nn n

x y x y K
x y x y +

∂ Ω ∂ Ω
+ ≤

∂ ∂ −
, 0,1, 2,...,n N∀ = , for some constant K>0, then for any 

sequence { } ( ,ky B x )δ⊂ −\ , there exists a constant C>0 such that 

( ) ( ), ,
k

kx y
x y x y dx

δ− ≥
Ω −Ω ≤∫ C . 

 
Proof: 
            Applying the Lagrange form of the Nth Taylor remainder theorem, we get a first  
 
local estimate 
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               ( ) ( ), , kx y x yΩ −Ω  

   
2

2
2, , ... ,2! !

N
Nk k

k k k kN

y y y y
x y y y x y x yy Nyy

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

− −∂Ω ∂ Ω ∂ Ω≤ − + + +∂ ∂∂
    

 

       +  ( )( ) ( )
11

10
, 1!

N
N Nk

k kN

y y
x y y y dN y

τ τ τ
+

+

− ∂ Ω + − −
∂∫  

 

( )
( ) ( )

2
1

2 3 1 0

1
...2! ! !

N N N
k k k

k N N
k k k k k

y y y y y yK K Ky y K dN Nx y x y x y x y y y

τ
1 τ

τ
+ +

− − − −
≤ − + + + +

− − − − − −
∫

 
We introduce new variables k kx y rη− =  and ky y rkξ− =  for each k in order to get 
 

( ) ( ), ,
k

k
x y

x y x y
δ− ≥

Ω −Ω∫ dx  

2

2 3 ...2! !
k k k

N

k k
k N

x y x y x yk k

y y y ydx dx dxK y y K K N
x y x y x yδ δ δ

1

k

+
− ≥ − ≥ − ≥

− −
≤ − + + +

− −
∫ ∫ ∫ +

−

 

 

  +  
( )

( ) ( )
1

10

1
!

k

N N
k

N
x y k k

y y
K d dxN

x y y yδ

τ
τ

τ
+

− ≥

− −

− − −
∫ ∫  

 
2

1
2 3 1 10

...2! ! !

N N

N N Cd d d dK dN N
η δ η δ η δ η δ

ξ ξ ξη η η τξ η
η η η η τξ

+ +
≥ ≥ ≥ ≥

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

≤ <∞≤ + + + +
−

∫ ∫ ∫ ∫ ∫   

 
since every integral avoids the only singularity at the origin. 
 
                  The proof of our main theorem requires the use of a couple of classical results. 
 
Definition2.3: A Calderon-Zygmund operator ( ) ( ) ( ),Tf x x y f y dy= Ω∫  is defined on by a 

kernel that satisfies two boundedness conditions (i) 

2L

( ), Cx y
x y

Ω ≤
−

   and   
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(ii) ( ) ( )
2

, ,x y x y C
x y x y

∂Ω ∂Ω
+ ≤

∂ ∂ −
. 

 
Theorem2.4 (Calderon-Zygmund, [3]) 
              Let T be a given Calderon-Zygmund operator and a Riesz decomposition N G B= ∪\ . 
Let 1f L∈  and 0α > . Then, there exists a constant C>0 such that  

( )( ){ } 1
1; / / 2

L
x T f G x C fα α−≥ ≤ .         

 

  Let  and , integers; 0<t<1, 11 q p< ≤ 1 221 q p< ≤
1

1 2

1t tp
p p

−
⎛ ⎞−

= +⎜ ⎟
⎝ ⎠

 and 
1

1 2

1t tq
q q

−
⎛ ⎞−

= +⎜ ⎟
⎝ ⎠

. 

 

Let ( ){ }{ }weak

1/

>0
Inf ;q

q

L
f x f x

α
α α≡ ≥ . 

 
Theorem2.5 (Marcinkiewicz Interpolation) 
                 Let T be an operator such that  1 1

weak
q pL L

Tf A f≤ and 2 2
weak
q pL L

Tf B f≤  with A and B 

positive constants. Then, qL
Tf C f≤ pL

 for some constant C>0. 
 
                 In the following theorem, for sake of simplicity when  n = 0, we mean    
 

( ) ( ), ,n n

n n

x y x y
x y

∂ Ω ∂ Ω
+

∂ ∂
( )  ,x y≡ Ω . 

 
Theorem2.6 
           Let . Let T denote a linear integral operator with  kernel 1N ≥ ( ),x yΩ  such that  

( ) ( )
1

, ,n n

nn n

x y x y K
x y x y +

∂ Ω ∂ Ω
+ ≤

∂ ∂ −
, 0,1, 2,...,n N∀ = , for some constant K>0 . 

Then, T is a bounded endomorphism on any reflexive ( )pL \ , . 1p >

 
Proof: 
           We define  
 

 ( )
( )

( )

,                     
1 ,              

k
kB

k

f x x G
g x

f u du x B
B

∈⎧
⎪= ⎨ ∈⎪
⎩

∫
and 
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( ) ( ) ( )

0,                                      
1 ,              

k
kB

k

x G
h x f x f u du x B

B

∈⎧
⎪= ⎨ − ∈⎪
⎩

∫
 

 
It follows that ( ) ( ) ( )f x g x h x= +  a.e. By Calderon-Zygmund’s theorem above, we get  
 
an upper bound estimate ( ){ } 1

1
1: / 2

L
x Tg x C fα α−≥ ≤ .  

 
Next, we set  [ ]= ,k k k k kB c r c r− +   and [ ]*= 2 , 2k k k k kB c r c r− + ,  *

k
k

*B B=∪ , and also  

 
*G = −\ *B . Then, ( )1

k
kL B

f f x dx Bα≥ ≥∫  implies that   

 

( ){ }* : / 2 ≤x B Th x α∈ ≥  * 2B
α

≤  1L
f . On the other hand, we have  

 

( ) ( )
( ){ } ( ){ }* *

*

; / 2

2 ; /
G x G Th x

Th x dx Th x dx x G Th x
α

α
α∈ ≥

≥ ≥ ∈∫ ∫ 2≥ . 

 
In order to find an upper bound for ( )*G

Th x dx∫ , we define a new sequence  

 

( )kh x = ( ) ( )

0,                                       
1 ,           

k

k

kB
k

x B

f x f u du x B
B

∉⎧
⎪
⎨ − ∈⎪
⎩

∫
 

 
of disjointly supported components of  ( ) ( )k

k

h x h x=∑  a.e. But then, 

 

( ) ( ) ( ) ( )* * *
,

k k k
k kG B B B

k k

Th x dx Th x dx x y h y dy dx
− −

≤ = Ω∑ ∑∫ ∫ ∫ ∫\ \
 

 

= ( ) ( ) ( )*
, ,

k k
k kB B

k

x y x c h y dy
−

Ω −Ω⎡ ⎤⎣ ⎦∑∫ ∫\
dx   

 
( ) ( ) ( )*

, ,
k k

k kB B
k

x y x c h y dy
−

≤ Ω −Ω∑∫ ∫\
dx  

 
 since  
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( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 1 0
k k k k k k k k

k kB B B B B B B B
k k k

h y dy f y f z dz dy f y dy f z dz dy f y dy f z dz B
B B B

⎡ ⎤ ⎡ ⎤= − = − = −⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦
∫ ∫ ∫ ∫ ∫ ∫ ∫ ∫ =  

 
We apply Lemma to get  ( ) ( )* 2, ,

k
kB

x y x c dx C
−

Ω −Ω ≤ <∫\ ∞ . It follows that  

 
( )*G

Th x dx∫  ( )2
k

kB
k

C h y≤ ∑∫ dy  

 

( ) ( )2
1

k kB B
k k

C f y f z dz dy
B

⎡ ⎤
≤ +⎢ ⎥

⎣ ⎦
∑∫ ∫  ( )2 22 2

kB
k

C f y dy⎡ ⎤⎣ ⎦ C≤ ≤∑∫ 1L
f . 

 

Hence, ( ){ }*; / 2x G Th x α∈ ≥  2
4 C
α

≤ 1L
f  and in particular, 

 

( ){ } 1 1
3

2
2 4; / 2 1L L L

Cx Th x f C f fα
α α α

≥ ≤ + ≡ ,  and  

 

( ){ } ( ){ } ( ){ }; ; / 2 ; / 2αx Tf x x Tg x x Th xα α≥ = ≥ + ≥ 1 1
31

L L

CC f f
α α

≤ + 1L

C f
α

≡  

 
And thus we get 1

weakL
Tf ≤  1L

C f .  

 
T is finally extended as a bounded endomorphic operator on any ( )pL \  1   p< < ∞
 
according to Marcinkiewicz interpolation theorem, combined with a norm duality 
 
operation on the adjoint of T. 
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