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Abstract

To illustrate a new extension of continuum mechanics to the nanoscale (not the molecular scale), we analyze the supercritical adsorption
of argon, krypton, and methane on Graphon. We compare our results both with existing experimental data and with prior molecular-based
theories.
? 2003 Published by Elsevier Ltd.
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1. Introduction

Far from a solid–:uid interface on a molecular scale,
the density of a gas, either subcritical or supercritical, ap-
proaches the bulk density. Within a few molecular diame-
ters of the interface, the gas is subjected to intense attractive
intermolecular forces attributable to the solid. The magni-
tudes of these forces increase as the distance to the interface
decreases. With a subcritical gas or vapor, condensation oc-
curs. With a supercritical :uid, the density increases as the
interface is approached, becoming similar to that of a liquid.
We will con=ne our attention here to the case of a super-
critical :uid. We explore the “adsorption” or densi=cation
of three supercritical gases on Graphon: argon, krypton, and
methane.
Specovius and Findenegg (1978) used a gravimetric

method for the determination of surface excess isotherms
of argon and methane on Graphon (a graphitized carbon
black) for temperatures from −20◦C to 50◦C and pressures
up to 150 bar. This corresponded to bulk densities up to the
critical density for methane and more than half the critical
density for argon. Blumel et al. (1982) performed a similar
study for krypton on Graphon but for temperatures up to
100◦C.
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Five analyses of these data starting from a molecular point
of view have been published.

• Egorov (2001) presented a microscopic statistical me-
chanical theory of adsorption of supercritical :uids. The
theory is in excellent agreement with the experimental
observations of Specovius and Findenegg (1978) and
Blumel et al. (1982) for argon and krypton, although
the error increases at higher densities as the temperature
approaches the critical temperature.

• Rangarajan et al. (1995) developed a mean-=eld model
that superimposes the :uid–solid potential on a :uid equa-
tion of state to predict adsorption on a :at wall. Their pa-
per shows some predicted adsorption isotherms for kryp-
ton but none for argon or methane.

• Sokolowski (1982) used the Percus–Yevick equation for
the local density of a gas in contact with a :at solid
surface to calculate the adsorption characteristics of ar-
gon and of methane on graphite. The calculations used
the Boltzmann-averaged potential (Abraham and Singh,
1978), which is calculated from the particle-graphite
basal-plane potential (Steele, 1973), for the gas–surface
interaction and used the Lennard–Jones (12,6) potential
for the gas–gas interactions.

• Fischer (1978) used a model for high-temperature and
high-pressure adsorption that was the same as the one
introduced in previous papers (Fischer, 1977; Findenegg
and Fischer, 1975) for moderate pressures. He assumed
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that a hard sphere gas was in contact with a structureless
plane wall and that a Lennard–Jones potential described
the wall–particle interaction.

• Aranovich and Donohue (1996) used two adjustable pa-
rameters in comparing the Ono and Kondo (1960) theory
to the data reported by Specovius and Findenegg (1978).

The =rst four of these analyses will be discussed further in
Section 5.
There have been a number of studies of supercritical

adsorption on activated carbons, both theoretical and ex-
perimental (Gusev et al., 1997; Neimark and Ravikovitch,
1997; Miyawaki et al., 1998; Zhou et al., 2000; Murata
and Kaneko, 2001; Cao et al., 2002; Lozano-CastellNo et al.,
2002; Ohkubo et al., 2002). While activated carbons are of
immense practical importance, they are not well-suited to
test theories, because they are porous and the eOects of in-
termolecular forces are more complex. For this reason, they
will not be discussed here.
The purpose of this paper is to present the =rst and sim-

plest application of a new extension of continuummechanics
to the nanoscale (not the molecular scale). Speci=cally, in
the immediate neighborhood of phase interfaces, we intro-
duce a body force representing a correction for intermolec-
ular forces attributable to the adjoining phase.
Our intention here is not to =nd fault with prior analyses.

Nor are we arguing that continuummechanics is superior to a
molecular point of view. To the extent that our approach may
appear to have some advantages in describing experimental
data, it must be kept in mind that we will be taking advantage
of empirical equations of state for bulk behavior that the
molecular-based theories do not use.

2. Corrections for intermolecular forces

Surface excess variables such as the surface mass den-
sity, surface velocity, surface stress tensor, etc. account for
changes in the corresponding quantities in the adjoining
phases within the immediate neighborhood of the dividing
surface (Slattery, 1990, Sections 1.3.2 and 2.1.8). These
changes occur, because the behaviors of the two materials
change as the dividing surface is approached.
Why is material behavior diOerent in the interfacial re-

gion? All descriptions of material behavior at some distance
from the interface are based upon the assumption that the
material extends to “in=nity” (perhaps 100 nm) in all direc-
tions. Material points outside the immediate neighborhood
of the interface are subjected to intermolecular forces only
from one phase. Material points within the interfacial region
are subjected to intermolecular forces from both phases.
Our premise is that material behavior within the inter-

facial region can be represented as bulk material behavior
corrected for the intermolecular forces from the adjoining
phase. In particular, we recognize the equivalence of stresses
and body forces (Truesdell and Toupin, 1960, p. 549).

Fig. 1. A material body consisting of two adjoining phases, A and B.

There are three descriptions of the interfacial region of a
single interface (as opposed to a thin =lm), each view having
its own somewhat diOerent notation.

(a) Material behavior is a function of position within the
interfacial region. No excess quantities are associated
with any dividing surface. The problem with this view
is that in general we will not know the appropriate de-
scriptions of behavior in the interfacial regions.

(b) In the second view, we use the descriptions of material
behavior appropriate outside the interfacial region (bulk
material behavior). The eOects of the interfacial region
are taken into account by the excess quantities assigned
to the corresponding dividing surface (Slattery, 1990,
Sections 1.3.5 and 2.1.6).

(c) In the third view described in Fig. 1, we again use the de-
scriptions of material behavior appropriate outside the
interfacial region (bulk material behavior), corrected
for intermolecular forces from the adjoining phase as
described below. No excess properties are assigned to
the dividing surface.

In the context of view (c), the diOerential and jump mass
balances as well as the jump momentum balance take the
usual forms (Slattery, 1999, p. 51 and 59). It is only the
diOerential momentum balance that is changed, which for a
static :uid becomes

−∇P(A) + b(A;corr) = 0: (1)

Here P is thermodynamic pressure and b(A;corr) is the body
force per unit volume attributable to the adjoining phase.
Here and in what follows, we will neglect the eOects of
gravity.
Referring to Fig. 2, we reason that b(A;corr) represents the

force per unit volume that results from

• subtracting the force per unit volume at a point in phase
A attributable to that portion of phase A that has been
replaced by phase B, and

• adding the force per unit volume at this same point in
phase A attributable to phase B.
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Fig. 2. Two semi-in=nite phases A and B separated by a phase interface
or dividing surface.

In other words, for each point in the gas phase A

b(A;corr) ≡ −
∫
R(B)

f (A;A)dV +
∫
R(B)

f (A;B) dV: (2)

Here R(B) is the region occupied by phase B, f (A;B)(r(A); r(B))
is the force per unit volume of phase A per unit volume of
phase B at a point r(A) in phase A attributable to the material
at point r(B) in phase B, and dV indicates that a volume
integration is to be performed.
In reality, the eOective replacement region R(B) may be

no more than 100 nm thick, since outside this region the
intermolecular forces between phases A and B go to zero.

2.1. Estimating the two-point potential

The Lennard–Jones (6–12) potential is commonly rec-
ommended for non-polar dilute gases (Hirschfelder et al.,
1954, p. 22)

�(A;B) = 4	(A;B)
[(

(A;B)

r

)12

−
(

(A;B)

r

)6
]
: (3)

Here�(A;B) is the potential energy for two molecules A and B
separated by a distance r; the parameters 
(A;B), 	(A;B) repre-
sent the collision diameter and depth of the energy well. The
r−6 term describes attractive forces: the dispersion forces
(London forces or induced-dipole–induced-dipole forces)
(Israelachvili, 1991, p. 83). The r−12 contribution represents
short-range repulsive forces. The corresponding expression
for f (A;B) is

f (AB) =−∇(n(A)n(B)�(A;B)); (4)

where n(A) and n(B) are the number densities at the speci=ed
points in phases A and B. For a gas, intermolecular forces
attributable to a Lennard–Jones potential are pairwise addi-
tive (Hirschfelder et al., 1954, p. 148).

2.2. Estimating b(f;corr)

In the following section, we will use Eq. (3) to =nd the
density distribution in a supercritical :uid f within the im-
mediate neighborhood of a crystalline solid s. We will =nd

shortly that we will require b(f;corr), the correction for in-
termolecular forces at any point in the supercritical :uid at-
tributable to the presence of the crystalline solid.
From Eqs. (2) and (4), at each point in the gas or :uid

phase

b(f;corr) = n(f)
[
−
∫
R(s)

∇(n(s)�(f;s)) dV

+
∫
R(s)

∇(n(f;bulk)�(f;f)) dV
]

=− n(f)
[
∇
∫
R(s)
n(s)�(f;s) dV

−∇
∫
R(s)
n(f;bulk)�(f;f) dV

]

=− n(f)∇R(f;corr): (5)

Here

R(f;corr) ≡
∫
R(s)
n(s)�(f;s) dV −

∫
R(s)
n(f;bulk)�(f;f) dV (6)

and n(f;bulk) is the number density in the :uid that would
exist, if the solid were not present.
In discussing the intermolecular forces between a gas

and a crystalline solid such as graphite, Steele (1973, 1974,
1978) assumed that the Lennard–Jones potential was also
applicable. He recognized that pairwise additivity of inter-
molecular forces could be expected to be in error, but he
argued that he “at least partially by-passed this problem by
using semi-empirical pair-wise potentials that are reasonably
closely related to the bulk properties” of the crystalline solid
(Steele, 1974, p. 52). For this reason, he assumed that the
crystalline solid was not continuously distributed in space,
but instead discretely distributed in a layered lattice, each
layer being laterally continuous. As a result, Steele (1974,
1978) computed∫
R(s)
n(s)�(f;s) dV =

2�nc
(f;s)
2
	(f;s)

ac

{
2
5

[(

(f;s)

z

)10

+

(f;s)

10

9�(z + 0:72�)9

]

−
(

(f;s)

z

)4

− 
(f;s)
4

3�(z + 0:61�)3

}
:

(7)

Here z is the coordinate measured into the :uid f, perpen-
dicular to the lattice planes (and therefore perpendicular to
the surface) of the solid s; z = 0 can be interpreted either
as the surface of the solid or as the center of the atoms in
the =rst lattice plane. The Lennard–Jones parameters 	(f;s)

and 
(f;s) between :uid and solid are taken from (Steele,
1974, p. 56), nc is the number of atoms in the unit surface
cell, � is the distance between lattice planes, ac is the area
of the unit cell in the lattice plane. The number density for
the solid n(s) = nc=(ac�). We will use the values of n(s) and
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� given by Tan and Gubbins (1990). To our knowledge,
Steele’s argument justifying the use of additivity has never
been tested. We will say more about this in Section 4.
Similarly, we =nd∫
R(s)
n(f;bulk)�(f;f) dV =− 4�n(f;bulk)	(f;f)(
(f;f))12

45z9

+
4�n(f;bulk)	(f;f)(
(f;f))6

6z3
(8)

in which n(f;bulk) is the number density of the :uid that
would be observed in the absence of the solid; 	(f;f) and

(f;f) are the Lennard–Jones parameters for the :uid given
by Bird et al. (2002, p. 864).

3. Density distribution

In one dimension, with the help of Eq. (5) and the chain
rule, Eq. (1) becomes
1
c(f)

(
dP(f)

dc(f)

)
T

dc(f)

dz
+ N

dR(f;corr)

dz
= 0: (9)

Here (dP(f)=dc(f))T will be evaluated using an empirical
equations of state for argon (Michels, et al., 1949), for kryp-
ton (Trappeniers et al., 1966), and for methane (Trappeniers
et al., 1979, 1980); N is Avogadro’s number; c(f) = n(f)=N
is the molar density in the interfacial region. The solution
of this diOerential equation with the boundary condition

as z → ∞ : c(f) → c(f;bulk) (10)

gives a density distribution.
The surface excess or the apparent adsorption

�(
) ≡
∫ ∞

�
(c(f) − c(f;bulk)) dz: (11)

Since � is not a known parameter, it must be de=ned. From
Eqs. (6) and (9), there are two values of z at which R(f;corr)=
0 and c(f) = c(f;bulk). One is as z → ∞; the other we will
de=ne to be z=�. The graphite is assumed to be impermeable
to the :uid.

4. Comparison with experimental data

Before comparing Eq. (11) with experimental data, let
us consider the sources of experimental error. For graphi-
tized carbon blacks, the uncertainty in the measured sur-
face area is approximately 10% (Specovius and Findenegg,
1978; Steele, 1974), which translates to 10% uncertainty in
the surface excess mass. Specovius and Findenegg (1978)
and Blumel et al. (1982) found the maximum relative error
in their buoyancy correction to be 3% and 4%, respectively,
the values of which could be expected to increase as the
critical point was approached. Other errors such as base-line
drift were reported to be ¡ 1%. Precluding any random or
systematic error, the uncertainty of the results should be less
than 15%.

2 4 6 8 10 12 14
P

1

2

3

4

5

6

7 0 °C

Γ
�

Fig. 3. �
 (�mol=m2) as a function of P (MPa) for argon on Graphon at
0◦C predicted by Eq. (11) (the solid curve). The experimental observa-
tions are from Specovius and Findenegg (1978). The dashed–dot curve
represents the computations of Sokolowski (1982).
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Fig. 4. �
 (�mol=m2) as a function of P (MPa) for argon on Graphon
at 25◦C predicted by Eq. (11) (the solid curve). The experimental ob-
servations are from Specovius and Findenegg (1978).
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Fig. 5. �
 (�mol=m2) as a function of P (MPa) for argon on Graphon at
50◦C predicted by Eq. (11) (the solid curve). The experimental observa-
tions are from Specovius and Findenegg (1978). The dashed–dot curve
represents the computations of Fischer (1978).

In the comparisons of Eq. (11) with the experimental data
in Figs. 3–12, we would like to emphasize that no adjustable
parameters have been used. Eq. (11) describes these data
within the uncertainty range for argon and krypton as well
as for methane at 50◦C.
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Fig. 6. �
 (�mol=m2) as a function of c (mol l−1) for argon on Graphon
at 25◦C predicted by Eq. (11) (the solid curve). The experimental ob-
servations are from Specovius and Findenegg (1978). The dashed line
represents the computations of Egorov (2001).
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Fig. 7. �
 (�mol=m2) as a function of P (MPa) for krypton on Graphon
at 25◦C and at 100◦C predicted by Eq. (11) (the solid curves). The
experimental observations are from Blumel et al. (1982). The dashed–dot
curve represents the computations of Rangarajan et al. (1995) for 25◦C,
the dashed curve for 100◦C.
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Fig. 8. �
 (�mol=m2) as a function of P (MPa) for krypton on Graphon
at 50◦C predicted by Eq. (11) (the solid curves). The experimental obser-
vations are from Blumel et al. (1982). The dashed–dot curve represents
the computations of Rangarajan et al. (1995).

It is clear that, for both krypton and for methane, Eq. (11)
underestimates the data, the error becoming progressively
larger as the temperature decreases. There are at least two
possible explanations.
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Fig. 9. �
 (�mol=m2) as a function of P (MPa) for krypton on Graphon
at 0◦C and at 75◦C predicted by Eq. (11) (the solid curves). The
experimental observations are from Blumel et al. (1982). The dashed–dot
curve represents the computations of Rangarajan et al. (1995) for 0◦C,
the dashed curve for 75◦C.

2

4

6

8

1 2 3 4 5 6 7 8
c 

Γ
�

25°C

Fig. 10. �
 (�mol=m2) as a function of c (mol l−1) for krypton on
Graphon at 25◦C predicted by Eq. (11) (the solid curves). The exper-
imental observations are from Blumel et al. (1982). The dashed curve
represents the computations of Egorov (2001).

x

x

x

x

x
x x x x x x x x x x

2 4 6 8 10 12 14

P

2

4

6

8

10

Γ
� 50°C

0°C

Fig. 11. �
 (�mol=m2) as a function of P (MPa) for methane on Graphon
at 0◦C and at 50◦C predicted by Eq. (11) (the solid curves). The
experimental observations are from Specovius and Findenegg (1978). The
dashed curve represents the computations of Sokolowski (1982) for 0◦C,
the dashed–dot curve for 50◦C.

As noted earlier in Section 2.2, Steele (1974, p. 52) ex-
pressed some doubt about the assumption of additivity of
intermolecular forces in using his semi-empirical extension
of the Lennard–Jones potential to the interactions between
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Fig. 12. �
 (�mol=m2) as a function of P (MPa) for methane on Graphon
at 25◦C predicted by Eq. (11) (the solid curves). The experimental
observations are from Specovius and Findenegg (1978). The dashed curve
represents the computations of Sokolowski (1982).

a crystalline solid and a gas. He proposed that this problem
could be at least partially avoided by using a more realis-
tic description of the solid. For this reason, he described the
solid as being discretely rather than continuously distributed
in space. While this proposal has not been previously tested
experimentally to our knowledge, we believe that the excel-
lent agreement between the predictions of our theory and
the experimental observations for argon does support the
use of pairwise additivity, at least when the temperature is
suUciently above the critical temperature Tc. Notice that
for argon Tc =150:8 K. For krypton, Tc =209:4 K, and we
have excellent agreement between our predictions and the
experimental observations at 100◦C, but errors increase as
the temperature decreases, the density increases, and the in-
terference of neighbors of krypton increases. In summary,
we believe that pairwise additivity can be used as suggested
by Steele (1974, p. 52), as long as the temperature is suU-
ciently above the critical temperature.
The poor agreement between our predictions and the ex-

perimental observations for methane is due in part to the
same failure of pairwise additivity as the critical tempera-
ture Tc = 190:4 K is approached. But the errors are larger
than those seen with krypton, which has a higher Tc. We do
see the errors decrease as the temperature is raised, but we
do not have measurements at high temperatures. However,
we are also concerned that the Lennard–Jones potential may
not be appropriate, particularly in denser :uids, because the
methane molecule is not spherical.

5. Comparison with previous theories

As mentioned in the introduction, there are four anal-
yse based upon statistical mechanics which have been com-
pared with these same data: Egorov (2001), Rangarajan
et al. (1995), Sokolowski (1982), and Fischer (1978). In all
cases, we have used the results from their =gures without
repeating their computations.

Fig. 6 compares the computations of Egorov (2001) with
Eq. (11) for the argon data of Specovius and Findenegg
(1978) at 25◦C; Fig. 10 compares the two theories for the
krypton data of Blumel et al. (1982). The computations of
Egorov (2001) are excellent, although, as he notes, they
begin to fail at higher densities. Unfortunately, he did not
report computations for higher temperatures.
Figs. 7–9 compare the model of Rangarajan et al. (1995)

with (11) for the krypton data of Blumel et al. (1982).
Figs. 3, 11, and 12 compare the Sokolowski (1982) model
with both Eq. (11) and the argon and methane data of
Specovius and Findenegg (1978). Fischer (1978) presented
a plot of his results compared with the data of Specovius
and Findenegg (1978) for argon at only one temperature,
50◦C. Fig.5 compares his results with Eq. (11). In all cases
Eq. (11) was superior.

6. Conclusions

The purpose of this paper is to present the =rst appli-
cation of a new extension of continuum mechanics to the
nanoscale (not the molecular scale) in which a correction
for intermolecular forces from the adjoining phase is intro-
duced in the diOerential momentum balance. We feel that
we have successfully demonstrated this theory for supercrit-
ical adsorption of argon on Graphon (a graphitized carbon
black) using no adjustable parameters.
Our theory does not do as well in describing the super-

critical adsorption of krypton or of methane as the critical
point is approached. We do not feel that this indicates a fail-
ure or limitation of the theory, but rather a limitation in the
way that the theory was executed. Following Steele (1973,
1974, 1978), we have assumed the Lennard–Jones potential
can be used to describe the carbon–:uid as well as the :uid–
:uid interactions, and we have assumed that long-range in-
termolecular forces are pairwise additive.
We believe that the poorer agreement between our pre-

dictions and the experimental observations for krypton at
lower temperatures is attributable to the assumption of pair-
wise additivity beginning to fail. The critical temperature
for argon Tc = 150:8 K; for krypton, Tc = 209:4 K. Since
the assumption of pairwise additivity would begin to fail as
T → Tc and the :uid became denser, we could expect to see
these eOects at higher temperatures with krypton than with
argon.
The poor agreement between our predictions and exper-

imental observations for methane is certainly due in large
measure to this same failure of the assumption of pairwise
additivity. For methane, Tc = 190:4 K, and the error in our
predictions decreases as the temperature is increased. How-
ever, we are also concerned that the Lennard–Jones poten-
tial may not be appropriate, particularly in the denser :uids
as Tc is approached, because the methane molecule is not
spherical.
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Steele (1974, p. 52) clearly recognized that pairwise ad-
ditivity of intermolecular forces could not be justi=ed in
condensed materials. He proposed that this problem could
be at least partially avoided by using a more realistic de-
scription of the solid, one in which the crystalline solid was
distributed discretely rather than continuously in space. We
believe that the excellent agreement between the predictions
of our theory and the experimental observations for argon
and krypton, particularly at higher temperatures, supports
his proposal.
We wish to emphasize that the use of pairwise additivity

is not an inherent limitation in the use of this theory. For ex-
ample, in describing the interactions between two condensed
media, the limitations of pairwise additivity can be avoided
by describing the two-point interactions using an eOective,
Lifshitz type, Hamaker constant that is both screened and
retarded (Bowen and Jenner, 1995).

Notation

ac area of unit cell on the lattice plane
b(A;corr) body force correction for intermolecular forces

per unit volume, de=ned by Eq. (2)
c(f) molar density of supercritical :uid, equal to

n(f)=N
c(f;bulk) molar density of supercritical :uid that would

exist in the absence of the crystalline solid
dV indicates that a volume integration is to be per-

formed
f (A;B) force per unit volume of phase A per unit volume

of phase B
n(A) number density at the speci=ed point in phase A
n(A;bulk) number density that would exist in phase A, if

phase B were not present
nc number of atoms in the unit cell on the lattice

plane
N Avogadro’s number
P(A) Thermodynamic pressure of :uid phase A
r separation distance in Lennard–Jones

potential (3)
R(B) region occupied by phase B
Tc critical temperature
z coordinate measured into the :uid, normal to the

lattice plane (and therefore perpendicular to the
surface); z = 0 can be interpreted either as the
surface of the solid or as the center of the atoms
in the =rst lattice plane.

Greek letters

�(
) surface excess mmoles per unit area de=ned by
Eq. (11)

� value of z at which c(f) = c(f;bulk); see also dis-
cussion following Eq. (11)

� distance between lattice planes

	(AB) Lennard–Jones well depth in Eq. (3)

(AB) Lennard–Jones collision diameter in Eq. (3)
�(AB) Lennard–Jones potential de=ned by Eq. (3)
R(f;corr) de=ned by Eq. (6)
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