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We continue our study of size-structured population dynamics models when the population is
divided into adults and juveniles, started in El-Doma (to appear 1) and continued in El-Doma
(to appear 2). We concentrate our efforts in two special cases, the first is when the death rate
depends on juveniles only and the growth rate depends on size only, and, the second is when
both the death rate and the growth rate depend on size only. In both special cases we assume that
the maximum size for an individual in the population is infinite. We identify three demographic
parameters and show that they determine sufficient conditions for the (in)stability of a nontrivial
steady state. We also give examples that illustrate the stability results. The results in this paper
generalize previous results, for example, see Calsina, et al. (2003), ElI-Doma (2006), and El-Doma

(2008).
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1. Introduction

N this paper, we continue our study of a size-structured population dynamics model that

divides the population at any time ¢ into adults with size larger than the maturation size
T > 0, we denote by A(t), and juveniles with size smaller than the maturation size, we denote
by J(t), started in El-Doma (to appear 1) and continued in El-Doma (to appear 2). The vital
rates i.e., the birth rate, the death rate, and the growth rate, depend on size, adults, and juveniles,
and accordingly, the model takes into account the limited resources as well as the intra-specific
competition between adults and juveniles.

In this paper, we concentrate our efforts in the study of two special cases, the first is when the
death rate depends on juveniles only and the growth rate depends on size only, and, the second
is when both the death rate and the growth rate depend on size only. In both special cases we
assume that the maximum size for an individual in the population is infinite.

While there are some reasons to assume that the death rate depends on adults only, for example,
see El-Doma (to appear 2), there is little evidence that juveniles only can be the cause of death
in a population for many species, but can not be excluded, however, it is certainly the case if the
death rate is a constant independent of both juveniles and adults.

The assumption that the death rate depends on juveniles only will also allow us to generalize
stability results given, for example, in Gurney, et al. (1980) and Weinstock, et al. (1987) for the
classical age-structured population dynamics model of Gurtin, et al. (1974), which corresponds
to problem (1) in El-Doma (to appear 1) when V =1, and 7" = 0.

The motivation for the second special case, i.e., for assuming that both the death rate and the
growth rate depend on size only, is that such study will relate to other related models where
juveniles are not considered, for example, see El-Doma (2008). Indeed the results show interesting
generalization.

In our study of the local asymptotic stability of the, nontrivial steady states which are given by
Theorem 2.1 (2) in El-Doma (to appear 1), we identify three demographic parameters via which
we determine sufficient conditions for the (in)stability of a nontrivial steady state. We also give
examples that illustrate our stability results.

This is the last paper of our series, which started by El-Doma (to appear 1) in which we studied
problem (1) with general vital rates. Further stability results are given in El-Doma (to appear 2)
for the case when, V' (a, J, A) = V(a), pu(a, J, A) = u(A).

The organization of this paper as follows: in section 2 we obtain stability results, and give
examples that illustrate some of our theorems; in section 3 we conclude our results.
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2. Stability of the Nontrivial Steady States

© d
The case: | = +o0,V(a, J, A) = V(a), u(a. J. A) = u(J), / LN

o V()

We note that, in this case, if p(Jy) = 0, then from equation (4) in El-Doma (to appear 1), we
obtain P,, = 400, therefore, we assume that, u(Jy) > 0, throughout the paper.

We also note that from Corollary 3.6 in El-Doma (to appear 1), we obtain the following condition
for the local asymptotic stability of a nontrivial steady state:
/l 6—H(A<x>)f(;l %

da +
T V(a)

{ﬁ(a, ooy Aoo) + 5}

T e_“(A"")f;% T ra
c Ty F ‘ A ‘d d
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T pl pa 6—p(Aoo)f(§’ o]
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Jr/o /T /0 V(b) (a,0)|gs(a, J )<6(a J. )+6)}dadadb

I T ra 6—#(&@[5’%
F OO7AOO 9 ooaAoo d d
—I—/T/O /0 70 (a,0)|gs(c, J. )<B(b J. )+5)‘ odadb

<1, (D
where 9, and ~ are given, respectively, by equations (22), (23) in El-Doma (to appear 1).

From Theorem 3.2 in El-Doma (to appear 1), we obtain the following condition for the instability
of a nontrivial steady state:

0Aco + Voo + u’(Joo){é[Aoo /OT /0 p‘j"(g“)) doda — Jy /Tl /0 ﬁj"(g‘)) doda| —

l a
Poo(a)
JOO/ / Ba, Ju, Au —dada} > 0. )
T Jo ( ) V(o)
Also, in this case, by straightforward calculations in the characteristic equation (11) in El-Doma
(to appear 1), we obtain the following characteristic equation:
l — Joo)lm
. / B, Joo Aco) ~tetutr] f3 455 4o + Ey[L — e lErulUim]
o V@ €+ HCTE + X eI (T — eI

*e(Joo)m[1 — o= lE+u(Joo)]m
+[ o {1_[€+X6 J1—e ]

m [f + X*@H(Joo)m(l _ 6—p(Joo)m)] }> 5 7é 0, 3)



416 M. El-Doma

where m is given by equation (5) in El-Doma (to appear 2), and x™ is defined as follows

" Poo(0)V (0) (o e
X = : 4
1(Jo0)
The stability results that we are going to obtain are in terms of the following Three demographic

parameters:

6 = /TOO ﬁA(a7 J7 A)poo(a)da,

o= /TooﬁJ(a,J,A)poo(a)da,

v o= POV (0) ! (oo ) H(AseIm
(A ’

= Pyl (Jyo)e HI=Im,

We note that ¢ can be interpreted as the total change in the birth rate, at the steady state, due to
a change in adults only. Also, note that v can be interpreted similarly.

If T =0, then x* = P,/ (Py) and therefore, it can be interpreted as the total change in the
death rate, at the steady state, due to a change in the population, for example, see Weinstock, et
al. (1987). If T' # 0, then x* can be interpreted as the total change in the death rate, at the steady
state, due to a change in juveniles only. Note that the factor e~ #J)™ in the formula defining x*
when T # 0, is the probability of survival up size 7'

We expect that § < 0,7 < 0, and x* > 0 are conditions that imply the local asymptotic stability of
a nontrivial steady state, for example, see El-Doma (2008), for the special case when, 7' = 0. On
the other hand, from (2.2), it is easy to see that if 6 = 0,y > 0, and x* < 0, with both not equal to
zero, then a nontrivial steady state is unstable. We also note that condition (2) is dlfferent than con-
dition (2) in El-Doma (to appear 2) since / poo / poo

Which indicates a difference in response to changes in the demographic parameters 0,79, X

<0.

Now, we let £ = x + iy in the characteristic equation (2.3), and we obtain the following pair of
equations:

1_/ M e~ letrU=I vy cosy/
V(a) 0

et 2 {lnlo + () + 7]

[(x oy (erIm 1)) <1 _ pletus)lm o ym) + ye~[rtnteolm iy ym} +

(T )y [y <1 _ el sl g ym) _ e lerelm G <x 4y (erem 1))} } T
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Aé* {[a: + 11(Jo)] [(x R Ca i 1)) ((a: + xFetI=Im) o —latulleallm ¢ ym — X*) +

ye~[etnJe)lm (y cosym — x*sin ym)} -y [(a? + x*etlIedm) (x + x*(er)m 1)) X

6—[554'#(]00)]7” sin ym+y (,ye—[r—i-,u(Joo)]m sin ym — X*(l — 6_[I+H(Joo)]m CcoS ym))} }, (5)

l a
ﬁ(aa JooaAoo) —["E+/.14(Joo)]f(;l% . / dr _ v 2
| siny | gyt = aslrte dute)) 447 %

[(“T oy (eHm 1))6—[m+uuoo)1m sinym — y(1 — e Frr)lm ¢og ym)} -

w(Joo)y [(x + X" (eTeem 1)) (1 — eletnlloollm cog ym) 4 ye~letuteim gin ym} } —

) )
ol o) [ x4 (@ 1))l ORI iy

y(ye_[““(‘]"")]m sinym — x*(1 — e~ [FHrl)lm ¢og ym))} +y [(x + x*(erlIm 1)) X

((x + xFerlIeImyelotnlJoo)lm cog g, — X*) + ye~lrHnlJo)lm (y cosym — x*sin ym)} }, (6)

where A* is defined as
2 2 J, 2 2
A" = [+ ple))? + 9] | (7 2@ = 1)) 492,

In the following theorem, we describe the stability of a nontrivial trivial steady state when, 7' = 0,
and 0 < 0 or 6 > 0. The special case when ¢ < 0 is important for our future study because
it establishes the stability of a nontrivial steady state when 7" = 0, and then we can vary our
parameter 7' to other values to see if a change in stability occurs.

Theorem 2.1 Suppose that, 7" = 0. Then a nontrivial steady state is locally asymptotically stable
if 0 < 0, and is unstable if 6 > 0.

Proof. Suppose that 6 < 0. We note that in this case the characteristic equation (2.3) becomes

l a
[ B(as T Aso) ()] f / dr S+ pu(Jxo)]
1‘/0 V) B s Rl ey | E ) |

From equation (7), and equation (6) in El-Doma (to appear 1), we see that for x > 0 the right-
hand side of equation (2.7) is strictly less than one since j(Jw) > 0 and § < 0. Therefore, the
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characteristic equation (2.3) is not satisfied for any £ with, Ref > 0. Accordingly, a nontrivial
steady state is locally asymptotically stable.

Now, suppose that 6 > 0. Then from Theorem 3.2 in El-Doma (to appear 1), we obtain the result.
This completes the proof of the theorem.

In the following result, we describe the stability of a nontrivial steady state in the special case
when, 6 = v = 0.

Theorem 2.2 Suppose that, § = v = 0. Then a nontrivial steady state is locally asymptotically
stable if x* > 0, and, is unstable if x* < 0.

Proof. We note that if 7" = 0, then the stability part is obtained in Theorem 3.6 in El-Doma
(2008), and the instability part can be obtained easily from Theorem 3.2 in El-Doma (2008).

We also, note that in this case if 7' > 0, then the characteristic equation (2.3) can be rewritten
in the following form:

X* (6:“(]00)7” —

§

1) : ﬁ(a7 JOO> AOO) —£ [y Vd—:_ _
[1 + } [1 —/T S e Joo, A)e i da =0, g 20 ®)

From equation (2.8), we see that if 7 > 0, and y* < 0, then £ = —x*(e*/>=)™ _1) > 0 is a root
of (2.8), accordingly, we obtain instability.

On the other hand, if x* > 0, then £ = —y*(e*/=)™ — 1) < 0, is a root of (2.8), and the only
other possible root of (2.8) is when

!
/B(a, JOO) AOO) _§fa dr
1-— —————7(a, Joo, Ax)e "0 VD da = 0, 0. 9)
| Fetd ) £+ (

Now, suppose that & = x + iy, z > 0, then by equation (6) in El-Doma (to appear 1), it is easy
to see that the only possible root of equation (2.9) is, £ = 0, and Theorem 3.3 in El-Doma (to
appear 1) shows that, & = 0, is not a root of the characteristic equation (11) in El-Doma (to
appear 1) since, x* > 0. According, a nontrivial steady state is locally asymptotically stable if
x* > 0. This completes the proof of the theorem.

We note that the following conditions are for crossing the imaginary axis, for example, see
Thieme, et al. (1993), and Iannelli (1995), stem from the fact that by Theorem 2.1 if 7' = 0, and,
0 < 0, then all the roots of the characteristic equation lie to the left of the imaginary axis, and
by further conditions, for example, see Theorem 3.3 in El-Doma (to appear 1), they can only
cross the imaginary axis to the right-half plane as 7" increases by crossing the imaginary axis
when, y # 0 :

l a
Bla, Joo, Ass) —p(rne) [ i / dr gl
1 :/ R T ) o Vi) cos y da + {y2 [X* eHlJoe)m _ 1)
T V(a) o VI(7) Af ( )

<1 — eI (g ym) + ye HU=)mgip ym} + 1(Jo)y [y <1 — e HU=Im (og ym) —
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Y (1 — e 1)) gin ym} } + A(S* {,u(Joo) [X*z(e“(‘]"")m — 1)) (COS ym — 1) +
0

g (s ym — - simgm)] — g0 — 1) simgm +

Yy <ye_“("°")m sinym — x*(1 — e =)™ cog ym))} }, (10)

l a
ﬁ(a> JooaAOO) —u(Jso) [ s / dr i 2 J —u(J
— L M7/ V) giny da = *{y [X* etlJeo)m _ 1)e=r(Joc)m o
[ 55% o V™ T a X )

sinym — y(1 — e #=)m cog ym)} + p(Jo)y [X*(e“(‘]"")m —1)(1 — e *U=)m cogym) +

K
Ag

ye 1) gip ym} } {,u(Joo) [X*z(e“(‘]‘x’)m —1)sinym +y <ye_“(‘]°°)m sinym

—x*(1 — e7#U=)m cog ym))} +y [X*z(e“(‘]‘x’)m —1)(cosym — 1) +

ye—u(Joo)m(y cosym — X sin ym)} }> (11)

where Aj is defined as

Af = () + 37 [ 2 = 1)2 4] (12)

We note that if we set y* = x = 0, where x is given by equation (4) in El-Doma (to appear
2), then the pair of equations for the crossing conditions for the case, u(a,J, A) = u(A),
and the case, u(a,J, A) = u(J), become identical, and this is also true for the characteristic
equations, therefore, we obtain the following three theorems from their corresponding case when,
wu(a, J, A) = u(A) given in El-Doma (to appear 2):

Theorem 2.3 Suppose that, d =y < 0 = x*. Then a nontrivial steady state is locally asymptot-
ically stable.

Theorem 2.4 Suppose that, [¢"=)™ 4 1]y < § < 0,6 # ~, and, x* = 0. Then a nontrivial
steady state is locally asymptotically stable if |0 — 7|, is sufficiently large, and, § — -, have the
appropriate sign.

Theorem 2.5 Suppose that, 6 < 0,6 # v, x" = 0,040 + 7Js < 0, and, sinym # 0. Then the
result of Theorem 2.4 holds.

In the next result, we give a corollary to Theorem 2.3 for the case when p(.J) is a constant
independent of J.
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Corollary 2.6 Suppose that, § = v < 0, and, u(J) is a constant. Then a nontrivial steady state
is locally asymptotically stable.

Proof. This result follows immediately from Theorem 2.3 since, in this case, x* = 0. This
completes the proof of the theorem.

1
In order facilitate our writing, we define D N*, and L* as follows

1

B = ¢ IE —N + plTo)X T+ (o)X OX (T - 1), (13)
N = [6_“(J°°)m(5 =) (o) = X*) =YX | U7 + O p(Joo) ("= — 1), (14)
L = e =m(§ — y)(u(Je) = X7) — 7" (15)

We note that in what follows, we assume that, 7" > 0, since when 7' = 0, and ¢ < 0, then a
nontrivial steady state is local asymptotically stable by Theorem 2.1. Accordingly, m > 0.

In the next result, we prove that a nontrivial steady state is locally asymptotically stable when,

1
L*=—=0,and § <0.
o , an

Theorem 2.7 Suppose that, 6 < 0,L" = o = 0. Then a nontrivial steady state is locally
asymptotically stable.

Proof. We start by supposing that u(Jy) = x*, then from L* = 0, we obtain x*y = 0, and
therefore, v = 0; and from — = 0, we obtain eI s [,u(Joo)2 + 12 4 P (et Iedm 1)} =0,

which is impossible. Accordingly, (/) # X*, and we can divide in the equation for L* = 0 to
obtain

e H(Jc)my — e—u(Joo)m7 + X ) (16)
i Jo) = x*
Now, we can use equation (2.16) in the equation for o= 0, to obtain the following two identical
equations:

X*’y 2 J *( p(Joo)m 1 2 . J s p(Joo)m 1 =0 17
1Y T (1) + X (e )) —n(Jeo)x"(e ) =0, (17)
[:u(‘]oo) - X]

A (o) X = 12 (o (e — 1) = 0. (18)
[:u(‘]oo) - X]

By using L* = 0,u(Jw) # x*, we obtain that v = 0 is not possible in equations (2.17)-
(2.18). Also, from equation (2.18), it is easy to see that y? + p(Joo)? + x*2(etedm — 1)2 1
w(Jso)x* (e =)m — 1) > 0 when x* > 0; and also, from equation (2.17), it is easy to see
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2
Y2+ <,u(Joo) + x* (erJe)m 1)) — 1u(Jso)x*(e*U=)m — 1) > 0 when x* < 0. Accordingly, only

x* = 0 is possible in equations (2.17)-(2.18), and from L* = 0, we obtain ¢ = -, and hence, we
obtain the result from Theorem 2.3. This completes the proof of the Theorem.

In the next result, we prove that a nontrivial steady state is locally asymptotically stable when,
L*=N"=0, and 6 < 0.

Theorem 2.8 Suppose that, § < 0,L* = N* = 0. Then a nontrivial steady state is locally
asymptotically stable.

Proof. We note that in this case, we obtain that z(.J)x**(e#/>™ — 1) = 0, which implies that
x* = 0, since otherwise m = 0 and the result follows from Theorem 2.1. Hence using x* = 0 in
L* =0, we obtain § = =, and accordingly, the local asymptotic stability follows from Theorem
2.3. This completes the proof of the Theorem.

In the next result, we prove that a nontrivial steady state is locally asymptotically stable when,
L*=0,and § =~ < 0.

Theorem 2.9 Suppose that, L* = 0, and, 0 = v < 0. Then a nontrivial steady state is locally
asymptotically stable.

Proof. From L* = 0, we obtain that x* = 0, and hence the result follows from Theorem 2.3.
This completes the proof of the Theorem.

In the next result, we prove that a nontrivial steady state is locally asymptotically stable when,
=N*"=0,and ) =7 < 0.

D*

1
Theorem 2.10 Suppose that, — = N* = 0, and, 6 = v < 0. Then a nontrivial steady state is
locally asymptotically stable.

Proof. From N* = 0, we obtain x*[x*1(Ju )(e"")™ — 1) — 4/*] = 0. Therefore, either x* = 0,

and hence the result follows from Theorem 2.3, or 32 = x*u(J)(e#’>)™ — 1), and in this case,
1

by using o= 0, we obtain x* [,u(Joo) +x*(e"Y=)™ _1)| = 0. We note that, in this case, if we

assume that ;(Jo) + x*(e*/=)™ — 1) = 0, then we obtain that 3> = —y**(et/=)™ — 1)2 < 0,

which is impossible. This completes the proof of the Theorem.

In the next result, we prove that a nontrivial steady state is locally asymptotically stable when,
=N"=0,and 6 < 0,0As +7Js < 0.

D*

1
Theorem 2.11 Suppose that, — = N*=0,6 <0, and, A + 7Js < 0. Then a nontrivial
steady state is locally asymptotically stable.

1
Proof. We note that when — = L* =0, then by Theorem 2.7, we obtain the result. Therefore,
we only need to consider the case L* # 0. Accordingly, we obtain the following equations for
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y* from N* =0 :

2 A(Js)X (e — 1)5

We note that, in this case, if ) = 7, then we obtain the result from Theorem 2.10. Accordingly,

we assume that § # 7, and therefore, from o= 0, we obtain

(o)X " + Ox (et — 1)]
eIl (G — )

v = —p(Joo)X* — (20)

Now, using equations (2.19)-(2.20), we obtain

(6 = )] U)X (o) = X + €75 = ) [0 () = 2007

—x* (erIem — 1)5} — X" [W(Joo)x* + X2 (e tem — 1)5} = 0. 1)

From equation (2.19), we deduce that L* > 0, and therefore, if u(Jy) = x*, then L™ = —x*y >
0 implies v < 0, and hence we obtain a contradiction by using equation (2.21). Therefore,
1(Jx) # X", and we can divide in equation (2.21) to obtain the following, after some tedious
calculations:

()Lt = x5 = )8 [L* + p(Joc)a] = 0, or x* =0,

Then it is easy to see that x* = 0 is the only solution of equation (2.21), since if L*+pu(J )y = 0,
then v < 0, and using L* 4 u(Joo)y = (1(Jso) — x*)[e #=)™(§ — ~) + 4] # 0 for v < 0. But
in this case by the assumptions d < 0,04 + 7Js < 0, crossing with y = 0 is not possible by
Theorem 3.3 in El-Doma (to appear 1), and the result is completed by using Theorem 2.3. This
completes the proof of the theorem.

In the following result, we describe the stability of a nontrivial steady state when, § = v <
0,N* =0, and x* <0.

Theorem 2.12 Suppose that § = v < 0, N* =0, and, x* < 0. Then a nontrivial steady state is
locally asymptotically stable.

Proof. From N* = 0, we obtain Jx* [u(JOO)X*(e“(Jw)m — 1) — y*| = 0, which implies that

1
X" = 0, since x* < 0. Now, x* = 0, and ¢ = v implies — = 0, and accordingly, the result
follows from Theorem 2.10. This completes the proof of the theorem.

We note that, as before, we need to impose a condition that will ensure the crossing of the
imaginary axis with y # 0. The following is such a condition:

X*@H(Joo)m /T /a Poo (a) /l /a Poo (a)
0As + Voo + 30| A doda — J doda| —
Pw { [ o Jo V(o) rJo V(o)

Lo Poo(@)
. /T /0 Aa, Joo,Aoo)mdada} <0. (22)
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1
In the following result, we describe the stability of a nontrivial steady state when, o= 0.

1
Theorem 2.13 Suppose that, 6 < 0, and, — = 0. Then a nontrivial steady state is locally
asymptotically stable in each of the following cases:

1)
N* [cos ym — e“(""")m} + op(J0) [yz + x*(erU=m _1)2) <0, (23)

when § # ~, and condition (2.22) holds, where 3 is given by

[yi(Joe)x ™+ Ox 2 (ere)m — 1)

2= —u(J ) — 24
y* = —n(Jeo)x e A5 — ) (24)
2) § =7, and, x* > 0.2
3) 6=, x" <0,y = E,n =+41,42,+3, ..., and, condition (2.22) holds.
m
Proof. To prove 1, suppose that § # -, then from equation (2.10), we obtain
l a
%) Aoo — Qe d
1 _/ Bla, Joo, Aco) () fi w55 Cosy/ T 25)
T V(a) o VI(7)
N* O Joo
[COS ym — 6H(J<x>)m:| + :u( ) [y2 + X*2(6,u(Joo)m . 1)2 ]
A Aj

Now, using equations (25), (6) in El-Doma (to appear 1), we obtain (23). Also, from the equation

for o= 0, we obtain equation (24). This proves 1.

1
To prove 2, suppose that 6 = ~, then from o= 0, we obtain

X" [M(Joo) + X ("M —1)| =0, (26)

which implies x* = 0, since x* > 0, and therefore, we obtain the result from Theorem 2.3. This
proves 2.

To prove 3, we assume that § = +, then from equation (2.26), we obtain that u(J.) =
—x*(e"’=)™ _ 1) since x* < 0, and in this case, using condition (2.23), we obtain the following
condition for the local asymptotic stability of a nontrivial steady state:

ox* [yz + x*2(erU=)m —1)?|[1 — cos ym] < 0.

Accordingly, the result follows. This completes the proof of the theorem.

In the next result, we describe the stability of a nontrivial steady state when, N* = 0.

1
Theorem 2.14 Suppose that, § < 0, N* = 0, o # 0, and, sinym # 0. Then a nontrivial steady
state is locally asymptotically stable if L* = 0. If L* 2 0, then a nontrivial steady state is locally
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asymptotically stable if inequality (2.22) holds, and, the following inequality holds:

l a 7
( , Joo, 400) _ (J )fa dr / dT /~’L( 00)6 2 2
1 1— AT 7oy P Te0) L, ee) Jo vy da — *2( u(Joo)m _ 1)2
+{ / (3aVJ() e cos Yy e a : [y* + x" (e )]}

w(Joo) _ *[0,2 *2(op(Joc)m _ 1)2] _
X{e dD*|y —I—X'(e 1)7] Cosym}SO’ 27
sinym
where 7 is given by
o)X (om 15
PERTES )5 o8)

L*

Proof. We start by noting that if L* = 0, then Theorem 2.8 gives the result.
If L* # 0, then from the equation for N* = 0, we obtain (2.28).

From equation (2.11), we obtain the following inequality for the local asymptotic stability:

ycosym Yy * * Joo)m 2 *2 Joo)m
1 —_— — - 0o 0o H(Joc) - (o) _15<0
I, ézk][(é V) (Joo)x +v<u(J )x"e y)+x (e )o] <

(29)
We also note that from equation (2.10), we obtain
l a
v Vi(a) o V(1)
0p(Jo0) T 2/ i(Joo) 2 ysinym
—_— * o)m } - 30
v (AP C ] (30)

1
Now, we can solve for y in equation (2.30), since sinym # 0, and —— # 0, then use it in
inequality (2.29) to obtain (2.27). This completes the proof of the theorem.

1
In the next result, we describe the stability of a nontrivial steady state when, N* # 0, — #

D*
0,sinym # 0, and condition (2.22) holds.

1
Theorem 2.15 Suppose that, ) < 0, N* # 0, oD # 0,sinym # 0, and, condition (2.22) holds.
Then a nontrivial steady state is locally asymptotically stable if

Aj 12 W12 1 9 .2
i - e AT+ W <0
{[Slnym+2N*} * [Cosym—l—ﬂv*} } 4N*A§sinym{ ot -7

N*
Afsinym

(D
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where, W*, W*, are defined as follows

! a
W* * B(aa JooaAoo) —u(Jso) [ A dr
= —_ J— TN 7 0o )
{Ao [1 /T V() e 0 V() cosy ; V(T)da}

—p(Jo)S [y + X2 (et — 1)%] 4 Netelm 4 (32)

D" N (8 = 3)(Joe )X+ (o) =™ — )y 2 (er=m — 1)},

l a
W A 3@, Joo, Ao) (o) fi 825 / dr
" 11 ) ’ MJoo) Jo v(my d
0[ /T V(a) ‘ sy o V(1) a}

—p(Jo)S [y + X2t — 1)%] 4 Netlelm — (33)

D*N* [(5 — N 1(Too)X* 4 (o) x TP oI™ — )y 2 (erleIm 1)5} :

Proof. From equation (2.10), we obtain

l a
B(a, Jooy Aco) —p(ime) [ 4z / dr N~ J
1= / T R T o V) cosy da + —— [Cosym — e m)m}
T V(a) o VI(7) Ag

6:“(‘]00) 2 *2 0 p(Joo)m 2
+T8[y + X (6 1):|

y sinym
g 34
A (34)
1
Since sinym # 0, and —— # 0, we can solve for y in equation (2.34), and then use it in equation
(2.11), in a manner similar to that in Theorem 2.14, to obtain (2.31). This completes the proof
of the theorem.

In the following result, we describe the stability of a nontrivial steady state when, sinym = 0.
The proof of this result is similar to Theorem 2.13 and therefore, is omitted.

Theorem 2.16 Suppose that, 6 < 0,sinym = 0, and, condition (2.22) holds. Then a n%%trivial
steady state is locally asymptotically stable if condition (2.23) is satisfied when, y = n =

+1,+2,+3, ...

In the following result, we give a corollary to Theorem (2.16), and the proof is obvious and
therefore, is omitted.

Corollary 2.17 Suppose that, § < 0 = sinym = N”, and, condition (2.22) holds. Then a
nontrivial steady state is locally asymptotically stable.

In the following result, we describe the stability of a nontrivial steady state when, sinym = 0,
and L* = 0.
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Theorem 2.18 Suppose that, 6 < 0,sinym = L* = 0, aqr%l, inequality (2.22) holds. Then a
nontrivial steady state is locally asymptotically stable if — is an even integer. On the other
™

hand, if Y™ is an odd integer, then a nontrivial steady state is locally asymptotically stable if
T
[y? — 2 (e"=I™ _ 1)] > 0, where, 2, satisfies, y° = (E)z,n =1,3,5,....
m
Proof. The proof of the theorem follows from inequality (2.23), because if L* = 0, then N* =
Sp(Jse)x ™2 (eM=)™ — 1) Accordingly, since sinym = 0, the result follows from considering
cosym = 1, and cosym = —1. This completes the proof of the theorem.

In the next result, we describe the stability of a nontrivial steady state when, < 0,sinym = 0,
and ¢ = . The proof is reminiscent of Theorem 2.18.

Theorem 2.19 Suppose that, 6 < 0,sinym = 0,0 = -, and, inequality (2.22) holds. If ym
is an even integer, then a nontrivial steady state is locally asymptotically stable if ,u(Joo)ﬂ%—
X*(e“("“’)m — 1) > 0. On the other hand, if % is an odd integer, then a nontrivial steady state
is locally asymptotically stable if y2[1(Js) + x* ("™ 4 1)] — 2u(Joo ) x ™ (e"=)™ — 1) > 0,
when, 3% = (%)z,n =1,3,5,...

Proof. The proof follows from inequality (2.23), because if § = 7, then N = —d0x*y* +
Sp(Joo)x 2 (e"7)m _ 1), Accordingly, the result follows from inequality (2.23) by considering
cosym = 1, and cosym = —1. This completes the proof of the theorem.

In the next result, we describe the stability of a nontrivial steady state when, 6 < 0,sinym =
0,x" >0, and § = ~.

Corollary 2.20 Suppose that, 6 < 0,sinym = 0,x* > 0,0 = ~, and, inequality (2.22) holds.

1t Y is an even integer, then a nontrivial steady state is locally asymptotically stable. On the
™

other hand, if ym is an odd integer, then a nontrivial steady state is locally asymptotically stable
™
if 32 Joe) X (1)) = 2o )X (T < 1) > 0, when, 3 = (“)%n = 1,3,5, .
m

Proof. The result follows from Theorem 2.19, since in this case 1i(Joo) + X" (e*/=)™ — 1) > 0.
This completes the proof of the corollary.

p(7)

d pu—
V(T) T —+00

The case: | = +00,V(a, J, A) = V(a), pu(a, J, A) = ,u(a),/
0

We note that, in this case, using Corollary 3.5 in El-Doma (to appear 1), we obtain the following
condition for a nontrivial steady state to be locally asymptotically stable:

/l m(a)
r V(a)
where 7(a) = e~ J5

T
{ﬁ(a, oo A +5] da + |7|/O %da “1, (35)



AAM: Intern. J., Vol. 4, No. 2 (December 2009) 427

Also from Theorem 3.2 in El-Doma (to appear 1), we obtain the following condition for the
instability of a nontrivial steady state:

Joo0 + Ay > 0. (36)

Also, in this case, by straightforward calculations in the characteristic equation (11) in El-Doma
(to appear 1), we obtain the following characteristic equation:

! T !
B(a, Joo, Axo) e[ / m(a) e [0 AT / m(a) ¢ [ Az
1= / — " x(a)e 7’0 V@ da + — ‘e 0 V™ da + 0§ — e 0 V() da.
p Vi o V@) r V(a)

(37)

In the next result, we obtain a general stability result that generalizes the one given in El-Doma
(2008), for the special case when juveniles are not considered. We also note that we can retain
the result in El-Doma (2008) and obtain the characteristic equation for that case which resembles
that of cannibalism, for example, see Iannelli (1995), Bekkal-Brikci, et al. (2007) and El-Doma
(2007).

Theorem 2.21 Suppose that, 6 < 0, and, v < 0. Then a nontrivial steady state is locally
asymptotically stable in each of the following cases:

1) y=0.
2)

sin ym T
y +u( )

(= D)m(T) {2 4 E 21— cosym) | (38)

v [ ' P e = Viaw @] 1 = cosy [ o

dr

=y | P e = V@] (1~ cosy [ F)da <0,y £ 0

Proof. To prove 1, we note that if we set £ = x + iy in the characteristic equation (2.37), we

obtain
! " .
STy [ A i [0 [
1= [ Bromieo) 0 T d ey d
/T () m(a)e cos <y i V(’T)) a+7 i V(a)e cos <y 0 V(’T)) a
lﬂ(a) _mfad_f a dT
7 0 V(D
w0 [ Ty cos (v [ 77 (39)

l a T
B(a, Joo, Axc) [ A / dr / m(a) _ypo ar / dr
0= _— 0 V() d 0V d
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"ra) _, @ dr ¢ dr
—l—5/T V(a)e (™ sin <y/0 m)da. (40)

Now, suppose that z > 0,y = 0, then from equations (6) in El-Doma (to appear 1) and (39), we
obtain

l T l
B(a, Joo, Axo) _x [ A / m(a) _upo dr / m(a) _gqo dr
1= / — ' “’a(a)e 0 V(™ da + — ‘e 0 V™ da + o — ‘e 0 Vi da
r Vi) (@) o Via) r V(a)

l
( )6—(2[;%da

T 7(a) o _dr m(a
S 1 _|_ —6—(E fO V(T) da _I_ 5/ 7
7/0 V(a) r V()

< 1.
Accordingly, the characteristic equation (2.37) is not satisfied for any = > 0, and y = 0. This

proves 1.

To prove 2, suppose that x > 0, and y # 0, and observe that (2.39) can be rewritten in the
following form:

: a
_ [ B e Ase) o s / dr
1 —/T V() m(a)e coS <y i V(T))da_l_

T Z(T)](l — Cosym)}

(fy —_ 5)6_foT[ V(r)

+

zw(T)]dT{ sinym
Y Y

- B “dr
+l/0 %[(x—l—u(a))z - V(a),u’(a)}(l - cosy/O d Yda

y2 Vi(7)
+£/ZM[( ) = V@ @] (1= cosy [ Soda @
il A v CA. H@)(1 = oosy | e

Accordingly, the result follows from inequality (2.38), equation (6) in El-Doma (to appear 1),
and y # 0. This completes the proof of the theorem.

Here, we note that from equation (2.41) if 7" = 0, then the second and the third terms in the
right-hand side of equation (2.41) are zeros, and therefore, it is easy to see that a nontrivial steady
state is locally asymptotically stable in this case if V(a)y/(a) < u(a)?, as has been shown in
El-Doma (2008).

In the following result, we deduce the stability of a nontrivial steady state when, V' (a)y/(a) <
p(a)?, and, § = v < 0. We note that the proof of this result follows directly from Theorem 2.21,
therefore, we omit the proof.
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Corollary 2.22 Suppose that, 6 = v < 0. Then a nontrivial steady state is locally asymptotically
stable if V (a)p/(a) < p(a)?.

In the next result, we deduce another stability result from Theorem 2.21, the proof is straight-
forward, and therefore, is omitted.

Corollary 2.23 Suppose that, § < 0,7 < 0,V (a)'(a) < pu(a)? and, y = *% 0 = +1, 42,43, ...
m

Then a nontrivial steady state is locally asymptotically stable if n is even. On the other hand if

n is odd, then a nontrivial steady state is locally asymptotically stable if (v — ¢§) < 0.

Example 1: In this example, we consider an example considered in Cushing, et al. (1991)
and El-Doma (to appear 1). Their interest is to determine the juvenile competitive effects on
adult’s fertility. They assumed that G(a, J, A) = B(a, W), W = aJ + A,a > 0; Wy = aJs +
Ao, pi(a, J, A) = p(a), and V(a,J, A) = 1, where the constant, «, measures the depressive
effects of juveniles on adult’s fertility.

Theorem 3.2 in El-Doma (to appear 1) gives the following condition for a nontrivial steady state
to be unstable:

l
[ads + Ao /T Bw (a, Weo)Poo(a)da > 0.

Accordingly, from Theorem 3.2 in El-Doma (to appear 1), for a nontrivial steady state to be

locally asymptotically stable we must have / Bw (@, Woo)poo(a)da < 0.

Now, we can use Corollary 2.22 tcl) deduce the local asymptotic stability of a nontrivial steady
state, for example, when o = 1,/ Bw (@, Wao)poo(a)da < 0, and g/ (a) < p(a)?,

T
We note that in El-Doma (to appear 1) we showed that if « is large i.e., when adult’s fertility is

adversely affected by competition from juveniles, then it is a destabilizing effect that can induce
instability. This is in agreement with Cushing, et al. (1991), and the references therein.

Example 2: In this example, we consider the case when ((a, J, A) = By, u(a, J, A) = u(J),V(a, J, A) =
V(a), where 3, is a constant.

In this case from equation (6) in El-Doma (to appear 1), we obtain

(T )P I v = g, (42)
Also, from equation (8) in El-Doma (to appear 1), we obtain
Joo = Po|1 - e U= Iy ¥ ] (43)

From equation (9) in El-Doma (to appear 1), we obtain

T dr

P = A=) o v (44)

Now, if we can solve for J, from equation (2.42), then P, is determined from equation (2.43),
and accordingly, A., can be obtained from equation (2.44).
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Therefore, using Theorem 2.2, we obtain that a nontrivial steady state is locally asymptotically
stable if y* > 0, and is unstable if x* < 0.

Example 3: In this example, we consider the case when 3(a,J, A) = Bo(a)e " u(a, J, A) =
w(J),V(a,J,A) = V(a), where ¢, is a positive constant.

In this case from equation (6) in El-Doma (to appear 1), we obtain

_ ooﬁo(a) —u(Jss) [ T
l=e 01P°°/ L Mo vin dg. (45)
r Via)

Also, from equation (8) in El-Doma (to appear 1), we obtain equation (2.43).

Now, using equation (2.45), we can see that if
* Bol@) (o)) fi o=
— e 0 Vida > 1, (46)
/T V(a)
and

/ Me_“(‘loo)f; %da < 400, (47)
r Vi(a)

then a nontrivial steady state exists.

Using equation (2.4), we obtain

X = Aot (Jo)- (48)

Accordingly, using Theorem 2.3, we obtain that a nontrivial steady state is locally asymptotically
stable if x* = 0.

Regarding Example 1 - Example 3, we note that we can use Theorem 2.3 in El-Doma (to appear
1), and Corollary 3.10 in El-Doma (to appear 1) to show that these steady states as well as their
stability results remain unchanged if each of the vital rates is multiplied by any positive function
F(J A) e C'RM).

3. Conclusion

In this paper, we continued our study of size-structured population dynamics models which divide
the population into adults and juveniles, started in El-Doma (to appear 1) and continued in El-
Doma (to appear 2). The present study included two special cases, the first is when the death
rate depends on juveniles only and the growth rate depends on size only; and the second is when
both the death rate and the growth rate depend on size only. In both special cases we assumed
that the maximum size for an individual in the population is infinite.

We note that in our first paper, El-Doma (to appear 1), in this series of three papers, we studied
the general model with general vital rates, determined the steady states and obtained general
conditions for the (in)stability of the (non)trivial steady states as well as several special cases.
We also illustrated our results by examples.
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In the second paper, El-Doma (to appear 2), in this series, we studied the same model as in
El-Doma (to appear 1), with the additional assumptions that the death rate depends on adults
only, and the growth rate depends on size only. We studied the stability of the steady states, and
identified three demographic parameters, namely, ¢ and is given by equation (22) in El-Doma
(to appear 1), which can be interpreted as the total change in the birth rate, at the steady state,
due to a change in adults only; v and is given by equation (23) in El-Doma (to appear 1), which
can be interpreted as the total change in the birth rate, at the steady state, due to a change in
juveniles only; and finally,, and is given by equation (4) in El-Doma (to appear 2), which can
be interpreted as the total change in the death rate, at the steady state, due to a change in adults
only.

We obtained several sufficient conditions for the (in)stability of the nontrivial steady states via
these demographic parameters. We also illustrated our results by examples.

In this paper, we studied the stability of the steady states in the two special cases, and also
determined three demographic parameters, namely, d,y, x*, where x™, is given by equation (2.4),
which can be interpreted as the total change in the death rate, at the steady state, due to a change
in juveniles only.

We obtained several sufficient conditions for the (in)stability of the nontrivial steady states via
these demographic parameters. One of the interesting results that we obtained is that if x = x* =
0, then the characteristic equations are identical for the two special cases studied, respectively,
in El-Doma (to appear 2) and the present paper i.e., the first is when the death rate depends on
adults only, and the second case is when the death rate depends on juveniles only; accordingly,
the stability results are the same, for example, see Theorem 2.3 - Theorem 2.5. In general, there
are many results about the first case that can not be obtained in the second case, for example, see
El-Doma (to appear 2). However, there is another similarity between these two special cases: we

noticed that there are two variables and one parameter, namely, —, N*, L*, given, respectively,
bly equations (2.13)-(2.15), and a corresponding set of two variab?es and one parameter, namely,

ok N, L, given, respectively, by equations (23), (29), (30), in El-Doma (to appear 2), and relations

1
like, for example, o= N* =0, gives a stability result, and similarly the corresponding relation

1 .
— = N = 0, gives a stability result, for example, Theorem 2.7 in this paper corresponds to

D,
Theorem 2.12 in El-Doma (to appear 2).

We can also see that there is a basic difference in these two special cases with regards to their
response to the three demographic parameters in each case, for example, from (2.2) in this paper,
we obtained that a nontrivial steady state is unstable if

X*eﬂ(Aoo)m /l /a Poo (a) T a Do (a)
0As + Voo + — 37| Jo doda — As doda
P { [ rJo V(o) o Jo V(o)

A /Tl /Oaﬁ(a, Jm,Am)Z%dada} > 0.
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Also from (2) in El-Doma (to appear 2), we obtained that a nontrivial steady state is unstable if

0As +7Jo0 +

Pw

—Aoo /Tl /Oaﬁ(a, Joos Aco)

{r

S

Z;;Lw)dada} > 0.

(o)

The basic difference between the two conditions is that

p‘j"(f)) doda — Au /0 ' /0 '

Poo()
V(o) doda

:Joo /T l /0 ' Z;;O(S‘a))dada—/loo /0 ! /0 ' ﬁ;"(f))dada: <0,
" :Joo /T l /0 ' Z;;O(S‘a))dada—/loo /0 ' /0 ' ﬁ;"(f))dada: >0

Consequently, we could not prove in this paper, a corresponding lemma to Lemma 2.4 in El-Doma
(to appear 2).

We note that this case linked our study of the stability of our size-structured population dynamics
model to the study of the classical Gurtin-MacCamy’s age-structured population dynamics model
given in Gurtin, et al. (1974), specifically, the studies for the stability given in Gurney, et al.
(1980) and Weinstock, et al. (1987), in fact, the characteristic equation for this special case,
when juveniles are not considered i.e. when, 7" = 0, has the same qualitative properties as the
characteristic equation of the Gurtin-MacCamy’s age-structured population dynamics model, for
example, see El-Doma (2008).

Our stability results generalized those given in El-Doma (2008), for the special case when
juveniles are not considered. We also note that we can retain the result in El-Doma (2008) and
obtain the characteristic equation for that case which resembles that of cannibalism, for example,
see lannelli (1995), Bekkal-Brikci, et al. (2007) and El-Doma (2007). Also, we illustrated our
stability results by several examples.
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