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Abstract

The existing data envelopment analysis (DEA) models for measuring the relative efficiencies of a
set of decision making units (DMUS) using various inputs to produce various outputs are limited
to crisp data. The notion of fuzziness has been introduced to deal with imprecise data. Fuzzy DEA
models are made more powerful for applications. This paper develops the measure of efficiencies
in input oriented of DMUs by envelopment form in fuzzy production possibility set (FPPS) with
constant return to scale.
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1. Introduction

Data Envelopment Analysis (DEA) was suggested with CCR model by Charnes et al. (1978) and
built on the idea of Farrell (1957) which is concerned with the estimation of technical efficiency
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and efficient frontiers. Several models introduced for evaluating of efficiency such as Charnes et
al. (1978) Banker et al. (1984) and Cooper et al. (1999). Most of practical data in such situations
economic evaluating, are imprecise. To deal quantitatively with imprecision in decision progress,
Bellman et al. (1970) introduce the notion of fuzziness. Some researchers have proposed several
fuzzy models to evaluate DMUs with fuzzy data, without access to FPPS (see Chiang et al.
(2000) Lertworasirikul et al. (2003) Wang et al. (2005) Tanaka et al. (2001), Jahanshahloo et al.
(2004) Leon et al. (2003) Kao et al. (2003)). Unfortunately, some of the existing techniques only
provide crisp solution. Lertworasirikul et al. (2003) provided fuzzy efficiency measures in
multiple models.

In this paper, fuzzy efficiency measures with fuzzy production, possibly set (FPPS) in constant
return to scale with input oriented, such that it satisfies the initial concept by crisp data is
proposed. Data envelopment analysis and fuzzy system are considered in section (2) and (3),
respectively. Subsequently, production possibility set (PPS) to be extended by fuzzy data and
then the proposed fuzzy efficiency measures in CCR model are discussed in section (4). A
numerical example is presented in section (5). Finally, we conclude the paper in section (6).

2. Data Envelopment Analysis (DEA)

DEA utilizes a technique of mathematical programming for evaluation of n DMUs . Suppose

there are n DMUs: DMUl, DI\/IUZ, DMUn. Let the input and output data for DMUJ. be

X. = X ) and Y. =(Y,.,..., V_.), respectively.
i = 04 mj’ j =g Ygp) o resp y
2.1 Production Possibility Set (PPS)

We will call a pair of input X € R™ and output Y € RS an activity and express them by the
notation (X,Y). The set of feasible activities is called the production possibility set (PPS) and is
denoted by P. We postulate the following properties of P:

1: The observed activities (Xj Yj)e P;j=1..,n

2: If an activity (X, Y ) e P, then the activity (tX,tY ) € P forallt > 0.

3: If an activity (X, Y )e P,then (X, Y )e Pif X> X andY< Y .

4: If activity (X, Y )e P and (X, Y )e P, then AX +(1-2)X , AY +(-A)Y )e P for all,
A€[0,1].

We show the set P as follow:

P :{(x, y)‘ xzzrjlzlijj , yszrj‘:lxjyj 20 ;jzl,...,n}.
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2.2 The CCR Model

The CCR model proposed by Charnes et al. (1978) is as follow:

min &
n i
s.t on > Zj:l/q’jxj’ J=1...n o
n V.. =
yO = Zle/l’JyJ! J la"'an
ij > 0, j:].,...,n

The constructions of CCR model require the activity (6Xg,yq)€ePPS , while the objective seeks
the min & that reduces the input vector xy radially to &x, while remaining in PPS. In CCR

model, we are looking for an activity in PPS that guarantees at least the output level y, of

DMU0 in all components while reducing the input vector x, proportionally (radially) to a value

as small as possible.
3. Fuzzy Systems

Let X be a nonempty set. A fuzzy set A in X is characterized by its membership function
,uE\:X —[0,1] and y'&(x) is interpreted as the degree of membership of element X in fuzzy set

A for each xeX. A fuzzy set A is completely determined by the set of tuples
A={(x, uz (X)) | xeX}.

Definition 1. An - level set of a fuzzy A of X isa non-fuzzy set denoted by [,&]a and is

a la ,ua
A

defined by [f&] =[A where Ala =min{x € X :y'&(x) >a} and

AuazmaX{XEXZ/J;&(X)Za}.

Definition 2. A fuzzy number Aisa fuzzy set of the real line with a normal, (fuzzy) convex and
continuous membership function of bounded support.

Definition 3. 1f [Al? AY%] and [B!? BY9] are a-levels of fuzzy numbers A and B
respectively and 4 € R then:

1 [Ala ’Aua] +[Bla’Bua] :[Ala+B|a’Aua+Bua]
A% 5 AU i a0

2- }\'[Ala, Aua]:
AU 5 oaleyifaco
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3.1 Extension Principle

1" 72

sets in Xl’ X2,..., Xr respectively. fis a mapping from X to a universe Y,

y="f(x ... x ) . Then the extension principle allows us to define fuzzy set BinY by:

Let X be a Cartesian product of universes X = X;x X, x..x X and /Si"“"&r be ' fuzzy

B = (Y, g (V)|y=F (reXp ) (4 Xp )X X |,

where

sup min{u (X)bp (X )} f_l(y);t(l)
_ Al Ar r
Hg) =1 (XX )ef ()

0 otherwise,
where f 1 is the inverse of f .
4. Fuzzy Efficiency Measure
In this section we are going to obtain fuzzy efficiency measure in FPPS.

4.1 Fuzzy Production Possibility Set (FPPS)

Let the input and output data for DMUj (j =1, ..., n) be )zj:(ilj imj)t and

sz(ylj,..,ysj)t, respectively, such as iij (i=1,...,m) and Vrj(rzl,...,s) for ] =1 ..., n be
(m + s)n fuzzy numbers. We call the set of feasible activities with fuzzy data fuzzy production
possibility set (FPPS) and denote it by P .

We define the fuzzy production possibility set (FPPS) as follow:

P={(X.Y). u5(X.Y)) X € R™ v eRSY, )
where
X :(xl,...,xm) , (Xi”uii (Xi)) ef(i i=1..m 3)
Y= (YY) (yi,ﬂy_ (v;)) €y, i=l.s (4)
|

Then, with extension principle
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~(X,Y)=ma min - e, U ), U 1 .
#g(X.Y) = max /1j|>0{ﬂxlj(x11) Hg _(ij)uylj(ylj) ﬂysj(ysj)}

st ng A X
-1 ()

(Xj,Yj)esupp(xj,Yj)
such as ()Zj ,Vj) (j=L2,...,n)is observed activities.
Notation 1. Let S be set of vectors then X=minS ifandonlyif VX € S;X > X.

Notation 2. We define FPPSﬂ as follow:

((X!Y) ) /Jlf)(X!Y)) € lfi

_rp1P
us(XY)2p =[P1". (6)

Fpps” —{(X,Y)

The CCR model by fuzzy data require the activity (5)?0,\70) to belong to P, while for any

((Xg.Yp)a)e(Xp.Yg) and O<a<l that #5(Xg.Yg)=p the objective seeks the minimum

9(965) that reduces input vector X radially to 6Xy while (@(O,YO) esupplsﬂ. Hence,
CCR model is proposed as follows:

min @

OX. Y )eP ")

st ( 0 O)e

But
[(6Xo YoN* <[PV

GX V)P if andonlyif 4 ¢t
( 0’ 0)e if and onlyi 0<p<1

(Xg.Yo)elP1P forany (X.Yg)el(Xo Yo

If [(5)?0,\70)]“=[E1,E2], then with (7) and notation 1 6"“ is the efficiency measure with
maximum input and minimum output. Hence,

E{=min{(6X oY )I0elO1% X gel X1 Yoel¥p1¥3=(6'* X §% ¥} %)
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Similarity, 4% is the efficiency measure with minimum input and maximum output. Hence,
Ep=max{tX Yo )0e[d]1% X gel Xg1% YoelVpl?3=(0"* X & Y§'¥)

Therefore,
(0% x4 Y| ¥)e[P1P
(Uox(® Yi)pY
G% V)< P if and onlyif 10
, e P if and only i
0"°0 g 0<p<1

(X§% ¥ )elP1P

(XFYgO)ePY

Let, for any (X,.Y,) e [(XO’VO)]OZ with 5 (Ko ¥g) 2 4 [61(@B) gl (@.B) gu(a.p)y

such that x5 (6X(,Yg)2/ for all oefo! (@) gu(a.f); .(a€[0,1] is a membership function of

fuzzy DMU and €[ 0,1] is a membership function of production frontier). Hence:

0'@P)~ min 0

Yo <X AY; ®)

© yp
(X[ Y) elX V)l
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o V@B min Z

la n
st 49XO ZE /1ij
]=1
Uox n
YO SE /1ij
=1 9)
la n
Xa =22 A: X
0
=1 1)
ijZQ j=L...n

(%Y
CINBECINA)

The lowest and highest relative efficiency of DMU, is found by proposed models as follows:

0! (@B~ min 0
CoaE s Y
S. 2 - =+ /u
= M A
o < 2 %1 & Y
SEAY Y uiY
j=1 ] j=1 ] (10)
Ua n | n ug
X0 2 ¥ AXj+ ¥ u: Xj
j=ut 7 =
A 20, j=l..n
oY (@B min 0
la n uf n 1B
j=1 j=1
uer n I8 n ug
Yo X A Yj+Y w4V
R R (11)
lex n ug n yé
j=1 j=1
/1] >0 J=1,...n
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Theorem 1. Model (10) is feasible always if « > £.

Theorem 2. Model (11) is feasible always if « > £.
Theorem 3. ' (@A) _g1(@.f)

Proof: Let, ps (8) and ps (10) be production possibility sets of models (8) and (10),

respectively. We show that production possibility set of model (8) is equal to production
possibility set of model (10).

n I n up

XZZ/lej-i-Z,uJ'XjZ ljZO,jZl ..... n
=1 j=1
B _ .
P7 (10) = S (X,Y):
n us n 1B .
YSZﬁ,ij-l-Z,uJ'Yj : ,ujZO,jZI ..... n
==

nglej; /1j20,j=1 ..... n,

j=1
PA(8)=) (X Y):

L TR
YSZ/IJ'YJ'; (Xj,Yj)e[(Xj'Yj)]

=1

PP (10)cP? (8) because if (X,Y)eP? (10) then

([ n 1B n up
XZ_ZZ,ij+_ZIL1ij
)=l )=l
<
n us8 n |IB
YSZ ﬂ,j Y J+Z ,uJ'Yj
=1 =1
n
X>3 k. X
= 00
A-=a. k. J
TN "
J=1
aj+bj:1 o
(Xj,Yj)e[(Xj,YJ-)]B,j=1,...,n.

Hence, (X,Y) e P'B(S).
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Let Pﬂ(S)gPﬂ(lo) then EI(X,Y);(X,Y)ePﬂ(S) and (X,Y)g Pﬂ(lo). Hence, one of the three
cases has occurred:

1B n UB |
n B n UB
><<E17‘JXJ+Jz HiXj X2 30X+ X njX;
VAW or =L =L or
JJY<nxuBn P n u n Ip
RN A RTINS

IB n UB
X<JEKJXJ+JZ Y
n u n I

Let,
([ n 18 n up
X< A X+ 2 i X
; | I 17
j=1 j=1
n Uﬂ n |ﬂ
Y>> ZJ J+Z ,uJ j
= J=1

If ﬂj-i-/,lj:kj , then
( n
X< ki X
A—ak; 1—1‘ .
| I
/JJZkaJ:>< Y>Z K YJ
aj+bj:l J_l ﬂ .
(XJ’YJ)G[(XJ!YJ)] !J:l!'-':n

Hence, (X.Y)g Pﬂ(lo) which regarding to assumption this isn’t correct. Hence, proof is
completed.

Theorem 4. Hu(a,ﬁ) = elu(a”g).

Proof: Similar to proof of Theorem 1.
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Lemma 1. If ell(“'ﬂ) and elu (@.f) are optimal solutions of models (10) and (11), respectively,
then, ' (@ F) <gu(a.f)

The equality is held when all component of DMUy, are generated from fuzzy data to exact data.

Proof: Regarding to theorem 1 and theorem 2 and the models (8) and (9) proof is evident
(@ u(a.p) is a feasible solution of model (8)).

Lemma 2. If oq<ay then o' (P p1@2.8) g gU(@2.8) Ul B) o pe(01] in
both models (10) and (11).

log lay Uag Uag
Proof: If B is constant and oq < a5 then Yy < Yy and Xg > X hence regarding to model
|a1 |6¥2

(10) (9|(0{1,ﬂ)g(9|(0£2,,5). Similarly, if g is constantand o <ap then Xy< Xy and

U(ll U0(2

Yo = Yo hence regarding with model (11) eu(az,ﬂ)geu(al,ﬂ)_

Lemma 3. If g < f3, then o' @A) PN @) oy Q@A) fU@S2) o ae(01]
in both models (10) and (11).

Proof: If « is constant and B < B, then [(Xj,Yj)]ﬁZQ[(Xj,YJ-)}Hl. Hence, regarding to
theorem 1 and model (8) Hl(a’ﬂl)sel(a’ﬂz). Similarly, if « is constant and f;<f, , then

(R TP2<(R; V8. Hence, regarding to theorem 2 and model  (9)
elu (a)ﬂl) SQIU (alﬂZ) )

Proposition 1. Model (10) is non-feasible iff (XH“,Y(I)a)elsﬂ.
Proposition 2. Model (11) is non-feasible iff (X(I)a ,Yém)ezﬁﬂ.

Proposition 3. If both models (10) and (11) are feasible ([(X.Y)]*<P?) , then 6'(@:F) 4
and 0U(@ By
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5. Numerical Example

A simple numerical example with fuzzy single-input and single-output was introduced by C. Kao
and S.T. Liu (2000). We will consider this example with its data listed in table 1. These DMUs
(A,B,C and D) are evaluated by proposed models in (10 ) and (11).

Table 1:
DMUg | Input a—cut Output a—cut
A (11,12,14) 11+ ¢ ,14-2 ¢ ] (10,10,10) [10,10]
B (30,30,30) [30,30] (12,13,14,16) [12+« ,16-2 ]
C (40,40,40) [40,40] (11,11,12) [11,11]
D (45,47,52,55) [45+2 « ,55-3 ¢ ] (12,15,19,22) [12+3 ¢ ,22-3 ¢ ]

The lower and upper bounds of («, )-cut of §A is calculated as follows:

0,%P) = in 0 12)
st (14-2a)0>(11+ )24 +304, +4043+(45+2 ) A4 +(14-28) 1y +30u9
+40413+(55-35) 144
10<104 +(16-28) Ay +1143+(22-38) A4 +10 24 +(12+ ) i +11 115
+(12+3) 14y
(14-22)2(11+ B) 4 +304, +4043+(45+2 ) A4 +(14-28) 14y +30 1t
+4043+(55-35) 144

ﬂjZO,jzl,...,4, ﬂjZO,jzl,...,4

ex(a,ﬂ ) - min 0
st (l+a)8 = (14-2p) 4 +304, +4023+(55—3,8)/14+(11+,8);11
+305 +4O,L13+(45+2,B) ,u4
10§1021+(12+ﬂ)/12+1123+(12+3ﬂ)/14+10;ﬁ+(16—2,8)y2 (13)

+11/13+(22—3ﬂ),u4
(11+a)2(14—2ﬂ)11+3012+4013+(55—3ﬁ)/14+(11+,6’);11+ 3049
+4Oy3+(45+2,3)y4
/1j20,j=1,...,4, u. >0, j=1 ..,4

The lower and upper bounds of («,f)— cuts of 5B’§C and §D can be solved similarly. The
results are shown in Table 2 and table 3 for ¢=0.0,.1,.2,...,.1, and S=.3 and .7. In DEA, we
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consider that (xg , Yg)ePPS and then we want to find the min@&, where (6xq, y5)ePPS. In

Table 2, for « = 0.0,.1,.2. (X La ,YKa) eﬁ's. Hence, the model is infeasible (inf) and also in

Table 3, for a:O.O,.l,.Z,...,.G(X!A\“,YX“)eEISJ. Hence, the model is infeasible (inf) (see
Propositions 1 and 2).

Table 2: («, .3) - cuts of efficiency measures

“ |aGAl | [656B] | 195,001 | [6h6h]
0.0 *[.81,inf] | [45,.60] [.31,.31] [.25,.55]
2 *[.83,inf] | [.46,.59] [.31,.31] [.26,.53]
3 [.84,1.0] [.46,.58] [.31,.31] [.27,.52]
4 [.86,.99] [.47,.57] [.31,.31] [.28,.51]
5 [.87,.98] [.47,.56] [.31,.31] [.29,.49]
6 [.88,.97] [.47,.56] [.31,.31] [.29,.50]
7 [.90,.97] [.48,.55] [.31,.31] [.30,.48]
8 [.91,.96] [.48,.54] [.31,.31] [.31,.48]
9 [.93,.95] [.49,.53] [.31,.31] [.33,.46]
1.0 [.94,.94] [.49,.53] [.31,.31] [.32,.47]

Figure 1: (0, *##),(0g xxx),(0c AAA) and (0p ooo)
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Table 3: («, .7) - cuts of efficiency measures

Allahviranloo, et al.

a Il r I r Il r | r
19,.0,1 | 195,051 | [6c .61 | L6605
0.0 *[84,inf] | [47,62] |[.32.32] |[.26,57]
1 *[.85,inf] | [47,.62] |[32.32] |[.26,.56]
2 *[.86,inf] | [48,.61] |[.32.32] |[.27..55]
3 *[.87,inf] | [48,60] |[32.32] |[.28,54]
4 «[89,inf] |[48,59] |[32.32] |[29,53]
5 *[.90,inf] | [49,58] |[32.32] |[.30,52]
6 «[9L,inf] |[49,58] |[32.32] |[30,51]
7 [93,1.0] |[50,57] |[32.32] |[31.50]
8 [94,99] |[50,56] |[32.32] |[32.49]
9 [96,.98] |[50,.55] |[32.32] |[.33,48]
1.0 [97,97] |[51,55] |[32.32] |[34.47]
i o -
[ O 0 E =
(=} e o £ E
=y Cah & = =
=1 i i = {0 " "
=X [ % ®
oL -H R E
o [ | {1 = ¥
o &5 ® =
o 0 o ] n] =
oz I:I.'!lﬂ (= 3 [=F-] (= aT (=1 o i

Figure 2: (0, *##),(0g xxx),(0c AAA) and (0p ooo)

6. Conclusions

In the real world there are many problems which have fuzzy parameters. In this paper, we
proposed input oriented CCR model, for evaluation of relative efficiency of DMUs in fuzzy
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production possibility set by considering initial concepts of DEA. This model can be extended to
the other topics and models of DEA.
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