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Abstract 
 
 In this paper, we apply a relatively new technique which is called the variational iteration 
decomposition method (VIDM) by combining the traditional variational iteration and the 
decomposition methods for solving higher dimensional initial boundary value problems. The 
proposed method is an elegant combination of variational iteration and the decomposition 
methods. The analytical results of the problems have been obtained in terms of convergent series 
with easily computable components.  The method is quite efficient and is practically well suited 
for use in these problems. Several examples are given to verify the accuracy and efficiency of the 
proposed technique.  
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1. Introduction 
 
The numerical and analytical solutions of higher dimensional initial boundary value problems of 
variable coefficients, linear and nonlinear, are of considerable significance for applied sciences. 
Examples of linear models are Euler-Darboux equation, Lambropoubs’ equation, and Tricomi 
equation, (see Miller (1973), Soliman (2006), Noor and Mohyud-Din (2008f), Wazwaz (1999), 
Wilcox (1970)) given by: 
 

,0)()( =−+− yxxy uuuyx βα            

,0=++++ tyxyx uuyxcuybuxau  

,xxyy uyu =  

 
respectively. Examples of nonlinear models are introduced in KdV equation of variable 
coefficients and Clairaut’s equation, (see) given by 
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respectively. In this paper, we consider the higher dimensional initial boundary value problem of 
the form 
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subject to the Dirichlet boundary conditions 
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and the initial conditions 
 

),,,()0,,,(),,,()0,,,( zyxzyxuzyxzyxu t ηφ ==  

 
where F  is a linear or a nonlinear function. A considerable size of research work has been 
invested in these scientific applications. Several techniques including the spectral, 
characteristics, decomposition and variational homotopy perturbation have been used for solving 
these problems, (see Miller (1973), Soliman (2006), Noor and Mohyud-Din (2008f), Wazwaz 
(1999), Wilcox (1970)). He developed the variational iteration method for solving linear, 
nonlinear, initial and boundary value problems, (see He ((1999), He (2000), He (2006), He 
(2007a)).  
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It is worth mentioning that the origin of variational iteration method can be traced back to 
Inokuti, Sekine and Mura, (see Inokuti, Sekine and Mura (1978)) but the true potential of the 
VIM was explored by He. Since the beginning of 1980s, the Adomian’s decomposition method 
has been applied to a wide class of functional equations, (see Wazwaz (1999)). In these methods 
the solution is given in an infinite series usually converging to an accurate solution.  
 
Inspired and motivated by the ongoing research in this area, we apply the variational iteration 
decomposition method (VIDM) for solving the higher dimensional initial boundary value 
problems. This method is an elegant combination of variational iteration and the Adomian’s 
decomposition methods for solving higher dimensional initial boundary value problems. This 
idea has been used implicitly by Abbasbandy, (see Abbasbandy (2007a), Abbasbandy (2007b)) 
for solving quadratic Riccati differential and Klein-Gordon equations.  
 
In a subsequent work, Noor and Mohyud-Din developed the elegant coupling of Adomian’s 
polynomials with the correctional functional of variational iteration method for solving various 
classes of singular and nonsingular initial and boundary value problems, (see Mohyud-Din, Noor 
& Noor (2008a), Noor and Mohyud-Din (2007c), Noor and Mohyud-Din (2008h)). Several 
examples are given to illustrate the reliability and performance of the proposed method.  
 

2. Variational Iteration Method 
 
To illustrate the basic concept of the technique, we consider the following general differential 
equation 
 

),(xgNuLu =+                    (1) 

where L is a linear operator, N a nonlinear operator and g(x) is the inhomogeneous term. 
According to variational iteration method, (see He ((1999), He (2000), He (2006), He (2007a), 
He (2007b), Abbasbandy (2007a), Abbasbandy (2007b), Mohyud-Din, Noor& Noor (2008a), 
Noor and Mohyud-Din (2007a), Noor and Mohyud-Din (2007b), Noor and Mohyud-Din 
(2008b), Noor and Mohyud-Din (2008c), Noor and Mohyud-Din (2008c), Noor and Mohyud-
Din (2008c), Noor and Mohyud-Din (2008d), Noor and Mohyud-Din (2008e), Noor and 
Mohyud-Din (2008f), Noor and Mohyud-Din (2008g)), we can construct a correction functional 
as follows 
 

,))()(~)(()()(
0

1 dssgsuNsuLxuxu
x

nnnn −++= ∫+ λ                 (2) 

 
Where λ is a Lagrange multiplier, (see ), which can be identified optimally via variational 
iteration method. The subscripts n denote the nth approximation, nu~  is considered as a restricted 
variation, i.e., .0~ =nuδ  The relation (2) is called as a correction functional. The solution of the 
linear problems can be solved in a single iteration step due to the exact identification of the 
Lagrange multiplier. The principles of variational iteration method and its applicability for 
various kinds of differential equations are given, (see He ((1999), He (2000), He (2006), He 



AAM: Intern. J., Vo3. 1, No.2 (December 2008)                                                                                      257 

(2007a), He (2007b)). In this method, it is required first to determine the Lagrange multiplier 
λ optimally. The successive approximation 0,1 ≥+ nun  of the solution u will be readily obtained 
upon using the determined Lagrange multiplier and any selective function ,0u consequently, the 
solution is given by .lim nn

uu
∞→

=   

 

3. Adomian’s Decomposition Method 
 
Consider the differential equation, (see Wazwaz (1999)) 

 
,guNuRuL =++                              (3) 

 
where L is the highest-order derivative which is assumed to be invertible, R is a linear 
differential operator of order lesser order than L, uN  represents the nonlinear terms and g is the 
source term. Applying the inverse operator 1−L to both sides of (3) and using the given 
conditions, we obtain 
 

),()( 11 uNLuRLfu −− −−=  
 
where the function f represents the terms arising from integrating the source term g and by using 
the given conditions. Adomian’s decomposition method, (see Wazwaz (1999)) defines the 
solution )(xu  by the series 
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where the components )(xun  are usually determined recurrently by using the relation 
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The nonlinear operator )(uN  can be decomposed into an infinite series of polynomials given by 
 

,)(
0
∑
∞

=

=
n

nAuN  

 
where nA are the so-called Adomian’s polynomials that can be generated for various classes  of 
nonlinearities according to the specific algorithm developed in, (see Wazwaz (1999)) which 
yields 
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4. Variational Iteration Decomposition Method (VIDM) 
 
To illustrate the variational iteration decomposition method, we introduce Adomian’s 
polynomials in the correction functional (2). Hence, we obtain the following iterative scheme for 
finding the approximate solutions 
 

.))()(()()(
00

)()()1( dxxgAxuLxuxu
n

n

t
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∞

=
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This method is called as the variational iteration decomposition method (VIDM) and is obtained 
by the elegant coupling of Adomian’s polynomials and the correctional functional of variational 
iteration method, (see Mohyud-Din, Noor & Noor (2008a), Noor and Mohyud-Din (2008f), Noor 
and Mohyud-Din (2008h), Noor and Mohyud-Din (2007c)). 
 
 

5. Numerical Applications  
 
In this section, we apply the variational iteration decomposition method (VIDM) for solving the 
higher dimensional initial boundary value problems. For the sake of comparison we consider the 
same examples as discussed in Wazwaz (999) and Noor and Mohyud-Din (2008f). 
 

Example 5.1. 
 
 Consider the two dimensional initial boundary value problem 
 

2 2
,

1 1 0 , 1, 0,
2 2tt xx yyu y u x u x y t= + < < >  

 
with boundary conditions 
 

2 2(0, , ) , (1, , ) (1 ) ,t tu y t y e u y t y e− −= = +  
2 2( ,0, ) , ( ,1, ) (1 ) ,t tu x t y e u x t x e− −= = +  

 
and the initial conditions 
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2 2 2 2( , ,0) , ( , ,0) ( ).tu x y x y u x y x y= + = − +  
 

The correction functional is given as 
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where nu~  is considered as a restricted variation. Making the above functional stationary, the 
Lagrange multiplier can be determined as ,t−= ξλ  yields the following iteration formula 
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Consequently, the following approximants are obtained 
 

( ) ,)(),,( 2222
0 tyxyxtyxu +−+=  

( ) ,
!3

)(
!2

)()(),,(
3

22
2

222222
1

tyxtyxtyxyxtyxu +−+++−+=  

( ) ,
!5

)(
!4

)(
!3

)(
!2

)()(),,(
5

22
4

22
3

22
2

222222
2

tyxtyxtyxtyxtyxyxtyxu +−+++−+++−+=  

( )
2 3 4 5

2 2 2 2 2 2 2 2 2 2 2 2
3

6 7
2 2 2 2

( , , ) ( ) ( ) ( ) ( ) ( )
2! 3! 4! 5!

( ) ( ) ,
6! 7!

t t t tu x y t x y x y t x y x y x y x y

t tx y x y

= + − + + + − + + + − +

+ + − +
 

.  

 

The series solution is given by 
 

2 3 4 5 6 7 8
2 2( , , ) ( ) 1 ,

2! 3! 4! 5! 6! 7! 8!
t t t t t t tu x y t x y t

⎛ ⎞
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⎝ ⎠
  

 
and in a closed form by: 
 

.)(),,( 22 teyxtyxu −+=  
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Example 5.2.  

Consider the three dimensional initial boundary value problem 
 

0,1,0,
45
1
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1 222 <<<−++= tyxuuzuyuxu zzyyxxtt , 

 
subject to the Neumann boundary conditions 
 

(0, , , ) 0,xu y z t =    6 6(1, , , ) 6 sinh , ( ,0, , ) 0,x yu y z t y z t u x z t= =  
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and the initial conditions 
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The correction functional is given as 
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 where nu~  is considered as a restricted variation. Making the above functional stationary, the 
Lagrange multiplier can be determined as ,t−= ξλ  yields the following iteration formula 
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Consequently, the following approximants are obtained 
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The series solution is given by 
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and in a closed form by 
 

.sinh),,,( 666 tzyxtzyxu =  
 

Example 5.3.  

Consider the two dimensional nonlinear inhomogeneous initial boundary value problem  
 

0,1,0),(
2

1522 2222 ><<+++= tyxuyuxyxu yyxxtt  

 
with boundary conditions 
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and the initial conditions 
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The correction functional is given as 
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where nu~  is considered as a restricted variation. Making the above functional stationary, the 
Lagrange multiplier can be determined as ,t−= ξλ  yields the following iteration formula 
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Applying the variational iteration decomposition method 
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where nQ  and nM  are the so-called Adomian’s polynomials that represent the nonlinear 
operators 22 , yyxx uu  and can be generated for all type of nonlinearities, (see Wazwaz (1999)) 
which yields the following 
 

2 2 2 2 2
0 0 1 0 1 2 0 2 1 3 0 3 1 2, 2 , 2 , 2 2 ,

x x x x x x x x x x x x x x x x x xxxQ u Q u u Q u u u Q u u u u= = = + = +
 

2 2 2 2 2
0 0 1 0 1 2 0 2 1 3 0 3 1 2, 2 , 2 , 2 2 ,

.
y y y y y y y y y y y y y y y y y y y y

M u M u u M u u u M u u u u= = = + = +
 

 
Consequently, the following approximants are obtained 
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The exact solution is obtained as 
  

2 2 2 6( , , ) ( ) ( ) .u x y t x y t x y t= + + +  
 
Example 5.4.  
 
Consider the three dimensional nonlinear initial boundary value problem 
 

2 2 2 2(2 ) ( ), 0 , 1, 0x y z
tt x x y y z zu t u e u e u e u x y t− − −= − + − + + < < <  

 
subject to the Neumann boundary conditions 
 

,0),,0,(,),,,1(,1),,,0( === tzxuetzyutzyu yxx   

,),1,,(,1),0,,(,sinh6),,1,( 66 etyxutyxutzxtzxu zzy ===  
 
and the initial conditions 
 

.0)0,,,(,)0,,,( =++= zyxueeezyxu t
zyx  

 



AAM: Intern. J., Vo3. 1, No.2 (December 2008)                                                                                      263 

The correction functional is given as 
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Making the above functional stationary, the Lagrange multiplier can be determined as ,t−= ξλ  
yields the following iteration formula 
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where nQ , nM  and nH  are the so-called Adomian’s polynomials that represent the nonlinear 

operators 222 ,, zzyyxx uuu  and can be generated for all type of nonlinearities, (see Wazwaz 
(1999)). Consequently, the following approximants are obtained 
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Using the noise terms phenomena, we obtained   
 

( ) .),,,( 2teeetzyxu zyx +++=  
 
 
6.  Conclusions 
 
In this paper, we applied the variational iteration decomposition method (VIDM) for solving 
linear and nonlinear higher dimensional initial boundary value problems with constant 
coefficients, variable coefficients and the function coefficients. The proposed method is applied 
in a direct way without using linearization, perturbation or restrictive assumptions. In all the 
numerical results exact solutions were obtained by using the initial conditions only.  
 



264                                                                                                                 Noor and Mohyud-Din 

It may be concluded that method is very powerful and efficient in finding the analytical solutions 
for a wide class of initial boundary value problems. The method gives more realistic series 
solutions that converge very rapidly in physical problems. Thus we conclude that the VIDM can 
be considered as an efficient alternative for solving initial and boundary value problems. 
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