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1. Introduction

In the last few years, there has been an increasing interest in the study of oscillatory behavior of
solutions of first order neutral delay differential equations with positive and negative coefficients
(see, for example, Chuanxi and Ladas (1990), Farrel, Grove and Ladas (1988), Ruan (1991), Yu
(1991). Compared to the first-order differential equations, the study of second-order equations
with positive and negative coefficients has received considerably less attention.

In this paper we consider the oscillation of the second order neutral delay differential equations

!

B I m n
(B [r®] x®©)+ 2 hOx(t=p) | | +2pOx(t=5) =2 6 (Dx(t-0,)=0, t>0,

!

(B)) | r[x©- Y hoxt-p) +ipi(t)xa—&)—iqi(t)x(t—oi)=0, t>0.

Sufficient conditions for oscillation of solutions of the equation (E,) for the case where
g;(t) =0 1is considered by several authors (see, for example, Grace and Lalli (1987), Tanaka

(2004)). Moreover, Parhi and Chand (1999) and Manojlovi¢, Shoukaku, Tanigawa and Yoshida
(2006) obtained some oscillatory criteria for equations (E,) and (E,) with r(t)=1. Namely,
sufficient conditions for oscillation of all bounded solutions of equations (E,) and (E,) with
r(t)=1 are given in Parhi and Chand (1999). On the other hand, results established in the paper

Manojlovi¢, Shoukaku, Tanigawa and Yoshida (2006) are in fact improvement of results in Parhi
and Chand (1999), in the sense that the assumption of boundedness of solutions was removed,
i.e. sufficient conditions for oscillation of all solutions of equations (E,) and (E,) with r(t)=1

are given in Manojlovi¢, Shoukaku, Tanigawa and Yoshida (2006).

The purpose of this paper is to derive sufficient conditions for every solution of (E,) and (E,)
to be oscillatory. It is assumed throughout this paper that:

(H,) m=xn,
p (i=12,...,D), ¢ (i=1, 2,...,m) and o, (i=1, 2,...,n) are nonnegative constants,
0,20, (i=1,2,...,n);
(H,) r(t)eC([0,0);(0,0)),
h.(t) e C([0,%);[0,0)) (i=1, 2, ...,I),
p;(t) € C([0,0);[0,0)) (i=1, 2, ...,m),
G; (t) € C([0,0);[0,0)) (=1, 2, ...,n);
© ]

(H) —dt=0 for some T,>0;
3 0 0
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q|(t)Sq|(t_O-|) (i:L 25“‘3”)5
(H,) - ,
pt)=q,(t-0) (i=1, 2,...,n);
(Hy) p;()-q;(t=6,)2k; >0 for some je{l, 2,...,n} and some k; > 0.

Definition 1: By a solution of (E,) or (E,) we mean a continuous function X(t) which is
defined for t >t, — T , and satisfies sup{|x(t)| it t1}> 0 forall t, >t,, where

T =max{p;, J;, o :1<i<l, 1< j<m, 1<k<nj.

Definition 2: A nontrivial solution of (E,) or (E,) is called oscillatory if it has arbitrary large

zeros, otherwise, it is called nonoscillatory. The equation is called oscillatory if
all its solutions are oscillatory.

In Section 2 we give the sufficient conditions for oscillation of solutions of the equation(E,),
while in the Section 3 we deals with the equation (E,). Oscillation results for nonhomogeneous
cases of (E,) and (E,) are given in Section 4.

2. Oscillation of solutions of the equation (E,)

In this section we obtain the following oscillation criteria for the equation (E,).

Theorem 1: Assume that
|
(Hy) 0<> h(t)<h,  h=const.
i=1

The equation (E,) is oscillatory if
n © 1 S—0;

[y ool a@dgds <1, (M)
=1

r(s)< s

Proof: Suppose that x(t) is a nonoscillatory solution of (E,). Without any loss of generality,
we assume that x(t) >0 for t >t;, where t; is some positive number. We set

20 =x0+ 20Ot p) - Y] @nnzds @

for t>t, + T, then
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!

7'(t) = {x(t) + Z h, ()Xt - p,) } 02 Z j q (S)X(s)ds.
Multiplying the above equation by r(t) and differentiating both sides, we have
| ’
(r®)z'@) = r(t){x(t) + S Ox(t - p )}
—Zn:qi(t—ai)x(t—ai)+_zn:qi(t—5i)x(t—5i)
- {—Z POXE-0)+ Y. a, DXt~ )}

_Zn:qi(t—ai)x(t—ai)+iqi(t—5i)x(t_5i)
> Aot -0 g O xt-0))

M:

YR OXE-5)+ Yot -8)xt-5)
<Y P OX(E-6)+ D a t-5)xt-0)

—_

S_i{pi(t)_qi(t_é‘i)}x(t_§i)’ tZto"'T-

i=1
This leads to the following inequality for some | {1, 2,..., n} and some k i >0, that
(r)z't)) < -k;x(t-o6;)<0, t=t, +T, 3)

that is, r(t)z'(t) is nonincreasing. Then, we conclude that z'(t)>0 or z'(t) <0, t >t, for some
t, >t, +T . We discuss the following two possible cases:

Case 1. z'(t) <0 forall t >t,. Integrating (3) over [t,,t] yields
ri)z'(t) <r(t)z'(t,) <0, t>t,.

Multiplying the above inequality by and integrating over [t,,t], we obtain

L
r(t)

z(t) < z(t) + r(tl)z'(tl)J‘tLds, t>t,
b r(s)

and we see from (H,) that limz(t) = —co. We claim that x(t) is bounded from above. If this is
t—oow
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not the case, then there exists a number t, >t, such that

z(t,) <0 and max X(t) = x(t,). 4)

Then, we have

0> 2(t,) —x(t)+2h<t XL, - o) - Zj CIGEGLRS

r(s) S—6;
{ j - <§)d§ds}x(t>
4 r(s)

Z{I—m S S;;iiqi(é)df ds}x(t»zo,

which is a contradiction, so that X(t) is bounded from above. Hence for every L > 0 there exists
at; >t, suchthat x(t) <L forall t >t,. We then have

2(t) > —LG: Ji- L S‘:‘ g, (£)dé ds
> LZJ’ o)) "9 (E)dEds > —L > —0,  t>t,.
This contradicts the fact that %gg Z(t) = -0
Case 2. 7'(t)>0 for t >t,. Then, by integrating (3) over [t,,t], we obtain
o0 >r(t)z'(t) = -rz'M)+r(t)z't,) 2k, .f: X(s—d;)ds,

and therefore X(t) € L'([t,,)). Thus, from the condition (H,), we have

X (1) =x(®) + 2 (Ox(t - p,) € L'([t,,0)). (5)

Moreover, it is clear that for t > t,

X'(t)= {x(t) + lehi Ot - p;) } =7'(t)+ Z (t)j q;(s)x(s)ds > 0,

which implies that X (t) is nondecreasing. Therefore, X(t)> X(t,), t>t,, which yields that
X (t) ¢ L' ([t,,)) . This contradicts the fact that (5) holds. The proof is completed.
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Example 1: We consider the equation

!

[e‘ [x(t) + % X(t — 272')} } + (2e”2” + %e“ jx(t —27)

+2e"X(t - ) + %e_tx(t - %ﬂj —e T X(t-7)—e T x() =0, t>0.

(6)

Here we have

rty=e™, =1, hl(t)zé, P, =27

m=3, p,(t)=2e""" +%e‘t, p,(t)=2e"*", p,(t) = %e“,

0, =2rx, 0, =nm, 0, =%7z,

n=2, q1(t)ZQ2(t):e72ti4”a o, =7, 0,=0,

so that, for t > 0, it is clear that
q,(t) = e < = q,(t-o)=0q,(t-n),
qz(t) =e Y = qz(t - 0'2),
p,(t)—q,(t—35,)=2e"" +%e‘I —e ' >2e" —1=k, >0,

p2 (t) _ qz(t _ 52) — 2et+27r _e—2t—27r > 2e27r _ e—27r > 0
and

J.:esj.::;e’zf"‘”dg ds + j:esj:%e’%"‘”dg ds = %(1 - e’4”)< 1.

Therefore, Theorem 1 implies that every solution x(t) of the equation (6) oscillates. Indeed,
X(t) = sint is an oscillatory solution of this equation.

Example 2:  We consider the equation

!
!

2

e2 X(t — 27[)} + (%e‘”z” ey njx(t —21)

e’{x(t) +
(7)
+re " X(t—17) +%e_t+2x(t —%) —e X y(t)=0, t>0.

Here we have
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2

rty=e*, I =1, hl(t)zeT, p, =27,

-2t-27

m=3, pl(t):%e”z” +e +7, 8, =2z, p,(t)=n€", 5, =n,

3 -2 T
ps()=2e %, 6 =",
n= 15 ql(t) = e72t74”’ O-1 = 07

so that, for t > 0, a straightforward verification shows that

q,®=0q,t-0),

p,(t)—q,(t-5,)= (%e“”” +e Ty n] —e ' >x-1=k >0
and
[se) S 1
S -2&-4rx _ ~(1_p4~
_[0 e J's};rﬁ déds = 2(1 e )<1.

Therefore, Theorem 1 implies that every solution X(t) of the equation (7) oscillates. Indeed,

X(t) = e' cost is an oscillatory solution of this equation.

3. Oscillation of solutions of the equation (E,)
Now, we turn to the oscillation theorem for the equation (E,).

Theorem 2: Agsume that

(H,) h®<h (=12,..,0),

|
where h, are nonnegative constants such that Z h, <1.If
i=1

| n - s—o
zhi+szL g, (&)dEds <1, (®)

i=I i=1 r(s)-s-

then every solution of (E,) oscillates or satisfies %im X(t)=0.

Proof: Suppose that x(t) is a nonoscillatory solution of (E,) such that x(t)>0 for t >t,,

where t; is some positive number. We denote by
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W(t) = X() - Zh (OX(t-p)- Z i o) a@xEdsds 9)
Then as in the proof of Theorem 1, from the equation (E,) we obtain

(FOW(L) < -k x(t=5,)<0, t>t, +T (10)

for some j €{l,2,...,n}. Therefore, r(t)w'(t) is nonincreasing, and hence vty < o or W'(t) >0,
t>t forsomet >t, +T.

Case 1. W'(t)<0 for t>t,. Then, as in the proof of Theorem 1, taking into account the
assumption (H;), we have that %im W(t) = —oo . We claim that x(t) is bounded from above. If it is

not the case, there exists a number t, >t,such that (4) holds, so that we come to the following
contradiction

0> w(t,) =xt,)- Zh(t X(, = py) - Zj S ()X ds
{1—2 ZJ r(s) s (§)d§ds}x(t)

{I—Zh - j T (&)dé ds}x(tz)zo.

r(s) S—5;

Therefore, X(t) must be bounded from above. Consequently, for every L >0, there exists some
t, >t, such that x(t) <L for t >t,. It follows from (9) that

m=s L{Zh(tHZI r(s) s-6
_L{;hi(tH;jo E s_5llqi(§)d§dS}Z—L>—OO, t>t,,

q; ()¢ ds}

which contradicts the fact that limw(t) = —o
t—>o

Case 2. W'(t) >0 for t >t,. Integration of (10) over [t,,t] yields that X(t) € L'([t,,0)). From (9),
it follows that

!

{x(t)—_'Zhi VXt - p, )} —w(t>+2 1 4,(5)X(s)ds 2.0,

r(t) - I

so that, X(t) = x(t) - Z::l h, (t)x(t — p,) is a nondecreasing function. If we let
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lim X (t) = }im{x(t) Y hOxt-p, )} = i,

i=1

taking into account the fact that x(t) e L'([t,,)), we conclude that u# o0, and therefore
HeE (—O0,00) .

(1) If 0 < u < o0, then for any ¢ with 0 < & < u, there exists a number t, >t, such that
XO)>u-c¢

But, this implies that x(t) ¢ L' ([t,,)), which is a contradiction.

(11) If —oo < £ <0, then for any & with 0 < & < —u, there exists a number t; > t; such that
XM <u+e, t2t,.

Hence we have

Xt=p))>—(u+e¢), t=tg,

|
i=l
which again contradicts the fact that x(t) € L' ([t,,)).

(ii1) If g =0, then we claim that x(t) is bounded from above. If this is not the case, then there
exists a sequence {t;};_ such that

limt, =0, maxXx(t) =X(t;), limX(t;)=oo.
N—0 f<t<ty n—o

Then, we see that

X(t;) = x(t5) _lehi o)Xty — o) 2 {1 _zhi }X(tﬁ),

|
i=1

and taking the limit as N — o, we are led to a contradiction in view of the facts that
lim X(t;)=x#=0 and limXx(t;)=c. Hence, x(t) is bounded from above. Using the

assumption (H), we have that

x(t) - Z hi (OX(t - p;) 2 x(t) - Zhi X(t-pp)

Taking the upper limit of the above inequality as t — oo, we obtain
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0> limsup{x(t) - ZI: h, - x(t - p; )}

t—ow i=1

!
> limsup X(t) + hrtllglf{— Z h, - X(t— p, )}

toow i=1

!
> limsup X(t) — z h, - limsup X(t — p,)

t—ow i=1 t—w
|
> {1 - Z h, } limsup X(t).

i=1 t—w

Therefore, we observe that lim x(t) = 0. This completes the proof of the theorem.

t—ooo

Example 3: We consider the equation

s ol e o2
+ (1 —e”’ )[% + ljezx(t —%j + (1 —e”’ )e:; X(t—27) (11)

1 —t-27 1 —t-37
——e X(t—m)——e Xxt)=0, t>0.
5 (t—7) 5 )

Here, it is easily checked that

r(t)=%, I=1, h®)=e>", p, =2z,

N

3 V4
m =3, pl(t)z(l—e7)(t%+1je2”, §1=%7r, pz(t)z(l—e7)(%+1Je2, S, ==,
e
p,)=(1—¢ 7)t—2, S, =2z,

n=2, ql(t)=%e’t’2”,q2(t)=%e"’3”, o, =x,0,=0.

Thus, the conditions (H,) and (H;) for the coefficients of the equation (11) are fulfilled, since

1 L, 1 L,
ql(t)zzet2 <5et =q,(t-o),

|
qz(t)zze = qz(t_o-z)zqz(t)a
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3 Lt Z 3. _z
p (-0 t-5)=(1-¢7) (tiz+lje2 —%e 22 (1-e7)e? —%e 250,

T 5 V4 5

_ 7 2 — 1 —t—r 7 — 1 -7 _
p,(t)—0,(t—5,) =(1-¢7) (TH g2 --e " 2(1-e7)e? --e 2 =k, >0.
Moreover, the condition (8) of Theorem 2 is also verified by

e 4+ %j: sj:;” ] e " d& ds + %J': S'[:Z e "déds

T 5
=e2”7+%( 2 —e”}+%(e 2 —e3”J<1.

So, Theorem 2 implies that every solution X(t) of eq. (11) is oscillatory or tends to zero limits as

t — oo. In fact, x(t) =€’ cost is the oscillatory solution of this equation.
4. Oscillation of solutions of equations (E,) and (E,) with forcing terms

In this section we consider equations (E,) and (E,) with forcing term

!

(E5) [r®f x)+ Zhi Ot - p;) + Zm: p; (Hx(t _5i)_Zn‘,Qi(t)X(t -o)=f(1),t>0,

!

B | T m n
(Ey) | r®] x®) =2 hOxt-p) | |+ pOx(t=8) -3 6;Ox(t-0y) = f(1),t >0,

where

f(t) e C([0,0);R).
Theorem 3:  Agssume that (Hy) holds and that

there exists a function F(t) € C'([0,%0);R) such that
r(t)F'(t) e C'([0,0);R)

[r@F'®O] = ()

limF(t) =0.

towo

(Hy)

Every solution of the equation (E;) is oscillatory or satisfies limX(t) =0, if the

condition (1) is satisfied.
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Proof: Suppose that x(t) is a nonoscillatory solution of (E,) such that x(t)>0 for t>t,,

where t,, is some positive number. If we choose

Z(t)=z(t)-F(), (12)
where z(t) is defined by (2), then we obtain from the eq. (E,)

(r)Z')" <—k;x(t-5;,)<0, t>t, +T (13)

for some je{l,2,...,n}. We claim that Z'(t) is eventually nonnegative function. If we suppose
on the contrary that Z'(t)<0, t>t, for some t >t,+T, then using (H,) we have that
limZ(t) = —oo . First, we prove that x(t) is bounded from above. As a matter of fact, if X(t) is

t—owo

unbounded from above, there exists a sequence {t,}_, satisfying

limt, = oo, limZ(tﬁ):—oo, limF(t,) =0,

max X(t) =X(t;), limX(t,) =oo.
ty<tst, A—>o0

Then, we have

Z(t;) = x(t, )+Zh (t)X(t, — o) — ZL r(s) q (£)x(£)dg ds - F(t,)

> {l—gftonrs) S_ﬁil q;(£)dg ds} x(t;) - F(t;)

L | s-0;
><1- — (&HH)d&dsy x(t.)—F(t,
{ 2o v w6 } (t) = F(t;)
and taking the limit as N —> % leads to the contradiction
limZt, )>{1 zj "o q(g)dgds}hmx(t) .

Therefore, X(1) is bounded from above, so that for arbitrary constant L >0, there exists a
number 1, 21, such that X(t) <L for t 21, Hence, from (12) we have

Z(t)>- szw(s) s T (&)dEds—F(t), t>t,,

which according to the assumption (1), yields the following contradiction
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L[ g @)deds> L
r(s) s

inz02-5];

to the fact that limZ(t) =—o. Accordingly, Z'(t) is eventually nonnegative i.e. Z'(1)=0 for

t>1,. Now, we denote by
X(t) = x(t) + Z h (Xt - p), Y()=X({t)-F().

From (13), we have that X(t) € L'([t;,)) and consequently X(t) € L'([t;,®)). From (12), we
obtain

Y(t)=2'(t)+ Z% G, (s)X(s)ds 2 0,

so that Y (1) is a nondecreasing function. Therefore, using the hypothesis (Hg) , we have
}imY(t) = }im X(t) = u €[0,).

If 0 < ¢ <0 then there exists a number t; 21, such that
XO)>pu—-¢e, t2t,

for arbitrary € € (0,2) . Hence, X (t) ¢ L'([t;,)), which is a contradiction. If # =0 then since

|
X(t) < x(t) + Z h,(Ox(t—p;), t =1, we find that %gg X(t) =0 This completes the proof.

i=1

Example 4: Consider the equation

!

L e” 1 % 2 7\ i« 3
e[ X)) +—x(t-7)| | +| =€ *+e? Xt——|+e Xt——7x
2 2 2 2

+ (%et+2ﬂ' + e—2t+7r ]X(t _ 272,) _ e—Zt—ﬂX(t) (14)

5 11 3
- —r 1 =~ 1
:(ez +e? je‘2t+[6+5e2 +3e™" +§e6”]e‘3‘+(e5”—e‘”)e‘4‘, t>0.

Here we have
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rh=e' 1= h®="". p =7

3
- —z
2

L4
+Z
2

1 w 2 3
m=3, pt)=_e *+e’, 5 =", p)=e’, 5=,

p,(t) = %e"”” +e7 5, =2x,
n=1,q,{t)=e’"", o,=0,
i71' H7[ 1 g,[ 1
f(t) = [ez +e? Je” +£6+5e2 +3e*" +5e6”Je3t +e—e)e .

Since

q,t-q,t-0)=0,
pl(t)_Q1(t_51) :%e_

20 L
+e? —e " 2e? -1=k, 20,

t+7
2

we have that conditions (H;) and (Hs) are satisfied. Moreover, there exists a function

1 22 s 1, 13 1 1
Ft)y=—|e? +e2 |e'+—|6+—e2 +3e" +—e e’3‘+—(e5”—e’”)e’4t
2 6 2 2 12

satisfying (Hg) . The condition (1) is also fulfilled, since we get
0 S 1
S —2&-m N 4
_[0 e L_;,e déds = 2(1 e )<1.

Accordingly, by Theorem 3, it follows that every solution of the equation (14) is oscillatory. In
fact, X(t) =€ +e'sint is such a solution.

Theorem 4: Assume that (H;) and (H;) hold. If the condition (8) holds, then every solution of

the equation (E,) is oscillatory or satisfies limx(t) =0.

Proof: Suppose that x(t) is a nonoscillatory solution of (E,) such that x(t) >0, t >t,, where

t, is some positive number. Let we denote with
W (t) = w(t) - F (1),
where w(t) is defined by (9). Then, we see immediately that
(rOW') < —k;x(t-0;)<0, t>t +T (15)

for some j e {l,2,...,n}. Therefore, we have the following two cases:
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Case 1. W'(t)<0, t>t, for some t, >t, +T which implies that }imW (t) = —o0. On the other

hand, x(t) must be bounded from above. Otherwise, there exists a sequence {t,}_, satisfying

limt, = oo, limW(tu)z—oo, limF(t;) =0,

n—o

max X(t) = X(t,), lirn X(ty) = oo.

t<t<t,

Since we have that

W (t,) = X(t,) - Zh(t X(ty — ) - Zj r(s) e Ox©dEds—F(t,)
{1 Z ZL r(s) L, G (é)dids} X(t,) - F(t,)
{ ZI o) q(a:)d«:ds}x(t) Ft,),

letting N — o we obtain

i=1

rl"i%n;W(tﬁ)Z{l leh. . J""r(s) o q(g)dgds}hmx(t ) >0,

which is the contradiction. Therefore, x(t) is bounded from above, so that for every L > 0 there
exists a number t, >t, such that x(t) <L for t >t,. Then

W(t)> - LZh—LZjO () ,, G(§dds—F), t=t,

and letting t — oo, we get

1i_)rgW(t)Z—L{ihi+Zn:j ()55 (f)dfds}

which contradicts the fact that limW (t) = —o

tow

Case2. W'(t)>0 for t >t,. From (15) we obtain X(t) € L'([t,,o)). We see that

!

[x(t)—_'Zhimx(t—pi)—F(t)} W<t)+z (t) TaOXEd20, t2t,

so that
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}Lrg{X(t) Y hxt-p)- F(t)} - grg{xa) Y hxt-p, )} = 1.

where p € (—o0,00]. The rest of the proof is similar to the proof Theorem 2, and so, we are led to
the contradiction in the cases when g =0, while in the case of =0 we conclude that
lim x(t) = 0. Therefore, the proof is completed.

t—oow

Example 5: Consider the equation

!

e“[x(t)—z%x(t—l)} +1+e? - -e?x) =3¢ +e, t>0.  (16)
e

Here we have

- 1
l=m=n=1Lrt)=e", hl(t):F, o =1,

pH=1+e77, 5, =1, qt)=e"", 7, =0,
f (t) — 3e—3t + e—2'[+2

so that, for t > 0, it is obvious that

q®-q,(t-0o)=0,
p,()—q,t-5)=(1+e?)—e?" 21-e" =k, >0.

Moreover, there exists a function

-2t

F(t) = ‘97(et+2 +1)

satisfying (Hy), which can be easily verified. The condition (8) is also satisfied, since we have

that

J':esj':f‘”*dg ds = %(1 —e?)<1-h =1-

1
2e%°

Therefore, Theorem 4 implies that every solution of the equation (16) is oscillatory or
satisfies lim x(t) = 0. In fact, x(t)=e™" is a solution of the equation (16) which tends to zero

tow

ast > .

5. Conclusion

In this paper, we studied the oscillations of second order neutral differential equations with
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positive and negative coefficients. We derived sufficient conditions for every solution of (E,) or

(E,) to be oscillatory. Our results generalize those of Manojlovi¢, Shoukaku, Tanigawa and
Yoshida (2006).
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